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Preface to the English edition 
by V.I. Arnold 



Abel's H>eorein> claiinmg that there eusts no fioite combinatioos of rad- 
icals and ranonaJ fuDcdc^is solving the generic algebraic equation of 
gree 5 (or higher than S)» is one of ibe first and the most unportant 
impossibility results in malheiDalics. 

I given to Moscow High School children b 196^1964 a (half 
year long) course oflecrures> containing the topological proof of the Abel 
theorem. 

Starting from the definition of complex numbers and from geometry, 
the students were led to Riemanoian surfaces in a sequence of elementary 
problems. Next came Ibe basic topological notions, such as the funda- 
mental group, coverings, ramified coverings, tbeir monodromies, braids, 
etc.. 

Tliese geometrical and topological studies implied such elementary 
general notions as Ibe mansformadons groups and group homomorphisms, 
kernels, exact sequences, and reladvisdc ideas. H>e normal subgroups 
appeared as those subgroups which are reladvisdcalJy invariant, that is, 
do not depend on the cboce of the coordinate frame, represented in this 
case as a numbering or labelling of the group elements. 

The regular polybedra symmetry groups, seen from this point of view, 
bad led ibe pupils to the five Kepler’s cubes, inscribed into ibe dodeca- 
hedron. The 12 edges d each of these cubes are the diagcxials of tbe 12 
^ces of the dodecahedron. 

Kepler had invented these cubes in his Harmcnia Mundi to describe 
Ibe distances of the planets from the Sun. I bad used them to obtain the 
oaluxal isomorphism between the dodecahedron rotations group and the 
group of tbe 60 even permutations of S elements (being the Kepler cubes). 
'This elementary theory of regular polyhedra provides the non^lubility 
proof of the S elements permutation group: it can not be constructed 
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from the commiJlative groups by a finite sequence of the extmsions with 
commutative kernels. 

H>e situation is quite different for ibe permutation groups of less 
than five elements, which are soluble (and responsible for the solvability 
of the equations of degree smaller than 5), Tliis solubility depends on the 
inscription of two tetiahedra inside the cube (similar to Ibe inscription 
of Ibe 5 Kepler cubes inside the dodecahedron and mentioned also by 
Kepler). 

Ibe absence of tbe oon*tnvial relativistically invariant synmretry suS 
groups of ibe group of rotations of the dodecahedron is an easy result of 
elementary geometry. Combining ibese High School georrretry arguments 
witb tbe preceding topological study of tbe mocodromies of ibe ramified 
coverings, one immediately obtains ibe Abel Ibeorem topological proof, 
the monodromy group of any finite combination of tbe radicals being 90^ 
uble, since the radical monodromy is a cyclical commutative group, whilst 
tbe monodromy of the algebraic furrcbon z(n) defined by the quintic equa* 
tion x'^ + (U + l= 0is Ibe non*solub)e group of tbe 120 permutations of 
ibe 5 roots. 

Ibis ibeory provides more than the Abel Theorem. It ^>ows that 
the insolvability argument is topological Namely, no function having 
ibe same topological branching type as z{s] is representable as a finite 
ccmbtnatico of tbe rational functions and of tbe radicals, 

I hope that my Iopc4ogical proof of this generalized Abel Ibeorem 
opens the way to many topological insolvability results. For instance, 
one should prove tbe impossibility of representing the generic abelian 
integrals of genus higher than zero as functions topologically equivalent 
to the elementary functions. 

I attributed to Abe) the statements that neither Ibe generic elliptic 
integrals nor tbe generic elliptic functic4)s (which are inverse functions of 
these integrab) are topologically equivalent to any elementary function. 

I tbougbl that Abel was already aware of these topological results 
and that their absence in the published papers was, rather, owed to the 
underestimation of his great works by the Paris Academy of Sciences 
(where his manuscript had been either lost or hiddu) by Caucby). 

My 1964 lectures had been published in 1976 by one of Ibe pupils of 
High School audience. V.B. Alekseev, He has somewhere algebraized my 
geometrical lectures. 

Some of the topological ideas of my course had been developed by A.G, 
Kbovansldi, who had thus proved some new results on tbe insolvability 
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of the diffecennal equations, UnforTUDately. the topological insolvability 
proofs are still missing in his theory (as well as in the Poincar^ theory of 
the absence of the bolomorphic first integral and in many other losolv* 
ability problems of differential equations theory), 

I hope that the description of these ideas in the present translation 
of Alekseev’s book will help the &iglish reading audience to participate 
in tbe developirtent of new topological insolvability theory, started 
with the topological proof of the Abel Iheorem and involving, say, tbe 
topologically non elementary nature of tbe abelian integrals as well as tbe 
topological non^quivalence to tbe integrab combinations of the compU* 
caled differendai equations soluticw. 

The combinatory study of the Kepler cubes, used in ibe Abel the* 
orem's proof, is also the starting point of the development of the theory 
of finite groups, Rx instance, the five Kepler cubes depend on tbe 5 
Hamilton subgroups of the projective version PSL 3 (Zs) of the group of 
matrices of order 2 whose elements are residues modulo S. 

A Hamilton subgroup consists of 8 elements and is isomorphic to the 
group {±1, ± 1 , ±ife} of the quatemionics units, 

'The peculiar geometry of tbe finite groups includes their squaring 
monads, which are the oriented graphs whose vertices are tbe group ele* 
tnenls and whose edges connect every element directly to its square. 

The PSL}(Z£] monads theory to tbe unexpected Riemannian 

surges (including the monads as subgraphs), relating Kepler’s cubes to 
the peculiarities of tbe geometry elliptic curves. 

The PSL 2 (Z 7 ) extension of the Hamilton subgroups and of Kepler’s 
cubes leads to tbe extended four colour problem (for the genus one toroidal 
surface of an elliptic curve), the 14 Hamilton subgroups providing the 
proof of the 7 colours necessity for tbe regular colouring of maps of a 
toroidal surface). 

I hope that these recent theories will be developed further by tbe 
readers of this book. 



V. Arnold 
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Id bigb school algebraic equatioos in one unknown of fust and second 
degree aie studied in detail. One learns that for solving these equatioos 
there exist general fonouJae expressing ibeix roots io tenos of the 
efficients by means of aiitlunetic operations and of radicals. But very 
few students loiow whether simUar formulae do exist for solving algebraic 
equatioos of higher order. In fact, sucb formulae enst for equations 
of the third and fourth degree. We shall illustrate the methods for sob 
viog these equations in the introduction. Nevertheless, if one considers 
the generic equation in one unlmown of degree higher than four one finds 
that it is not solvable by radicab: there exist do formulae expressing the 
roots of these equadons in terms of their coefficients by means of aiith* 
metic operations and of radicals. This is exactly the statement of the 
Abe) theorem. 

One of the aims of this book is to make Imown this theorem. Here we 
will not consider in detail the results obtained a bit later by tbe French 
matbemadciao Evariste Galois, He considered some special algebraic 
equadon. ie., having particular numbers as coefficients, and for these 
equatioos found the conditions under which tbe roots are representable 
in terms of tbe coefficients by means of algebraic equations and radicals*. 

From the general Caleb results one can. in particular, also deduce tbe 
Abel theorem. But in this book we proceed in the opposite direction; 
this will allow tbe reader to learn two very important branches of modem 
mathematics: group theory and tbe theory of functions of one complex 
variable. The reader will be told what is a group (in mathematics), a 
field, and which properties they possess. He will learn what the 
complex numbers are and wby they are defined in sucb a manner and not 

*To lliose wbo wub to U«fi) tbe Galois re^ilts we Rcoduneod ibe boeb Posaiikov 
M M„ Boroo L_F , E., Punda/tienials of Galots Theory, (Nordboff: Gronuigeo), 

(1962); Vao dei Waenko Arlio E , Noedsec £, Algebra. (Ungar New Yoik, 
NY.) (1970). 
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otherwise. He wiil leam what a Riemann surface is and of what the 'basic 
the ore rn of tbe complex oumbecs algebra* consists. 

The author wiU accompany the reader along this path, but he will 
give bim the possibility of testing his own forces. Fee this purpose 
be will propose to the reader a targe number of problems. Tbe problems 
are posed directly within tbe text, so representing an essendal part of 
it. The problems are labelled by increasiog numbers in bc4d figures. 
Whenever the problem mi g ht be loo difficult for the reader, the chapter 
‘Hint. Solutions, and Answers’ will help him. 

The book contains many notions which may be new to tbe reader. 
To help him in orienting himself amongst these new notions we pul at 
tbe end of the book an alphabetic index of notions, indicating the pages 
where their definitions are to be found. 

The proof of the Abel theorem presented in this book was presented 
by professor Vladimir ^orevicb Arnold during his lectures to the students 
of the la lldi course of tbe pbysics*matbeiDatics scbo<^ of tbe Stale Uni* 
versity of Moscow in tbe years 1963-64. The author of this book, who 
at that time was one of tbe pupils of that class, during the years 197(^ 
71 organized for the pupils of that school a special seminar dedicated to 
tbe proof of the Abel theorem. This book consists of tbe material col* 
lected during these activities. 'The author is very grateful to V.I. Arnold 
for having made a series of important remarks during tbe editing of tbe 
manuscript. 



V.B, Alekseev 




Introduction 



We begin this boc4c by examining tbe problem of solving algebr^c equa* 
tioos in one variable from the first to the fourth degree. Methods for 
solving equations of fust and second degree were already Ijiown by the 
ancient matbeoiaiicians> whereas tbe melbods of solution of algebraic 
equations of third and fourth degree were invenisd only in the XVI cen* 
hiry. 

An equation of the type: 

+ . . . * 0 , 

in which Oq ^ Q ^ is called the generic algebraic equation of degree n in 
one variable. 

For rt = 1 we obtain the linear equation 

+fli »0. 

This equation has the uruque solution 
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for any value of the coefficients. 

For n s S obtain the quadratic equation 

+ bx + cs0, a^O 

(in place of oq, Oi, Oj we write o, 6, c. as learnt in school). Dividing boib 
members of this equation by a and putting p=b/Q and q s c/n we obtain 
the reduced equation 

x^+pf+^ = 0, (1) 

^Pocibe ame beiag liiecoefiicuots . . ,0n ^ considered to be arbicary 

reel numbers 
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Aiter scans (rajisfonDatioos we obtain 

+ + ^ = and (x + |)* = ^-?. (2) 

In high school one ccnuders only ibe case f > 0. Indeed, if 
^ f < 0 then one says that Eq, (1) cannot k satiiTiol and that Eq. 
U) has no real roots. In order to avoid dxse exclusioiK, in wbal foUows 
we sbali not restrict ourselves to algebraic equations over (he fieki of (he 
real numbers, but we will consider them over Ihe wider field of complex 
numbers. 

We shall examine complex numbers in greater detail (together with 
their definition) in Cbapler 2. In the meantime it is sufficient for the 
reader to know, or to accept as true, the following propositions about tbe 
complex numbers: 

1. the set of ccsnplex numbers is an exl»sioo of tbe set of real num* 
bers, ie., tbe real numbers are contained in the comfdex numbers, 
just as, for example, tbe integer numbers are contained in tbe real 
numbers; 

2. tbe com[4ex numbers may be added, subtracted, multiplied, di> 
vided, raised to a natural power, moreover, all these operations 
possess all the basic properties of the corresponding operations on 
tbe real numbers; 

3. if X is a complex number different from zero, and n is a natural 
number, then there exist exactly n roots of ntb degree of 2, i.e., n 
com|dex numbers u sucb that = z. Fa z s 0 we have ^ b 0. 
If acd ti/i2 are square roots of the number z then wi = -wi- 



In the following we be interested not only in complex roots 
equations as weU as in the real ones, but also sve will consider arbitrary 
complex numbers as coefficienls of these equations. Hence, tbe arguments 
previously expounded about linear and quadratic equations remain true 
by virtue of wbai results from property 2 of complex numbers. 

Let us continue to study the quadratic equation. In tbe field of cony 
plex numbers for any value ofp and q Eq, (2) is equivalenl to 
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wbere by ^ is uidicated whichevei of the defioed vaJues of the 

squiire root. Id so doiog; 

(3) 

Goiog back to the coefficieiiis a, 6, c obtaio 



-i±s/l^-AQC 



= 



For wbai follows we oeed to recall two properties related to the equa« 
liras of secood degree. 

L Vikte 's Theoren^: Tbe complex numbers and xy are the roots of 
tbe equation s OifaDdooly iffg+x^ — — pand zi-z^ “ 4J- 

Indeed, if £| and xs are roots of tbe equatioo +fa + g s 0 then 
Eq, (3) is satisfied, horn which Xi + — —p and xj • Zf b g. 

Conversely, if s | + 2s = — p and Xi>Iy — g, then, substiluliDg p and 
g in the equation 3T^+jsx + Q= 0^y their expxessiuns in terms of 
Xi aodij^ weobtami^-(j, +Xj)x+I,x, = (r-yi)(x-Xj) = 0, 
and therefore and ^ roots ofthe equation +pi+g — 0:, 

2. The quadratic tnnomial ax^ + to + c is a perfect square, ie., 

ox* + to + e » “ xo)l^ 

for some coniplex number if and only if the roots of tbe equation 

ox^+to+c coincide (they must be both equal to Xo) 'This happens 

if and only if 6^ • 4nc = 0 (see formula (4)). The expression — 4o£ 
is called the discriminant of the quadcabc tiinoraial. 

We consider now tbe reduced cubic equadon 

x’ + ox“ + to + c = 0. (5) 

The generic equation of third degree is reduced to Eq, (5) by dividing 
by Op. After the substitution xs d (where d will be chosai later) we 
obtain 

(y + d)* + o(j/ + <0® + &(i/ + d) c = 0 



’FTinpMJ ViftB (1540-1603) was a F^eiub malbeoiaoaao 





4 



Removing tbe brackefs and collecting tbe terms of the same degree io y 
we obtain the equation 

+ (3d + + (3d* + 2od + 6)v + {d* + erf® + M + c) a 0. 

The cxjefficienl of in this equation is equal to 3d ^ o, Therefore if we 
put d = -q/ 3, substituting z s y - a/3 we transform tbe equation 
into; 

+ W + (6) 

where p and q are some polyoomiaJs in a^ 6 and c 

Let yo be a root of Eq, (6), Representing it io the form po - ^ 
(where a and j^are temporarily uoknowo) we obtain 

Q^ + 3ai)[Q + i3) + d^ + p{Q + 0) + g = O 
and 



ft*+^ + (<» + ;d)(3o^+p)+^a0. (7) 

We ebeck whether it is possible to impose that a and 0 satisfy 




In this case we obtain two equatioos for a aod 0 : 

( o + 

\ a -p/3. 

By Viite’s theorem, for any such a and 0 (which may be complex) 
indeed exist, and they are tbe roots of tbe equation 

u)* - Vaty - 1 * 0. 

If we take such (stiU unknown) a and 0, then Eq. (7) is transformed into 

+ + 9 = (8) 

Raising either terms of tbe equation q 0 = -p/3 to the third power, and 
comparing the obtained equation with Eq, (8), we have 

f 

( ^ a -pS/27. 
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By Vi^'s theorem aixl 0^ are ibe roots of the equation 

27 

Id this way 












where again y/(q’*/4) + (p*/27) indicates one defued value of the square 
root. Hence the roots of Eq, (6) are expeessed by the formula 




in which for each of the three values of tbe first cubic root^ one must 
lake the corresponding value of tbe second, in such a way tbal condiboo 
Q0 = —p/Z ^ satisfied. 

Tl>e obtained formula is named C3rd3no'sfo77nui^. Substirubog in 
this formula p and ^by their expressions In terms of a, ^,c and subtracting 
a/%, we obtain the formula for Eq. (5), After tbe transformations a = 
til /tioi = tis/tior c = tis/tie, ^ obtain tbe formula for tbe roots of tbe 
gerteric equation of third degree. 

Now we examine the reduced equabon of fourth degree 



** •!• ox* + + car + d = 0, 



(9) 



(the generic equation is reduced to tbe previous one by dividing by 
By making the change of variable x ^ y ~ <l/4, similarly to the change 
made in the case of tbe equabon of third degree, we transform Eq. (9) 
into 



v‘ + pi/* + «f + r»0. (10) 

where p, q and r 3te some polynomials In o, c. d. 

We shall solve Eq. (10) by a method called Ferrari s methot^. We 
transform tbe left term of Eq. (10) in the following way; 

*S<e (be sioreiDeiKioiMxl Property 3 of complex numbers 
‘G. Cardano (lSOI-1576) was an Iiahas mathematkian 

Penan (1522-1565) was as liabao a pu|^ of Cardano. 
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and 

(y* + | + a)*- [2o(if’ + |) + *0. (11) 

where a is an arbitrary niuDber. We try now to determine q such that 
the polynomial of second degree in y 

2Qy^-qy + (ap-¥o‘+j~r^, 

within square brackets becomes a perfect square. As was noticed above, 
in order for it to be a perfect square it is necessary and sufficient that the 
disenminant of this polynomial vanish, it.. 

- = 0 . 

Eliminating the brackets, to find q we obtain an equation of third degree 
which we are able to solve. If in place of we put one of the roots 
of Eq. (12) then the expression in the square brackets of (11) will be a 
perfect square. In this case the left member of Eq. (11) is a difference of 
squares and therefore it can be written as the product of two polynomials 
of second degree in y. After that it remains to solve the two equations of 
second degree obtained. 

Hence the equation of fourth degree can always be solved. Moreover, 
as in ibe case erf the third order, it is possible to obtain a formula ex- 
pressing the roots of the generic equation of fourth order in terms of 
the coeHIcienls of the equation by means of the operatioi^ of addition, 
subtraction, multiplication, division, raising to a natural power, and ex- 
tracting a root of natural degree. 

Rr a long time mathematicians tned to find a method of solution by 
radicals of the generic equation of fifth order. But in 1S24 the Norwe> 
gian mathematician Niels Henrik Abel (1802-1829) proved the following 
theorem. 

Abel’s Tbecarm. The generic algebraic equation of degree higher than 
four u not solvable by radicals, i.e.. formidie do not exist for expressing 
roots of a generic equation of degree higher ihanfaur in terms of its co- 
efftcierus by means of operations of addition, subtraction, multiplication, 
division, raising to a natural power, and extraction of a root of natural 
degree. 




ap + a^ + j 
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We will be able (o prove this theorem at tbe enJ of this book. But 
for this we need some mathematical nolioiis> such as those of group, 
sc^luble group, fuoctioii of a complex vanable, Riemano surface, etc.. 
The reader will become familiar with all these aod other mathematical 
iostniments after reading what follows io the forthcoming pages of this 
booL We start by examiniog the notioo of group, a very important notion 
in mathematics. 




Chapter 1 
Groups 



1.1 Examples 

lo anthjDetic we have already roei opecatioca which pul (wo giveo nuio* 
bers ID corresponJence with a third. *Tbua> (he additioo puts the pair 
(3 J) in correspondence with the number 8 aiKi tbe pair (2>2) with the 
Dumber 4, Also tbe operation of subtraction if considered inside tbe set 
of all integer numbers, puts every pair of integers in correspondence with 
an integer: in this case> however, the order of numbers in the pair is im* 
portant. Indeed, subtraction puts tbe pair (53) u) correspondence with 
the number 2, whereas tbe pair (3.5) with the number •2, The pairs (S3) 
and P.5) thus have to be considered as different. 

When tbe order of elements is specified a pair is said to be ordered. 

Definition Let M be a set of elements of arbitrary nature. If every 
ordered pair of elements of Af is put into correspondence with an element 
of Af we say that in Af a binary operation is defined. 

For example, the addition in the set of natural numbers and tbe sub« 
traction in the set of integer numbers are binary operations. The subtrac* 
tion is not a binary operation in tbe set of natural numbers because, for 
example, it cannot put the pair (33) in correspondence with any natural 
number. 

1. Consider the following opembons: a) addition; b) subtraction; c) 
multipUcation; in the following sets: 1) of all eves natural numbers; 2) 
of ah odd natural numbers; 3) of ah negative integer numbers. In wtueb 
cases does one obtain a binary operati<xi‘? 

‘Pirt of the problems preposed in the sequel has a practical charvter and la girrwi 



9 





10 



Chapter 1 



Lei us sliU consider some euioples of binary operations. We shaU 
ofteo renirc to these euiDpks in future. 



A 




Figure 1 

Example 1, Lei A. B. and Cbe the vertices of an equilateraJ triangle 
(Figure 1). We relate the triangle by ao angle of 120^ around ils centre 
O in the direcdoo shown by ibe airow. Then vertex A goes over vertex 
B. B over C. and C over A. In way the final triangle coincides 
with the ipinal triangle (if we neglect ibe labeb of the vertices). We say 
that the rotation by 120^ around the point O a iransfonnadoo which 
sends ibe triangle into itself. We denote transformation by a. We 
can write ii in the form a ^ a)' row contains all 

vertices of the triangle, and the row indicates where each vertex is 

sent. A rotation by 240® in the same direction around the point O is a 
transforroadco sending the triangle into itself. Denote transformauon 
by b B (p ^ g). There still exists one transformadon sending the 
triangle into itself, and which is different from r and ft; it is the rotation 
by 0®, We denote it by e; thus e = (^4 b ^) . It is e»y to see that there 
are only three different rotadons of tbe plalu^ transforming an equilateral 
triangle ABC into itself, namely e, a and b. 

Lei pj and be two arbitrary transformauons of tbe triangle. Iben 
we denote by Q] • ^ (or simply pipj) the transformation ^ obtained by 
carrying out ffrsl the □nosformadon ^ and later the transformation gi ; 
is called tbe product or composihon of the transformations and pj . 

It is possible to make tbe mulUpUcanon table (Table 1) where every 
row, as weU as every column, corresponds to some rotadon transforming 

M a belter coaqMebsDsioo of noOoo9 by of e,uiiiple& Tbe other probletns are 

iheoceDcal. aod ilKtr reaulu will be used later oo. Tberefbie if tbe reader is unaKU 
to atdw prebletDS, be zuusl re*d ibeii solulioos m ibe SecOoo Hints, Sclulices, 
aod Aoswer?. 

^We loeuo fotanoo of the pian» ajouod one axis perpendicular to tbe plane 
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the tnaogle ABC into itself. We put the transfonniitioo correspoodmg to 
^ -g ^2 iiitetsectioo of the row corresponding to the transformation g 2 
with the coliuim correspoodmg to the tcansformatioo pj, So^ for example, 
in tbe selected cell of Table 1 we bave to put tbe transformation wbicb 
is obtamed by first rotating the triangle by 2ACf and later by 120^ rrtore. 
Hence a * 6 is a rotation by 360^, Le.. rt coincides with t. We obtain tbe 
same result by the following reasoning: transformation 6 sends vertex A 
onto vertex C. and it later sends C onto A In this way the transformation 
a ■ 1} sends A onto A. In exactly the same way we obtain that B is sent 
onto B. and C onto C Hence q c) i ob = e. 



Table 1 




2. Complete Table 1, 

Any transformalira of some geometrical figure into itself wbicb mam> 
tains the distances between all its points is called a symmetry' of tbe given 
figure. So the rotations of the equilateral triangle, considered m Example 
1, are symmetries of it. 

Example 1 Besides rotations, tbe equilateral triangle still possesses 
3 symmetries, namely, the reflections with respect to the axes /j , l-j and 
(Figure 2), We denote these transformations by c, d, and f, so that 
c » ^ * (cIS)' / = isAc) Here it is possible to imagine 

the composition of trusfonnatioos in two different ways. Consider. 




Figure 2 
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for example, tbe compositioo c * d. We caD imagine that the axis is 
sect by tbe tiajisfonnadoQ 4 uUo a oew posidoo (i.e.> in tbe original 
posidoo of the axis and after this, consider tbe tiajisfonoation c ss 
tbe reHecdon wiib respect to the nev- posidoo of tbe axis (i.e., with 
respect to the original axis 2s). Oo tbe other baod> it is possible 
to consider that tbe axes are not rigidly fixed to the figure, and that 
they do not move with it; therefore in tbe example wbicb we examine, 
after tbe transformation d tbe transformadoo c i^ done as tbe reflecdon 
with respect to tbe original axis Ij We will consider tbe composidoos of 
two transformations in exactly ibis way. With choice the reasooing 
about the vertices of tbe figure, analogously to ibe arguments presented 
immediately before Problem 2, is correct. It is coDvmieot to udUze such 
arguments to calculate tbe muhiplicadoo table. 



3. Write the muldpUcalioo table for all symmetries of tbe equilateral 
triangle. 

£XAMfh.E 3. Let e, a, b and c denote tbe rotations of a square by O’. 
180^ 90^ and 270® in tbe direcdoo shown by the arrow (Figure 3). 




Figure 3 




Figure 4 



4 . Write the muldpUcadon table for tbe rotatic^s of tbe square. 
Example 4, Let dy f, q h denote tbe reflections of the square with 

respect to the axes shown in Figure 4. 

5. Write tbe multipUcation table for all symmetries of tbe square. 
EXAMPLE 5. Let ABCD be a rhombus, which is oot a square. 

6. Find all symmetries of tbe rhombus and write tbeir multiplication 
table. 

Example 6. Let ABCD be a rectangle, which is oot a square. 
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7. Fiod aU symioetnes of tbe rectangle and write their nmitiplication 
table, 

1.2 Groups of transformations 

Let X and Y be two sets of elements of arbitrary nature, and suppose that 
every element x pul into correspofidence with a defined element 

y of y. Thus ooe says that there exists a nu^ping 4* uf the set X into 
the set y; ^ — * V* The element y is f-allpd the image of the element 
z, and z the pre-image of element y, <^e wntes; ^(z] ^ y. 

DEFINITION The mapping : X -^Y ii called surjectrve (or, equiv- 
aientiy, a mapping of set X onto set F) if for every element of y there 
exists an element z of X such that = y, i.e.. every y of K has a 
pre» ima g e in X 

8. Let the mapping ^ put every capital city io the world in correspoD' 
deoce with the first letter of its name in Fn glish (fix example, ^(Lohdon) 
s L). Is ^a mapping of the set of capitals onto the entire English alpha* 
bet? 

DEFINITION. The mapping ; X -» y is called a one to one (or 
bijecrive) mapping of tbe set X into the set T if for every y in y there 
exists a pre*image in X and this pre*image is unique, 

9. Consider tbe foUowmg mappings of tbe set of all integer numbers 
into the set of the non*negative integer numbers: 

b)«n) = H; c) 

Which amongst these mappings are surjective, which are bijective? 

Lei M be an arbitrary set Rzr brevity we shall call any bijective 
mapping of M into itself a fran^ormalion of set Af, 

Two transformations gi and ^ will be considered equal if gi(<4) = 
^{A] for every element A of Af. Instead of term ‘transformauc^’ tbe 
term permutation is often used. We shall use this term only when tbe 
transformation is defined on a finite set. A permutation can thus be 
written in the form 



Ai A, ... An 'I 
A., A,, A^)' 
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where the fust row cootaios all the eleoieots of the given set, and the 
secood row indicates all the correspondiDg images under the permutation. 

Since the transformadoD is one to one> for every transformation there 
exists the inverse iransjbrmation g wtucb is defined in the foUowing 
way: if g{A) ■ B then * A. So in Example 1 a * (« ? $). 

TTierefore = {g 5 ?)• ‘ = i 

10. Find the inverse transformations of all symmetries of the eqih* 
lateral triangle (see Examples 1 and 2). 



11. Consider the transformadon of all real numbers given by jf{x) = 
2z Find tbe inverse transformation. 

Hie mult^iccrn’o/! cf the tran^rmanons ^ and ^ is defined as 
~ i?i(P 3 (-^)) ^ transformation ^is done firsts afterwards). 
If pj and ^2 transformations of the set M then is also a transfor* 
madon of set Af. 

DEFiNmON. Suppose tbat a set G of transformations possesses tbe 
following properdes: 1) if two transformations yi and ^ then 

then product g,g^ abo belongs to G; 2) if a transformation g belongs to 
G then its inverse transformadon p~‘ belongs to G, In case we call 
sucb a set of transfbrmadons a group of transformations. 

It is not difficult to verify that tbe sets of transformations considered 
in Examples 1^ are, in fact, groups of transformadons. 

12. Prove that any group of transformadons contains tbe identical 
transformadon e such that e(A) s A for every element A of the set M. 

13. Prove tbatep s pe — p transformatioop, 

14. Prove that for any three transformadons pxi 
lowing equality bdds^; 

(5i92)?s * 5i(s»S3)- 



1.3 Groups 

To solve Problems 6 and 7 we wrote the muldplicadon tables for the sym* 
metnes of tbe rhombus and of the rectangle. It has turned out that in our 

^qualify is mie not ooJy fomnsfonnarioos bul forasyihrM mappiogs 
tfi I “4 fl3 sucb ibai ft : Ml J/9, fc : W9 -+ Af|. : Ifa 
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noUdoos (se« the solutioos) these tables coipcide. Foe maDy purposes it is 
naliiraJ to consider such groups of traDsfoTToatioos as coiociding. There* 
fore we shall coosidet abstract objects ratbec than sets of real elements (in 
our case of transformations). Furthermore, we shall consider those binary 
operadons on arbitrary sets which possess the properties of the bi* 
nary operation in a group of transformations. Thus any binary operation 
will be called a muldplicadon; if to tbe pair ^ 0 , there corresponds tbe 
element c, we call c the product ofo and and we write o6 s c. In some 
special cases the binary operadon will be caOed differently, for example, 
composition, addition, etc,. 

Definition A set G of elemeols of an arbitrary nature, on which 
one can define a binary operation such that ibe following condidons are 
satisfied, is a group: 

1) associarrvity: (oA)c s o(6c] for any elements a, 6 and cofG. 

2) in G there is an element e such that ae = for every element 

a of G; such elemenlds called tbe unit (or neuiral eUmeru) of group G; 

3) for every element a of G there is in G an element such that 

s = e: an element is called the inverse ^element a. 

From the results of Problems 12-14 we see that any group of trans* 
formations is a group (m some seme the converse statement is true 
(see 55)), In way we have already seen a lot of examples of groups. 
All these groups certain a finite number of elem^its: such groups are 
called finite groups. The number of elements of a finite group is called 
the order of the groi^. Groups containing an infinile number of elements 
are called infinile groups. 

Let us give some examples of infinite groups. 

Example 7. Consider tbe set of all integer numbers. In this set 
we shall take as binary operation the usual addition. We thus obtain 
a group. Indeed, the role of tbe unit element is played by 0, because 
U + T^ = n-l'Dsn for every integer rj. Moreover, for every n there exists 
the inverse element wn (which is called in this case the opposite element), 
because n + (— n) = + n b 0. Tl>e associativity follows ^xnn ibe 

rules of arithmetic. The obtained group is called the group of integers 
under addition. 

15. Consider the following sets: 1) all the real numbers: 2) all tbe 
real numbers without zero. Say whether the sets 1 and 2 form a group 
under multiplication. 
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16. Say whether all real positive ouiobers form a group under muJti> 
plication. 

17. Say whether all natural oujnbers form a group; a) under addition; 
b) under muJtiplicatioo. 

]& Prove that in every group there exists one unique unit element. 

19. Prove that for every element a of a group there exisb one unique 
inverse element 

20. Prove that: 1) e"* * I; 2) = a 

If a 6 are elements of a group then by the definition of binary 
operation the expression a ' b gives some defined element of the group. 
Itetce also expressions like (a>6) •(£*(!) give some defined 

elements of the group. Any two of the obtained elements can be muldplied 
again, obtaining a gain an element of tbe group, and so on. Therefore, in 
order to set up uniquely at every step which operation will be performed 
at the next step we shall put into brackets the two expresskns which 
have to be multiplied (we may not enclose in brackets the ex^essioos 
containing only one letter). We call all expressions that we can write in 
this well arranged expressuins. Fcr example (o* 6) * (c* *c)) is a well 

arranged expression, whereas (a'()'C‘ (c*(Q is not well arranged, because it 
is not clear in which order ooe has to carry out tbe operations. When we 
consider the product 0 | > 02 *, of the real numbers .. . , 0 ,*, we 

do not put any bracket, because the result does not depend on the (xdec 
in which tbe operations are carried out — i.e., for every arrangement of 
ibe brackets giving a well arranged expressioo the result corresponding 
to product is the same, it turns out that this property is satisfied by 
any group, as follows ^m the result of tbe next question. 

21. Suppose that a binary operation a • b possesses the associativity 

property, ie., (o • • c — o * (6 * c) for any elements n. 6,c. Prove that 

every well arranged expresaon in which the elements from left to right 
are ai,07,- • > ^<ln same element as tbe multiplication 

In way if the elements Ai, . . . , On ate elements of a group then all 
tbe well arranged expressions containing elements i3i,o^,... , 0 ^ in this 
order and distinguished only by the disposition of brackets give the same 
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eleineot, which we wiU denote by > oj * . . . * 0^.1 * On (^^bnuiMmg all 
btackels). 

H>e mulnplicatioD of real numbers possesses yei aootbec important 
property: Ibe product * 03 ... * 0^-1 ' On does not change if ibe factors 
are permuted arbiiraiiJy. However, not all groups possess this prop e rty. 

Definition. Two elements <2 and of a group are called commuting 
if ofr s (One says also that <2 and b cotnmuie.) If in a group any two 
elements commute, Ibe group is said to be commuiative or abtlian. 

Tbete exist oomcommutative groups. Such a group is. for example, 
the group of symmetries of the triangle (see Example 2, where <jc s /, 
CQ = d i>e.. oc 9I co). 

22. Say whether tbe fc41owiog groups are commutative (see 2, 4—7 
): 1) tbe group of rotations of the triangle; 2) tbe group of rotations of 
tbe square: 3) tbe group of symmetries of tbe square; 4) the group of 
symmetries of a rhombus: 5) the group of symmetries of a rectangle, 

23. Prove that in any group: 

l)(o^)-' (fli «... sa;' < 

R£MA£K Hk jacket is put 00 after the shirt, but is taken off before 
it. 

If a certain identity a ^ b bolds in a group G (a and b being two 
expressions giving tbe same element of G) then one obtains a new identity 
by izujltiplying tbe two members of the initial identity by an arbitrary 
element c of tbe group G. However, since in a group the product may 
depend on Ibe order of its factors, one can multiply the two members of 
the identity by c either 00 the left (obtainiog ca = c() or on the rigbt 
(obtaining nc s 6c) 

24. Let Q, 6 be two arbitrary elements of a group G. Prove that each 
one of the equations ox s 6 and po = 6 has one and only one solution in 

a 

The uniqueness of the solution in Problem 24 can be also enunciated 
in ibis way; if or 6ia = then 61 = 63. 

25. Let us suppose that a * o s e for every element a of a group C. 
Prove that G is commutative. 

Let obe an arbitrary element of a group G. We will denote by 
product 0 * a > , , . * a, where m is tbe number of factors, all equal to a. 

26. Prove that {o"*)'* s (o~l)’*, where m is an integer. 
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Id this way and for every integer m indicate the saiue 

e)eineot> which we will denote by . Moreover, s e for every elerpept 

a. 

27. Prove that q*'* . a* » foe any integers m and n, 

28. Prove that (a™)" = a™' for any integers m and n. 

1.4 Cyclic groups 

The simplest groups axe the cyclic groups. They are, however, very iro* 
portant. 

DSFlMmON. Let a be an element of a group G. The smallest integer 
u such that the element a" = c is called the order of the elemem a. If 
such an integer does not exist ooe says that a is an elemem of if^inUe 
order. 

29. Find the order of all elements of the groups of symmetries of the 
equilateral triangle, of the square and of the rhoinbus (see 3^,6). 

30. Let the order of an element a be equal to n. Prove that; 1) ele- 
ments a, d*, . . . , are all distinct: 2) for every integer tn the element 
a*" coincides with ooe of the elements listed above. 

DEFWiTtON. If an element a has order n and in a group G there are 
no other elements but e, a, a*, . . . ,a" *, the group G is called the cyclic 
border n, generated by the element a, and the element a is called 
a generator of the group. 

Example 8. Consider a regular rj-gori (polygon with n sides) and all 
rotations of the plane that transform the ivgon into itself, 

31. Prove that these rotatic^s form a cyclic group of order it. 

32. Find all generators in the group of rotations of the equilateral 
triangle and in the group of rotations of the square (see Examples 1 and 
3 in §1,1). 

33. Let the order of an element a be equal to n. Prove that o’" b ^ 
if and only if m s nd.^^bere <2 is any integer. 

34. Suppose that the order of an element ^ is equal to a prime number 
p and that m is an aibinary integer. Prove that either a”* = f or n*" has 
order p. 
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35. Suppose tbai d is the muimal common divisor of the integers m 
and Ti and that a has cadet n. Prove that the eleroept a"' has order n/d. 

3^ Find all generators of the group of rotations of the regular do- 
decagon. 

37. Let a be an element of infinite order. Prove that the elements 

. . 6 , 0 , 0 *,. . are all disnoct. 

DEFINITION. If a is an element of inftoite order and group G bas no 
other elements but . , , fl, o*,. . . , then G is called an infinite 

cyclic group and a generator. 

38. Prove that the group of the integers is a cyclic group under 
addition (see Example 7, §1,3). Fuid all generators. 

Example 9. Let n be an integer different from zero. Consider all 
the possiUe remainders of the division of integers by n, i.e>» the numbers 
C, 1,2, . . . ,rt — 1. Let us introduce in this set of remainders the following 
binary operation. After adding rwo remainders as usually, we keep the 
remainder of tbe division by n of the obtained sum. This operadon is 
called the addition modulo ji. So we bave, summing modulo 4. 1 + 2 s 3, 
but 3 +3 s 2. 

39. Write the irujlnplication table for tbe addidon modulo: a) 2; b) 

3; c) 4, 

40. Prove tbat tbe set of remainders with tbe additic^ modulo nform 
a group, and tbat this group is a cyclic group of order n. 

Coosidet again an arbitrary cyclic group of order n: e, c, o*, . . . , o". 

41. Prove that a"* > a' * a*, where 0<m<n,0<r<nand 
0 < lb < n if and only ifmodulo ji one has m + r ^ ft. 

From tbe result of the preceding problem it follows that to tbe mul- 
tipUcation of the elements in an arbitrary cyclic group there corresponds 
(be addition of tbe cemuinders modulo n Similarly to the multiplication 
of two elemenb in an infinite cyclic group there corresponds tbe addition 
of integers (see 7). We come in way to an important notion in the 
theory of groups: the nodon of isomorphism. 

1.5 Isomorphisms 

Definition. Let two groups 0| andG} be given with abijeedve mapping 
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^fcom Cl Ca (s®* §^«^) wilb ibe fbUowing pcoperty: if = a', 
^(6) = If, ^(c) = and s c in group Gy, tbeo s in group G^. 
lo other words, to Ibe irujlUplicatioo in Ci there correspond:} under ^ 
the multiplicatioo in G^. The mapping ^ is thus called an isomorphism 
between groups Ci and G}, and the groups Ci and Ca are said to be 
isomorphic. Hie condition for abijective mapping ^ to be an isomorphisin 
can be expressed by the following conchtioo: = ^(a) < 0(6) for 

all eleinents a and b ofgroup Cri ; here tbe product obis taken in tbe group 
Cl and the product ^(o) * ^6) in the group Ca. 

42. Which amongst tbe following groups are isomorpbic; 1) the group 
of rotations of tbe square; 2) the group of symmetries of the rbombus; 
3) the group of symmetries of tbe rectangle; 4) tbe group of remainders 
under addition modulo 4? 

43. Let ^ : Cl ^ ^ be an isomorphism. Prove that the inverse 
mapping ; Ca ^ ^ isomorphism. 

44. Let ^ 1 : Cl ^ Cj and ^ : Ca Cs be two isomorphisms. Prove 
that the compound mapping : Ci ^ Cs is an isomorphism. 

From the two last problems it follows that two groups which are is^ 
morphic lo a third group are isomorphic to each other. 

45. Prove that every cyclic group of order n is isomorphic to the 
group of tbe remainders of the division by n under addition modulo n. 

46. Prove that every infmite cyclic group is isomorphic to tbe group 
of integers under addidoo. 

47. Let ^ r C ^ be an isomorphism. Prove that ~ ep, where 
Cq and ip are tbe unit elements in groups G and F. 

48. Let d : C ^ F ^ sn isomorphism. Prove that = |^(^)|*^ 

for every element g of group C. 

49. Let ^ ; C — » be an isomorphism and let b h. Pivve that 
g and h have tbe same order. 

If we are interested in the group operation and not in the nature of 
the elements of the groups (which, in fact, does not play any role), then 
we can identify all groups wtueb are isomorphic. So, for example, we shall 
say that there exists, up lo isomorphism, only one cyclic group of order n 
(see 45). which we denote by 2n, ^nd only one infioiie cyclic group (see 
44i), which we indicate by Z. 
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If a group Gi is isomorphic to a group G) theo we write Gi — G 3 . 

50. Fiod (up to isomorphism) aU groups cootaiiuDg; a) 2 elements; 
b) 3 elemenb. 

51. Give an example of two ooQ'isomorphic groups with the same 
number of elemenb. 

52. Prove that the group of all real numbers under addition is iso 
morphic to the group of the real positive numbers under muldplicalion. 

53. Lei cbe an arbitrary elemenl of a group G. Consider tbe mapping 

of a group G into itself defined in the following way; = ox for 

every x of G. Prove that is a permutadon of tbe set tbe elemenb 
of group G (ie.> a bijecdve mapping of the set of tbe elemenb of G into 

itself). 

54. ¥ix every element n of a group G let be the permutation 
defined in Problem 53. Prove that the set of all permutadous forms a 
group under the usual law of composidoD of mappings. 

55. Prove that group G b isomorphic to tbe group of permutadous 
defined in the preceding problem. 

1.6 Subgroups 

In tbe set of ibe elemenb of a group G consider a subset H. It may occur 
that H is itself a group under the same binary opecadon defined in G. 

In this case H b called a subgroup of tbe group G. example, tbe 
group of rotadoos of the tegular n*gOD b a subgroup of ibe group of all 
symmetries of the n-gou. 

If a is an element of a group G, then tbe set of all elemenb of type 
a”' is a subgroup of G (ibis subgroup b cyclic, as we have seen in §1/4). 

56. Let // be a subgroup of a group G. Prove that; a) the unit 
elemenb in G and in H coincide; b) if <2 is an eiement c^ subgroup H. 
then tbe inverse elemenb of a io ^ and in H coincide. 

57. Prove that in order for ^ to be a subgroup of a group G (under 
the same binary operation) the following conditions are necessary and 
sufficient; 1) if a and b belong to H then the element ab (product in 
group G) bdongs to H; 2) € (the unit element of group G) belongs to H; 
3) if a belongs to H then algfi (taken in group G) belongs to H. 
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Remark. Cooditioo 2 follows fiom oondidoos 1 and 3, 

58. Find aU subgroups of the following groups: 1) of synunelhes of 
the equilateral oiangle. 2) of symiDeuies of the square. 

59. Find all subgroups of the following cyclic groups; a) Z$ ; b) Zg; 

c) Zis. 

60. Prove ibal all subgroups of Zn have ibeforro (e, . . . , 

where d divides n and a is a geoeraloc of ibe group Zn> 

61. Prove that all subgroups of an infinite cyclic group are of the 

type {.. . a~', e, c ^,. .. }, vd>ere a is a generator and r is an 

arbitrary non zero integer munber, 

62. Prove that an infioiie cyclic group bas an infinite number of 
subgroups, 

63. Prove that the inierseclloo of an arbitrary number of subgroups^ 
of a group G is itself a subgroup of group G. 

Example 10, Consider a regular tetrahedroii. with vertices marked 
with the letters A.B. C. and D. If we look at the triangle ABC from 
point the D. then the rotation defined by the cyclic order of points A. B, C 
may be a clockwise or counterclodcwise rotation (see Figure 5). We shall 
distinguish these two different orientaliorts of the tetrahedron. 
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64. Is tbe orientation of ibe tetrahedron preserved by the foUowing 
permutations: ^ ^ (rotation by 120* around the alti- 

‘TLe ifll£*KccioD oT oaay k<b tbe k< of all ekoxoB belocgiog at ibe 
Id all die se«. 
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B C D \ 

^ n K \ (rolalion by 180® around Ibe axis through 
C B A ! 

the middle points of the edges AD and BC); ® ^ (rc- 

\ A C B D ) 

flection with respect to the plane containing edge AD and the middle 
point of edge BC); ^ ~ ^ ^ (cyclic permutation of tbe 

vertices)? 

All symmetries of the regular tetrahedron obviously form a group, 
which is called tbe group pfsymmftrUs of the tetrahedron. 



65. How many elements does the group of symmetries of tetrahedron 
contain? 



66 . In the group of symmetries of the tetrahedron find the subgroups 
isomorpbic to; a) the group of symmetries of the equilateral triangle; b) 
the cyclic group Z|. 

67. Prove that all symmetries of the letrabedron preserving its orien* 
tadon form a subgroup. How many elements does it contain? 

Tbe group of symmetries of tbe tetrahedron preserving its orienladon 
is called tbe group of rotations of the tetrahedron. 

68 . Find in the group of rotadons of tbe tetrahedron the subgroups 
isomorphic to: a) Zj; b) Z 3 . 



1.7 Direct product 

Starting from two groups one may define a third group. 

DfiFiKmON. The direct product G x W of groups G and // is Ibe set of 
aD the ordered pairs b),v^here qb any element ofG and /i any element 
ofH. vdtb the following binary operation; A 9 ) b 

where the product is taken in tbe group G, and hih^ in tbe group 
H. 

69. Prove that G x ^ is a group. 

70. Suppose that a group G has n elements, and that a group H has 
k elemenb. How many elements does the group G x ^ contain? 

7L Prove that the groups G x H and H x G are isomorphic. 
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72. FiiKi the subgroups ofGxH isoTDorpbic (o ibe groups G and /f. 



73. Let G and H be rwo commutative groups. Prove that (be group 
G X H is also coouDulative. 

74. Let Gi be a subgroup of a group G and H] a subgroup of a group 
W. Prove that Gi x Hi is a subgroup of the group G x H. 

75. Let G and H be two arbitrary groups. Is it true that every 

subgroup of tbe group G x H can be represented in tbe form X Hi, 

where Gi is a subgroup of tbe group G and Hi a subgroup of the group 

76. Prove that the group of symmetries of tbe rhombus is isooiorphic 
to tbe group Z^xZ^. 

77. Is it true that; 1) X Za ^ Z«; 2) Za x Zj ^ Zs? 

78. Prove that x Zr S! Zm* if and only if tbe numbers and n 

are relatively prime. 

1.8 Cosets. Lagrange^ s theorem 

Foe every subgroup H of a group G there exists a partition of tbe set 
of (be elements of G into subsets. Ftx each element x of G consider the 
set of all elements of the form xh, where h runs over aH elements of a 
subgroup H. The set so obtained, denoted by xH, is called tbe cosei 
of H (or {eft lateral class of ff) in G, generated by the element z. 

79. Find all left cosets of the following subgroups of tbe group of 
symmetries of the equilateral triangle: a) tbe subgroup of rotadons of the 
triangle; b) tbe group generated by tbe reflecdon witb respect to a single 

(see Examples 1 and 2, §1.1X 

80. Prove that given a subgroup ^ of a group G each element of G 
belongs to one left coset of ^ in G. 

81 . Suppose that an element y belongs to tbe left coset of H generated 
by an element x. Prove that tbe left cosets of H goierated by elements 
X and y coioetde, 

82. Suppose that tbe left cosets of H. generated by elements r and 
y, have a common element. Prove that these left cosets coincide. 
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Hence left cosels generated by two arbiSary elements either are dis* 
joint Of coiodde. In way we have obtained a partidoo of all elements 
of a group G into disjoint classes. Sucb a parndon is called tbe par- 
noon of the group G by tko subgroup H. 

Tbe number of elements of a subgroup is called the order of ihe sub’ 
group. Let m be tbe order of a subgroup H. If and are two different 
elements of/f then xhi ^ zhj. Every left coset thus contains m elements. 
Hence ifr? is the order of group G and r is the number of tbe left cosets of 
the partidoo of G by tbeo m * r s n and we have proved the fbUowing 
theorem. 

Theorem 1, (Lagrange's theorem®) Tbe order of a subgroup W of a 
group G divides the order of the group G. 

S3. Prove that the order of an arbitrary element (see definition in 
§1.4) divides tbe order of tbe group. 

84. Prove that a group whose order is a prime number is cyclic and 
that every element of it different from the unit is its generator. 

85. Suppose that a group G contains exactly 3 1 elements. How many 
subgroups does it contain? 

86. Let p be a prune number. Prove that all groups having the same 
order p are isomorphic to each other. 

87. Suppose that m divides n. Obtain a group of order n containing 
a subgroup isomorpbic to a given group G of order n\. 

88. Suppose that m divides n Is d possiHe that a group of order n 
dues not contain any subgroup of order 

One can obtain as well tbe right coseis ffx &od tbe right panirion of 
a group G by a subgroup H. If tbe order of a subgroup H is equal to 
m, then each right coset rrt elements and the number of cosets 

is equal to tbe integer n/m, where n is the order of tbe group. Hence tbe 
number of right c oset s coincides with tbe number of the left cosets. 

89. Find the left and tbe right partitions of the group of symmetries 
of tbe equilateral triangle by the following subgroups: a) the subgroup 
of rotations {e, a, 6}; b) tbe subgroup [e, c) . generated by the reflection 
witb re:>pecl to one axis, 

^Joseph 1 I (1736-18t3X Pieub malbeiDaciciao. 
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90. Find (be left and right partinons of tbe group of synuDethes of the 
square by the foUowuig subgroups; a) the subgroup {e, a}, generated by 
the ceoiiaJ syrEJoetiy ; b) ibe subgroup {e, d), generated by the reflection 
with respect to one diagonal. 

9t. Hnd the paititioo of the group of all integers (under addidoo)^ 
by (be subgroup of the numbers divisible by 3. 

92. Find all groups (up to isoroorpbism) of order: a) 4; b) 6; c) 



1.9 Internal automorphisms 

Let us start with an example. Consider the group of symmetries of the 
equilateral triangle. If Ibe letters A. B. and C denote tbe vertices of the 
triangle, then each element of the group defines a permutation of the 
three letters, Fx example, the reflection of the triangle with respect to 
the altitude drawn from tbe vertex A to the base BC will be written in the 

, ( A B C\ 

i ^ c b) 

of the triangle it sinfices to carry out the corresponding permutations one 
after the other. In this way we obtain an isomorphism between the group 
of symmetries of the triangle and tbe group of permutations of letters 
A, B, and C. 



To multiply two elements of the group of symmetries 




Now we observe that this isomorphism is not uniquely defined: it 
depends oo which vertex is named A, which B, and which C, H>e change 
of notations of tbe three vertices of the triangle may be also considered 

* Here we do oM meoiioii die type of Ibe paitiotHi (left or rigbi) because io com* 
mutative groups ibe two paniUonj obviously comcide. 
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as a permutatioo of the three leiten A.B and C Foe example g = 

A B G 



/ A B G\ 

\B C a) 



correaponds to the foUowing change of notations: 



old notation | ^ | C 
new notation 5 | C | A 

By the oew ootatioos of vertices each elerDeni of the group of sym- 
metries of the triangle obtains a new notation in terms of permutatioo of 
letters A, B, C. For example, the reflection of the triangle with respect 
to its vertical altitude (Figure 6) is written in the following way; 



old notation 



new notation 



( A B C\ 
\A C B } 

( A B C\ 
\C B A } 



93. Consider an element of the group of symmetnes of the triangle, 
to which, for some notation of vertices, there correspcaids a permutation 
h. What permutation will correspond to the same element of the group of 
symmetries of the triangle after the change of notation g of the vertices? 

We observe now that by the change of notation, g. an element h 
of a group of transformations is sent to ghg~^ ooly to ^ example 
considered of the group of symmetries of the triangle, but also in the 
more general case. So the study of the changes of notations leads to the 
follow ing defioitioo. 

DBFINrnON. Let O be a group and p one of its elements. Define 
the mapping of the group G into itself by tbe formula s gkg~' 
(where /lis any element of the group). Hiis mapping is called tbe internal 
aulomoTphism of group G generated by tbe element g. 

94. Prove that an internal automorphism of a group is an isomorphism 
of tbe group into itself. 

95. Which is tbe image of tbe reflection of the triangle with respect 
to i& altitude under all possible iniemal automorphisms of the group of 
symmetries of tbe triangle? 

96. Which is the image of the rotation by 120^ of tbe triangle under 
all possible internal automorphisms of tbe group of symmetries of the 
triangle? 
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97. Which are the pans of elements of the group of synunetnes cS 
the tetrahedron that can be sent one oo the other by an internal auto- 
morphisoi? Which elements can not? The same questioo for the group 
of rotations of the tetrahedron. 

98. Prove that in any group tbe orders of elemenb ob and 6a are 
equal. 

Note that the image of a subgroup under any intemul automorphism 
of the whole group (as well as under any isomorphism) is. in general, 
different (for example, the reflection with respect to one altitude of tbe 
triangle is sent to tbe reflection with respect to another altitude). How> 
ever, some subgroups, ‘super'symmetric',are invariants under all internal 
automorphisms (for example, the subgroup of rotations of the triangle in 
tbe group of symmetries of tbe triangle). We will study these subgroups 
in the next secnoo. 



1.10 Normal subgroups 

DEFINTTIOK, a subgroup of a group is called a normal subgroup if it is 
mapped onto itself by all internal automorphisms of tbe group. In other 
words, a subgroup of a group G is called a normal subgroup of G if 
for every element a of W and for every element of G the element gog ~ * 
belongs to A^. 

Hence in the group of symmetries of a triangle ABC tbe subgroup of 
rotations is normal, whereas tbe group generated by the reflection with 
respect to the altitude drawn from A to tbe base BC (containing two 
elements) is not normal. 

99. Prove that in a commutative group every subgroup is normal. 

100. Is It true that the subgroup of tbe group of symmetries of the 
square, consisting of elements {e, a}, whereois the central symmetry (see 
Example 3,4 |1,1X is ourmal? 

THEOREM 2. A subgroup N a group G is normal ^and only if the 
left and the right partitions of group G by she subgroup N cdrtcide^. 

101. Prove Theorem 2. 



’lo esse the pardcioa is the panitioa by tbe ooimal subgroup. 
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102. Lei nbe tbe order of a group G, mlbe order of a subgroup H 
and m = r%/2. Prove that ^ is a oormal subgroup of the group G. 

103. Prove that tbe intersection (see foomote to Problem 63) of an 
aibinaiy number of oormaJ subgroups of a group G is a normal subgroup 
of tbe group G. 

Definition . The set of elements of a group G which commute with 
all elements of the group is called the ctntre of group G. 

IM. Prove that the centre of a group G is a subgroup and> moreover, 
a normal subgroup of the group G. 

105. Let and be two normal subgroups of two groups &nd 
G-j, respectively. Prove that N\ x JV 2 ^ normal subgroup of tbe group 

G] X Gj. 

The following example shows that a normal subgroup of a subgroup 
of a group G can be a non-normal subgroup of the group G. 

Example 11. Consider the subgroup of the group of symmetries 
of the square, gerteraled by the reflections with respect to the diagonals 
and to tbe centre (see Examples 3,4 §1.1, tbe subgroup {e, a, d,/^) This 
subgroup contains one half of the elements of tbe group of symmetries of 
tbe square, and it is therefore a normal subgroup (see 102). The subgroup 
{6,d\, generated by tbe reflection with respect to one of the diagonals, 
contains one half of the elements of the subgroup {e, a, d,/}, and it is 
therefore a normal subgroup of this subgroup. But the subgroup {e, d} is 
not a normal subgroup of the group of symmetries of tbe square, because 
d is sent by an internal automorphism to tbe reflection with respect to 
the other diagonal: ^ f. 

1.11 Quotient groups 

Let us start with an example. Consider tbe partition of tbe group of 
symmetries of tbe square by the normal subgroup e, o, generated by tbe 
central symmetry a (see Example 3.4 §1.1). It b easy to see that tbe 
partition of our group into four coseb bas the form shown in Table 2. 



TbbleS 



e 

a 


• 

c 


f 


9 

9 


T 


A 


B 


C 
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Denote each coset by a ietter, foe example E, A, B, and C If one mu]* 
tiplies an aibitraiy element of coset A by an arbitrary element of coset 
By then the result beloogs to one and only one coset C> independently of 
the particular elements chosen in cosets A and B. From the solunon of 
tbe next problem it follows that this result is not casual. 

106. Let there be given the partition of group G by tbe normal 

subgroup N. Suppose that the elements xi and belong to one coset 
and that the elements and y-^ belong to another coset Prove that the 
elements nvi same coseL 

In this way> multiplying in a given order two elements representant 
of two different cosets> one obtains an element of a coset which does not 
depend on tbe cfaosen representant elements. As a consequence, given 
a partidon of a group by a normal subgroup, we can define a binary 
operadoo in tbe following way: whenever A ^ zN, B = yN, write 
A<B s [xy)N {A B is also denoted by AS). Hk result ofProUem 106 
shows that this operation is uniquely defined and does not depend on tbe 
elements x y which generate the cosets A and A So in the above 
exan^le we have A * 5 s C 

In problems 107>109 the subgroups have to be considered as normal. 

107. Let Ti.TiJi be three cosets. Prove that (rir*)!^ * r,(r*7’a). 

108. Let £ be a normal subgroup. Prove that £T s TE s T for 
every coset T. 

109. Prove that for every cosei T there exists a coset X~' suc^ lhat 
'pT-l _ y-ij* « £ 

F rom proUems 107-109 it h^ows that tbe set of all cosets with tbe 
binary operadoo just defined forms a group. This group is called tbe 
quotient group of the group G Iry the normal subgroup N and is denoted 
by G/N. 

It is evident that C*/{e} S G and G/G ^ {?}. It is evident as well 
that the order of the quotient group is equal to tbe integer n/m, where 
n is the order of tbe group and rn the order of the normal subgroup. For 
example, the quotient group of the group of symmetries of tbe square by 
tbe subgroup gerterated by the central symmetry contains 4 elements. 

110. Calculate whether the quodent group of the group of symme' 
tires of the square by the subgroup generated by tbe central symmetry 
is isomorphic to tbe group of rotations of the square or to tbe group of 
symmetries of tbe rbombus. 
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111. Find all normaJ subgroups and the correspoodicg quodem groups 
of tbe foUowiog groups^ a) the group of synuneliies of tbe triangle: b) 
2^ X 2^; c) the group of symmetries of tbe square; d) the group of quater* 
nions (see solution of Probleoi 92), 

112 Describe all oormal subgroups and tbe corresponding quotient 
groups of tbe following groups: a) Z, 

113. Find all normal subgroups and the corresponding quotient groups 
of tbe group of rotations of the tetrabedron. 

114. Consider the subgroup (7i » {c} in tbe direct product Gi x G^, 
Prove that it is a normal subgroup and ibat tbe corre s ponding quotient 
group is 

1.12 Commutant 

Recall that two elements a ^ttd b of a group G are said to be commuting if 
ab^ba> degree ofnoo*coauDutadvity of two elements of a group can 

be measured by the product , which is equal to ibe unit element 

if and only if a and bcommule. 

Definition, The element is called the commiaator of tbe 

elements d and b. The set of all possible products of a finite number of 
commutators of a group G is called the commuiam of tbe group G and it 
is denoted by K(G). 

115. Prove that the commutant is a subgroup. 

116. Prove Ibat tbe commutant is a normal subgroup. 

117. Prove that the commutant coincides with the unit element {e} 
if and only if the group is commutative. 

118. Find ibe commutant in the following groups; a) of synui>elries 
of ibe triangle; b) of symmetries of tbe square; c) the group of quaternions 
(see solution of Problem 92). 

119. Prove that tbe commutant in tbe group of symii>etries of the 

regular r^gOD is isomorphic to tbe group if n is odd and to the group 

ifnis even. 

*lo (bfi aequcl fiodmg ibe quoOail group will meao sboniog a group, among Ibose 
already considered, (o be isomoqsbic to tbe group requested. 
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120. Find tbe commulaDl in the group of synuDelries of the (etnhe' 
droc. 

121. Prove that if a connai subgroup of the group of rotaDons oc of 
tbe group of synunetries of tbe ietrabedron contains just a sole rotation 
around one axis through a vertex, then it contains all rotations of tbe 
tetrahedron. 

122. Fuid the commulant in tbe group of symmetries of the tetrahe> 
dron. 

Consder two groups: the group ofroianons of the cube and the group 
of rotatiofis oftite regular octahedron. 
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123. How many elements are contained m these groups? Calculate 
the elements uf tbe group of rotations of the cube, 

124. Prove that tbe groups of rotations of tbe cube and of tbe octa* 
hedron are isomorphic, 

125. In how many different ways is it possible to colour tbe surface 
of a cube with 6 colours (a different colour for each face) if one considers 
two coloured cubes as different if they do not coii>cide even after some 
rotation? The same question for a box of matches, 

126. Which group amongst ibose you know is isomorphic to the group 
of rotations of a box of matches? 

To calculate the commutant of tbe group of rotations of the cube we 
inscribe in the cube a tetrahedron (see Figure 8). 

Joining tbe remaining vertices B. D. A[, and C, one obtains a second 
tetrahedron. Any rotation of the cube either sends each tetrahedron onto 
itself or exchanges the tetrahedra with each other. 
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FIGURE 8 

127. Prove tbal sR rotations of the cube sending each (elrnhedron 
onto itself form: a) a subgroup; b) a normal subgroup of the group of 
rotatioos of tbe cube, 

128. Prove that the commulani of tbe group of rotatioos of tbe cube 
is isomorphic to tbe group of rotatioos of the tetrahedron. 

We now prove three properties of the commutant which will be of use 
later oo. 

129. Prove that the quotient group of an arbitrary group G by its 
commutant is commutative. 

130. Let A' be a normal subgroup of a group G and let the quotient 
group G/N be commutative. Prove that N contains tbe commutant of 
the group G. 

131. Let W be a normal subgroup of a group G and K(N) the com* 
mutant of a subgroup W. Prove that K(^ is a normal subgroup of G 
(compare with Example 11> §1.10). 

1.13 Homomorphisms 

Let G and F be two groups, A mapping ^ ' G ^ F such that = 
^a)^(6) for all elements a and b of tbe group G (here the product ob 
is io G and ^(a) * in F) is called a homomorphism of G into 
F Homomorphisms are distinguishable &om isomorphisms because tbe 
bomomorphisms are not necessarily bijective. 
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EXAMPLE 12, Let G be tbe group of cotatioos of tbe cube, and Xj 
the group of perroulatioos of tbe two ietrabedra, macribed inside the cube 
(see § 1, 12). To eacb rotaboo of the cube there corresponds a well defined 
permutation of letrahedra. When we carry out two rotations of the cube 
one after tbe other, the permutation of the letrahedra so obtained is tbe 
product of the permutaDons of tbe letrahedra corresponding to these 
rotanons. Therefore the mapping of tbe group of rotations of the cube 
into tbe group of permutations of two tetrahedra is a bomomorphism. 

132. Let F be a surjective homomoiphism of a group G 

onto a group F. Prove that if tbe group G is commutative then F is 
commutative. Is tbe converse proposition true? 

133. Prove that a homomorphism of a group G into a group F sends 
tbe unit of the group G onto the unit of tbe group F. 

134. Prove that ^a~*) — [^(a)]~’ , where Q ^ pis a homomor* 

phism. Note that tbe inverse elenrent appearing in tbe left member of the 
equation is taken in tbe group G, whereas in tbe right member it is taken 
in tbe group F. 

135. Let ^ : G ^ F and F —i Hbe two homomorphisms. Prove 

that ^ 0 : G ^ ^ >8 a homonrorphism. 

Important examples of bomomorphisms are obtained by means of tbe 
construction of the ‘natural bomomorphism' . Let ^ be a normaJ subgroup 
of a group G. Consider the mapping ^ of tbe group G into tbe quotient 
group G/N which sends each element g of the group G to a cosel T of N 
containing tbe element g, 

136. Prove that ^:G^G/iVisa surjective homon>orphism of G 
onto G/N. 

DEFINITION. The surjective mapping ^ ts called tbe Tiatural homo- 
morphism of a group G into the quotient group G/N. 

We have proved that to every normaJ subgroup there corresponds a 
bomotnorphism. We shall now prove that, inversely, every homomor* 
phism surjective of a group G rato a group F can be seen as a natural 
homomorphism of G onto the quotient group G/N by a suitable normal 
subgroup N. 

DEFINITION, Let ^ : G -4 F be a homomorphism. The set of elements 
<f such that s ep is called the kernel of the homomorphism 4> &od is 
dertoted by ker 0 . 




Groups 



35 



157. Prove that ksri^ is a subgroup of group G. 

138. Prove that kermis a oormaJ subgroup of group G. 

Consider the partition of G by the kernel ker^, 

139. Prove that pj and ^belong to the same coset if and only if 

^(9i) 

Theorem 3. Let ^ : G ^ F be a surjecrne homomorphism of a 
group G onto a group F. The mapping ^ F sending each 

cosei to the image by ^ of a certain element of the coset (and tints of an 
arbitrary element (see 139)^, ts an isomorphism. 

Tlie proof of this theorem is contained lo tbe solutions of tbe following 
proUeiDS, 

140. Prove that is sujyecdve, 

14L Prove that ^ is btjecbve. 

14L Prove that ^ is an isomorphism. 

We will consider some applications of this theorem. 

EXAMPLE 13, Problem 110 asked whether the quotient group of the 
group of symmetries of the square by the oonnal subgroup generated by 
the central symmetry is isomorphic either to the group of rotations of the 
square or to the group ofsymmetnes of the rhombus. To eacb element of 
the group of symmetries of tbe square there corresponds some permuta* 
tion of tbe axes ofsymmetry 1), 13,19,14 (Figure 9). This permutation can 
just exchange between each other tbe diagonab I3 and I3, as well as tbe 
axes and I4, 




FIGURE 9 




We thus obtain a mapping of tbe group of symmetries of tbe square 
into a group of permutations of four elements and I4, This map' 

ping ts a homomorphism surjective onto tbe group of those permutadoos 
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which send {( 1 ,( 5 } {l2,U} (verify), TTiis group 

consists of four perrDutaooos and is isomorphic io the group of symme* 
tries of the rbomhus LiL^LiL^ (Figure lOX 

H>e kerne) of the homomorphisiD so obtained contains all symiDetries 
of the square sending each axis of syounetry onto itself. It is not difficult 
to verify that these transformations are just e and the central syaunetry 
a. Therefore by Tbeoretn 3 the subgroup , 0 } is a oormal subgroup of 
the group of symmetries of the square, and the corresponding quotient 
group is isomorphic to the group of symmetries of the rbomhus. 

Tbe following problems may be solved in a similar way. 

143. Prove that tbe rotations of tbe tetrabedron by 18C^ around the 
axes through the middle points of opposite edges form, together with the 
idoitity, a normal subgroup of tbe group of symmetries of the tetrahedron. 
Find the corresponding quotient group. 

144. Prove that the rotadoos of the cube by 18C^ around the axes 
through the centres of opposite faces form, logetbei with the identity, a 
normal subgroup of the group of rotations of tbe cube. Find tbe corre* 
spooding quobent group. 

145. Let there be given 00 the plane a regular ri'gon with centre O. 
Let R be the group of rotations ofibe plane around the point O, Gmsider 
the subgroup of the rotations of the plane sending the regular n>gon 
to itself. Prove that this subgroup is a normal subgroup of R and that 
R/Zn is isomorphic to fi, 

146. Let and be two normal subgroups of groups Gi end G 2 , 
respectively. Prove that X A ^9 is a normal subgroup of X C 3 and 
that (Gi X Ca}/(M x iV,) (OM) x (CMl 

147. Is it possible Ibai two normal subgroups of two non*isomorphic 
groups are ison>orphic to each other, and that tbe corresponding quotient 
groups are isomorphic? 

14& Is it possible that two oormal subgroups of tbe same group are 
isomorphic and that the correspooding quotient groups are not isomot* 
phic? 

149. Is it possible that two normal subgroups of the same group are 
not isomorphic and that the corresponding quotient groups are isomor* 
phic? 
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We now observe whai happens (o subgroups, to oonnal subgroups, 
and to commulanis under the action of a homomorphism. Let ^ ; G ^ F 
be a homomorphism. Cbose in G a subset M. Tbe set of the elements of 
F baviog at least a pte-image in M is called the image of the set M by the 
homomorphism^ (denoted by Conversely^ let F be a subset ofF; 

the set of all elements of G having an image in F is called tbe pre-intage 
of F (denoted by Note that tbe symbol has t>o meaning 

outside F: a bomomorphism» in general, has no inverse mapping. Note 
also that if ^(M) = F, then is contained in M, but it does not 

necessarily coincide with M (see Hgure 11). 
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150. Prove that tbe image of a subgroup H of i group G under a 
homomorphism ^ : G — » F is a subgroup of tbe group F 

151. Let ^ be a subgroup of F and ^ : G F s homomorphism. 

Prove that is a subgroup of G, 

152. Let Af be a rrormal subgroup of a group F and ^ : G — » F a 

homomorphism. Prove that is a normal subgroup of the group 

G, 

153. Let ^ : G — * F be a homomorphism, K\ and K 2 the cummutants 
ofG and F, Prove that (^(Ki)iacootaioedin and that K^ iscontained 

154. Let A' be a normal subgroup of a group G and ^ ; G ^ Fa 
homonrorphism surjective of group G onto a group F Prove that 

is a ourmal subgroup of F, 
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155. Let K\ and K% be the comiDuiaDts of groups G and F and 4> • 
Q ^ pa sufjective homorDorphism of G onto F. Prove that ^ j s }(% . 
Is it true that K\ = 

1.14 Soluble groups 

There eusi an unportunl of groups which is similar to tbe con^ 
mutative groups: that of soluble groups. This appellation comes from 
the possibility of solving algetHuic equations by radicals d^teods on the 
solubility of some groups, as we will see in the next chapter. 

Let O be a group and AT(G) its commulant. The commulant K(G) 
is itself a group, and ooe can cmsidet its commutant K(K(G)) as well. 
In the group obtained ooe can again consider the coimDulaot, etc.. Ooe 
obtains the group y (&•( . . (X (C)) . . ia short So K^,(G) = 

K{K{G)). 

Definition, a group G is said to be soluble if the sequence of groups 
G. K(G). K^iO), Ki{C), . . ends, for a finite n, with the unit group. i.e„ 
for some n one bas Kn{G) * {e}. 

For examine, all commutative groups are soluble, because if G is cces^ 
iDutadve, then at tbe first step one already has /f{G] s («}. A group G 
is soluble whenever its commutant is commutative, h«*aii^ in this 
case /fj(G) ■ {c}. 

156. Say whether tbe following groups arc soluble or not: a) the cyclic 
group b) tbe group of symmetries of the equilateral triangle; c) the 
group of symmetries of the square: d) tbe group of quaternions (see 92): 
e) tbe group of rotations of tbe tetrahedron; f) the group of symmetries 
of tbe tetrahedron; g) tbe group of rotatioos of the cube. 

All groups considered in Problem 156 are soluble. It is thus natural 
to ask whether there exist in general non'Soluble groups. We will prove 
that tbe group relations of the regular dodecahedron (Figure 12) is not 
soluble. 

157. How many elements are contained in tbe group of rotatioos of 
tbe dodecahedron? 

All rotations of the dodecahedron can be divided into four 
1) tbe idendly transformation; 2) rotatioos around tbe axes through tbe 
centres of opposite faces; 3) rotations around the axes tbrougb opposite 
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vertices: 4) rotations around ibe axes through tbe middJe points of oppo- 
site edges. 

158. How many elements are contaioed in each class (without count' 

ing tbe identity traDsformatira in 2-4)7. 

159. Let A^be an arbitrary oonnal subgroup of the group of rotatioos 
of the dodecahedron and suppose that N cootains at least one element 
of one among classes Prove that N contains tbe entire class of 
element. 

As a consequence each <x>e of either betongs entirely to N 

or bas no elements in common with A^. 

160. Prove that in the group of rotatioos of tbe dodecahedron there 
are no other normal subgroups except [e| and the whole group. 

161. Suppose that a group G is not commutative and that it has no 
normal subgroups other than (e} and G. Prove that G is not soluble. 

From problems 160 and 161 it follows that tbe group of rotations of 
tbe dodecahedron is not s^uble. 

We shall consider some more problems whose results will be of use 
later on. 

162. Prove tbal every subgroup of a soluble group is soluble. 

163. Let Q ^ f' i bomomorphism surjective of a group G onto a 
group F and suppose tbat group G is soluble. Prove that Ibe group F is 
also soluble. 
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164. Give an exaiople in which the group F is soluble whereas the 
group G is not (see the preceding pcobiem), 

165. Let G be a soluble group and N a norma] subgroup of G. Prove 
that the quodeol group G/N is soluble. 

166. Prove that if tbe groups N and G/N axe soluble then the group 
G is soluble, 

167. Let G and F be two soluble groups. Prove tbut tbe group GxF 
is soluble. 

168. Let G be a soluble group. Prove that there exists a sequence 
of groups Go, Gi,,.. ,0„ such that: 1) Go « G; 2) each group Gj (1 < 
t < n) is a normal subgroup of the group G<.(, and all quotient groups 
Qi^xjGi sre cornmutalive; 3) the group G^ commutative. 

169. Suppose that for a group G there exisb a sequence of groups 
with tbe propemes described in the preceding problem. Prove that tbe 
group G is soluble. 

The results of Problems 168 and 169 show that for a group G tbe ex* 
istence of a sequence of groups with the properties described in Problem 
168 is equivalent to the cooditioo of solubility and can as well be consid* 
ered as a definition of solubility. One may obtain yet another definition 
of solubility using tbe results of the next two problems. 

170. Let G be a soluUe group. Prove that there exists a sequence 
ofgroupsGa.Gi,. . ,G„ such that: 1) G© = G\ 2) every group Gi (1 < 
i < n — I) contains a commutative normal subgroup such that the 
quotient group Gtf^^i — Gi^i; group Gn commutative, 

171. Suppose that for a group G there exists a sequence of groups 
with tbe properties described in Problem 170. Prove that tbe group G is 
soluble. 



1.15 Permutations 

We consider t>ow, more atteonvely, tbe permutarions (i.e,. the transfor* 
mations) of the set of integers 1, 2. . . . , n; these permutations are called 
permutarions of degrte n. We observe that any permutation in an ar* 
bitiary set of n elements can be considered as a permutation of de* 
gree n: suffices to enumerate tbe elements of tbe set by tbe integers 
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1,2,... ,ft. Every penDuiatioD of degree n can be wnlleo in ibe form 
j } ^ ^ h where i— is the uoage of the element m under the 

V *1 *2 • ' ' ^ / 

perroutation. Recall that a permutatioii is a bijecdve m^^ing; as a ccn* 
sequence tbe elements of tbe second row are all distinct. 



172. Which is the number of all permutations ^ degree «t? 

DCFINITTON. The group of all permutations of degree n with tbe usual 
operanoD of multiplication (i.e., composition) of permutations^ is called 
tbe symmetric groi^ degree rt and is denoted by Sr,, 



173. Prove that for n > 3 group Sr, is not commutative, 

A permutation can interchange elements and fix tbe others. 

It may also happen that the permuted elements change their position 
cychcly. For example, the permutation 



( 1 234667'\ 
^ 4 2 6 3 5 I 7 J 



fixes the elements 2, 5 and 7, and permutes the other elements cyclicly: 
1 ^ 4, 4 3, 3 ^ g, 5 ^ Permutations of this kind are called cyclic 

pennuiations, or simply cycles. For cyclic permutations we will even use 
another notation. For example, tbe expression (1436) will denote the 
permutation sending l—» 4, 4^3. 3^6. 6^1 &ttd fixing the other 
elements of the set we deal with. So if out permutation has degree 7 then 
it coincides with the permutation we had above considered. 

Permutations are not all cyclic. Rir example, the permutation 



/ 1 2 3 4 6 6 \ 

I, 3 5 4 I 2 6 ^ 



is not cyclic, but can be represented as product of two cycles: 



/' 1 2 3 4 & 6 

V 3 5 4 1 2 8 



) 



= (134). (25). 



The cycles obtained permute different elements. Cycles of such a kind 
are said to be independent. It is easy to see that the product of two 



*By our flHnpihrt" of product of ouisfcnDMioiu the uwihipltcatioQS of per* 

rsouriofis an earned oul from ligbi to left ScnmifiKt one muideTS ibe mulDpli* 
caboo» from left to hgbL Tbe groups obuioed widi ibe rwo mulciptioadoii rules an 

iaoiiKiipbk;. 
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iodepeDdeni cycles does not depend on the order of ibe factors. If we 
identify ibose products of iodep^dent cycles ibai are distingiiisbed only 
by ibe order of their factors, then the foil owing proposition holds, 

174. Every permutanon can be uniquely represented (up to differ' 
enl orderings of factors) by a product of independent cycles. Prove 
proposition. 

A cycle of type (t,/), permuting only two elements, is called a rrons* 
portion, 

175. Prove that every cycle can be represented as a product of trans* 
positions (not necessarily independent). 

Ibe transpositions (1, 2), (2, 3). (... ), (n ~ ^ called elemenccry 

xransposi^&ns. 

176. Prove that every transposition can be represented as product 
elementary transpositions. 

From tbe results of Problems 17^176 it follows that every perrrujla* 
tion of degree n can be represented as a product of elementary iranspo* 
srtioQS. In other words, the following theorem bolds. 

Theorem 4. }fa s\A^roup qfgwup 5^ contains ail elemcnrary irons- 
posirionSi then it coincides wirA the whole group S^, 

Suppose that tbe numbers 1,2,.,. , n are written on a row in an aibi* 
traiy order. We s^ that the pair i,j is an inversion in this row if t < j 
but j appears before i in row. The number of inveraions in a row 
characterizes tbe disorder with respect to the usual order 1,2,... ,n. 

177. Find the number of inversions in tbe row 3, 2, S, 4, 1. 

In tbe sequel we shall no longer be interested in tbe number of inver* 
sions, but in its parity. 



178. Prove that the parity of the number of inversions in a row 
changes if one exchanges any two numbers. 

Definition. Tbe permutation ( } ^ ** ” I is called or 

odd according to the parity of tbe number of inversions in the lower row, 
F(v example, tbe idoitical permutation ^ | ^ ^ even because 

the number of inversions in tbe lower row is zero, 

179. Determine the parity of the permutation ( ^ ^ f ^ V 

Vs 0 4 I V / 
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180. Prove ihat by roulliplying ao even pennuratioo by an arbitrary 
transposition one obtains an odd permuiatioo> and. cxjoversely, by imiJ* 
tiplying ao odd perroutatioo witb ao arbitrary transpositioa one Stains 
an eveo permutatioo. 

181. Prove that an even permutation can be decomposed onJy into 
a product of ao even number of transpositions, aod an odd permutation 
ooly into an odd number of trai^posilions. 

182. Determine tbe parity of ao arbitrary cycle of length; a) 3; b) 4; 
c) m. 

183. Prove lhat the result of the multiplication of two permutations 
of the same parity is an even permutation, whereas tbe result of the muiti> 
plicadoo of two permutations of opposite parities is an odd permutation. 

184. Let a be an arbitrary perrautalira. Prove that a and have 
the same parity. 

From tbe results of Problems 183 aod 184 it follows that the set of 
all tbe even permutations form a subgroup of group 

DEFINTTION, *Tbc groupof all even permutations of degree 
the aliemating group of degree n and it is denoted by An. 

185. Prove that forn > 4 is not commutative. 

186. Prove that tbe alteroaling group ia a norroal subgroup of tbe 

symmetric group aJid fuid the partition of by A^. 

187. Calculate tbe number of elemeols of tbe group An- 

188. Prove that the groups Ss, S^, aod are soluble. 

We now prove that tbe alternating group is not soluble. One of 
the possible proofs uses tbe follovving coostructioo. We mscribe in the 
dodecahedron five regular tetrabedra, numbered by tbe numbers 1> 2, 3, 
4 and 5 in such a way that to every rotation of the dodecahedron there 
contspcnds an eveo permutation of tbe teixahedra, aod that to different 
rotations there conespond different permutations. So we have defined an 
isomorphism between the group of rotations of tbe dodecahedron and the 
group /4e ofthe even permutations of degree 5. The ooO'SolubiLty of the 
group As will thus follow from tbe noo'solubility of tbe group of rotations 
of the dodecahedron. 
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189. iDscribe io tbe dodecahedron five ietrahedra as exfriameJ above^. 

Another proof of tbe ooo'solubibty of the group consists in 

pealing tbe arguineoi of tbe proof of the non-solubibiy of the group of 
rotations of the dodecahedron. To do »hi< one must solve the next prub* 
lem. 

190. Prove that every even perrnutatioD of degree S, different from 

the identity, can be decomposed into independent cycles in just one of 
tbe foUowdng ways: a) (ti* 2 taiii 5 );b) {*ii3)(isi0- 

191. Let W be a normal subgroup of group At> Prove that if 
contains at least one permutation which splits into independent cycles 
in <x>e of tbe ways indicated in Problem 190, then N contains all tbe 
permutadons splitting into lodependent cycles in this w^, 

192. Prove that the group does not cmitain normal subgroups 
except the identity and the wbole group. 

From tbe results of Problems 192., 161 and from tbe group being 
not commutative, it follows that tbe group is not soluble. 

193. Prove that tbe symmetric group 5n bx n > 5, ccoiams a sub« 
group isomorphic io 

From the results of Problems 193 and 162 we obtain tbe foUowing 
theorem. 

THEOREM 5, Forrt>$the symmetric group Si, is not soluble. 

The proof of this theorem, as well as tbe other resuJb of this chapter, 
will be needed io tbe next chapter to demonstrate tbe noo*solvabiLty by 
radicals of algebraic equations of degree higher than four'*. 



inscribe Ibe 5 tetrahcdis inside tbe ooe start frore the S 

Kepler cubes. Par deacriptioo and relaaco with the teoabedra see tbe 
fcoinole of (he soliuica of Probto 1S9. (Translator s note) 

Tbe following books are to gn»rf^ig »bo deaiie to study the theory 

of grcups more deeply: Kargapolov ML, MozJyakov YL, (1972), Fun^srftenrals of 
ihf Tkeory Groups, Graduate Tbus in Mathematics, (Spiuiga>Verfag: New York). 
Vioberg. C B , (2003). A Course in Algebta, Graduate Studies io Matbemaiics, v. 56, 
(AMS> 
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The complex numbers 



Wbeo siudyuig raatbematics in school, (be set of numbers considered was 
progressively exteoded. The reason for (his was based on these exteiraons 
allowing us to operate on numbers with more freedom. So on posing from 
(he natural numbers to the integers i( became possible (o subtract any two 
numbers: on posing to the rational mimbers it became possible to divide 
any two numbers, etc.. But (be most important result of such extensions 
consists m the properties of (be extended system often allowing us to 
discover some rtew properties of the initial system, exam|i4e, many 
difficult problems of number theory, concerning only integers, were solved 
using the real numbers as well as the complex numbers. 

Hisumcally, the complex numbers appeared just as a way of solv> 
ing problems in (he real numbers. So, for exam|i4e, the Italian 

matbematician Cardano (1501-1576) devised a correct procedure for 
lermining the roots of tbe equation of third degree using, in intermediate 
steps of calcuiatioos, tbe *oon*existing’ roots of negative numbers. 

Afterwards the complex numbers played an increasingly important 
role in mathematics and applications. They were introduced for tbe first 
T»mp ix, the theory of algebraic equations, because the domain of can- 
|dex numbers turned out a more convenioit setting for the study of such 
equations. 

Pot example, every algebraic equation of degree n (n > 1) with real or 
complex coefflcienls has at least one complex root (see below tbe Tunda* 
mental theorem of algebra’ §2.8) whereas not all algebraic equatioi^ with 
real coeffleients have at least one real root. 

Since an interpretation of complex numbers was found in terms of 
vectors in the plane, geometneal notions such as that of continuity and 
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geometnca] traosfonD becaioe «q)plicaUe to tbe study of corD|riex nom* 
bers. Tbe celatioo betweeo complex numbers and vectos allows us to 
rewrite several (roblems of roecbanics in terms of complex numbers and 
their equations — io particular, in hydrodynamics and aerodynamics, tbe 
theory of electricity, thermodynamics, etc,. 

2.1 Fields and polynomials 

Real numbers can be added, multiplied, and tbe inverse operations are 
alan allowed: tbe subtraction and tbe division (the latter, however, not 
by zero). In any additioo of several numbers tbe terms can be permuted 
in any way, and they can be collected arbitrarily within brackets without 
changing the result. The same bolds for the factors of any product. All 
these properties, as well as the relation between the addition and tbe 
multiplication, can be summarized as it follows: 

Tbe real numbers possess the three following properties: 

1) They form a commutative group (see §1.3) under addidoo (tbe unit 
element of group is denoted by 0 and is called the zero), 

2) If one excludes 0 then tbe real numbers form a commutative group 
under multiphcation, 

3) Tbe addition and tbe muldplication are related by distributivity; 
for any numbers a, b, c 



n(6 +c} ^ab + ac. 

The existence of these three properties is very important because they 
allow us to simplify tbe arithmetic of algebraic expressions, to solve equa> 
tioQS, etc.. Tbe set of real numbers is not tbe only set to possess these 
three properties. In order to sin^ out all these sets tbe following nodon 
is introduced. 

DEFINITION, A set in whicb two binary operadons (addidon and 
multiplication) possessing the above properties are defined is called a 
field. 

194. Verify whether tbe following subsets of the real numbers set 
with tbe usual operations of addition and multiplication are a field: a) 
all the natural numbers: b) all tbe integer numbers; c) all the rational 
numbers; d) all tbe numbers of tbe type rj + Ti Tq are 

two arbitrary rational numbers. 
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195. f^ove that in eveiy field the ideoiity o < 0 = 0 > a = 0 bolds for 
any demeot a. 

196. Prove that in every field: 1) (-a) ~b ~ « -(a < ^)j 2) 

= a ' ^ for any dements a and h 

197. Let 0 , 6be two daoents of an aibitrary field and o • 6 s 0. Prove 
that either a = 0 or & = 0 . 

EXAMPLE 14. Suppose that in tbe set (0, l,3....,n - L), besi<ks 
the operatioo of addition modulo n (see example 9. §14X thm is also 
given the multiplication modulo n which associates to two numbers tbe 
remainder of the division by n of theix usual product. 

198. Construct tbe tables of multiplication modulo 2, 3 and 4. 

199. Prove ibal tbe remainders modulo n Vpiitb tbe operatioi^ of 
addition and multiplication modulo n fonn a field if and only if ft is a 
prime number. 

DEPINmOK. By tbe d^rence {b - a] of Ibe elements a and 6 in an 
arbitrary fidd one denotes tbe element which solves tbe equation = 6 
(or a -1 7 ^ 6}. One calls tbe quotient of tbe division of tbe element b 
by a, for a 0^ (denoted by ^/a)tbe dement which solves tbe equation 

po B 6 (or (i{r B 6) . 

From tbe result of Problem 24 and from addition and multiplication 
in a fidd being commutative, it follows ibal the dements b - a and b/a 
(fee (2 ^ 0 ) are uniquely defined in all fields. 

Since a field is a group under addition as well as If one excludes the 
zero, under multiplication, the equation 2 -p a = 6 is equivalent to the 
equation x = (-<t) and the equation ^ = 6,foi a ^ 0, i^ equivalent 

to tbe equation y = Hence b^asb^ (•aj and b/a = &2~‘. 

The reader may easily prove that tbe operations of addition, subtrac* 
tion. multipUcation, and division In an arbitrary field possess all tbe basic 
properties which these operations possess in tbe field of real numbers, b 
particular, in any field the two members of an equation can be multiplied 
or divided by tbe same non>zero number; every term can be transported 
from one m e mber to the other reversing its sign, etc.. Consider, for b' 
stance, tbe properly which relates subtraction and multipUcation. 

200. Prove that m any field (a 6)c = ac - &c for any three elemcDls 

a,h,c- 
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If ^ is a field tbeo ii b possible, as for the field of the real oiuDbers, 
to coQsidet the polyoomiab with coefficients lo the field K, or, io other 
words, the polyDomiab over K. 

DEFINTTION, Ad expression bke (n being a oatucal Qiunber) 

+ + + = ( 2 , 1 ) 

where o^,aii . ,On ^ elements of the field K, and Oq ^ 0, is called a 
poiynomal of decree n in one variable x over K. 

If a is an element of the field K the expression a is itself considered 
as a polynomial over K. and if a ^ 0 it represents a polynomial of degree 
zero, whereas if q ■ 0 the degree of this polynomial is considered to be 
undefined. 

The elements do. d| » • . . i dn ^ called the coefficienis of the polynomial 
(2,1) and the leading coefficient. 

Two polynomials in one variable j are considered lo be equal if and 
only if the coefficients of the terms of the same degree in both polynomials 
coincide. Let 



P{s) » Ogl" + ajl*"' + . . , + 0„-i2 + 

If in the second member of this equation one replaces z with an element 
a of the field K and one carries out the calculations indicated, i.e,, the 
operations of addition and multiplication in the field K, one obtains as 
a result some element 6 of the field K. One thus writes P{a) s If 
P(d) B 0, where 0 is the zero element of field K, one says that u is a root 
of the equation P{z) = 0; one also says that aba root of the polynomial 

Pit). 

The polynomials on any field can be added, subtracted, and multi* 
plied. 

The runt of two polynomials P{x) and Q(£) b a polyoomiul A(f) in 
which the coefficient of (ji: s Ot Ij 2 , . . . ) b equal to the sum (in the 
field Af) of the coefficients of a:* in the polynomiab P{x) and (3(®)« ^ 
the same way one defines the d^erence of two polynomiab. It b evident 
that the degree of the sum or of the difference of two polynomiab b not 
higher than the maximum of the degree of the given polynomials. 

To calculate the product of the polynomials P(x) and one must 
multiply every monomial ax* of the polynomial P{x) by every mon^ 
mial of the polynomial Q(l) according to the rule ax* • = ob!^‘, 
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v/bere oJ) is the product io A*, and ^ 2 is ibe usuaJ suid of mtegec u um- 

bers. Afterwards one oiust sum aU ibe obtaioed expressions, coUectuig 
ibe iDODomia] where the variable x bas ibe same degree, aad replacing 
the sura d,i' + dgi' + . . . + by Ibe expressioo (dj + dj + . , . + dg)x'. 
If 



P{x) = + + + + 

Qlx) = + - + 6».ia^ + 6,, 



P{x)-Q{i) = flo6^'^'" + {Qoai + oiii9)x‘*^-' 

+(Oo&8 +01^1 + + 0„6m> 

SiDce oq # Oand ^ 0(cf., 197) the (fegree of tbe product P(f) • Q{x) 

is equal Io n + nt, ie,, ibe degree of ibe product of two polyoomials 
(oon-zero) is equal to tbe sum of the degrees of tbe giveo polyoomials. 

Taking into account that the operadoos of addition and multiplicabon 
of the elements of the field K possess the commulalive, assodahve, and 
distributive properties, it is not difficult Io verify Ibal tbe introduced 
operations of addition and multiplication of polynomials aho possess all 
these properties. 

If 

P(x) + Q{i) = P{x) ~Q{z) = 

Pix)-Q(x)^R,{s) 

and c is aoy element of the field A*, one obtains 

P{<i) + Q{a)^R,{al P(o) - Q(u) » 
P(c).Q(a)«fl,(a). 

The polynomials oo an arbitrary field AT can be divided by one another 
with a remainder. Dividing the polyoomial P(x) by ibe polyDomial Q{x) 
with a remainder means finding Ibe polyoomials S{x) (quotient) and S( 2 ] 
(remainder) such that 

5(1) . Q(x) 

* Hie coefilcieDl of 7 "^**'* io tbe prcduci ,P(a) • Q(s) is equal toooH + 1 4 

... 4 M— |6i tMoce bcrc we dusi inqicee — Ofcv i > q aod ^ = D foe ^ > n. 
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iDoreovec either the degree of the polyooimal must be lower than 
the degree of the polyoonua} Q( 2 ), or one must have A[x) = 0. 

Let P(2) ^( 2 } ^ polynomials over the field K and 

Q(x) ^ 0. We show that it is possible to divide the polynomial P(x) by 
the polynomial with a remaioder. 

Let 

P{x) + + * -+tk» 

Q{x) = + 6, 

If n < m ^ pul 5(xl — 0 ucd R{z) — P(x)t uitd we obtain tbe quotient 
and the remainder required. If n > m then consider the polynomial 

The polynomial Ai[x) contains no monomial io ar* because either its 
degree is not higher than n ~ 1, or A| (x) = 0. If 

Ai(x) = cax* + ciX*-‘ + . . , + c* 

and > m, then consider the polynomial 

etc,. Since the degree of the polyoomiaJ obtained is strictly lower than 
the degree of tbe preceding polynomial, this procedure must end, i.e,, at 
some step we obtaio 

where either the degree of Aj(x) is lower of tbe degree ofQ^x) or A,(x) = 
Q, We thus have 

P(i) = ^x’‘-"0(i) + R,(i) 
bt &D 

+ |x*-"g(x)+ , + «.(2} 

» ^ ?x‘’" + . . . 4- Qit) + R,(x). 

bt or, ^ 
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Coosequendy the expression withiD brackets is the quotient of ibe divi* 
sion of the polyoomial F(s) by the polynomial Q(x) and is tbe 

remainder. Tbe procedure of tbe division of two polynomials described 
here is called the Euclidean algorithm. 

201. Let 

F(a?)* Si( 2 ) Q(«) + Sx(*). 

P(®)= S2(x) Q(x) + R2(x). 

for which ibe degrees of A)(x) and ^(x) are lower than tbe degree of 
Q{x) (maybe Oor R 2 (x) *0). Prove that 



2.2 The field of complex numbers 

From the solution of Problem 194 it follows that there exist fields smaller 
than the field of tbe real numbers; for example, the field of the rational 
niunbers. We now constiucl a held which is bigger than the field of tbe 
real numbers; the field of tbe complex numbers. 

Consider all the possible pairs of real numbers, i.e., the pairs of type 
(o, ft), where d and (j are two arbitrary real numbers. We will say that 
(a, &) ■ (c, d) if and only if a ^ c and & = it. In the set of aO these pairs 
we define two binary operations, the addition and tbe multiplication, in 
the following way; 

(o,&) + (c,d) = {fl + c,6 + (0, ( 2 . 2 ) 

(a, &) • (c» d) s (oc - M, <id M (2.3) 

(here within brackets in tbe second members of the equations the opera* 
tions are tbe usual operations on real numbers). For example, we obtain 

(A3) + (A-1) * {2^/2, 2). 

( 0 , 1 ). ( 0 , 1 ) = (- 1 , 0 ) 

Definition, The set of all pairs of real numbers with the operations 
of addition and of multiplication defined by (2.2) and (2.3) is called the 
set of complex numbers. 
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From this defijiiiion it is clear that in the complex oumbecs there is 
Qothing of the ‘superDaruraJ'; the complex numbers are nothing but pairs 
of real numbers. However, a question may aiisei is it correct to call such 
objects numbers? We will answer this quesdon at the end of this section. 
Another question, which perhaps the reader may put. is the reason way 
ibe operations of addition and multiplication of complex numbers are 
defined exactly in this manner and. in particular, way tbe operation of 
multiplication is so strange. We will answer this question in §2.3. 

First, we clarify tbe remarkable properties of the set of complex num* 
bets which we had defined, 

202. Prove that the complex numbers form a commutative group 
under addition. Wlucb complex number is the unit element (zero) of this 
group? 

In the sequel it will be coovenieot to denote the complex numbers by 
a single letter, for example by z (or w). 

203. Prove that the operation of multiplication of complex numbers 

is commutative and associative, ie,, that and (s^ • zg) • 23 b 

• (S2 • ^)- 

It is easy to verify that 

for every complex number (a. 6 ). The complex number (1,0) is therefore 
the unit element in the set of com|riex numbers under multiplication. 

204. Let 2 be an arbitrary complex number and suppose that 2 ^ 
(0,0), Prove that there exists a complex number such that 

2 2 ^ »2-‘ 2«(l,0). 

The results of Problems 203 and 204 show that complex numbers 
form a commutative group under multiplication. 

205. Prove that the operations of addition and multiplication of com* 
plex numbers possess tbe distributive property, ie., that (21 ^ 23 ) * 23 s 

' 2 } + ^ 2 ' for any complex numbers Z\,Z 2 , 

From the results of Problems 202—205 it foQows that the complex 
numbers with tbe operations of addition and multipUcation defined by 
(2,2) and (23) form a field. This field is tbe JUld of complex numbers. 
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R? cuiDplex Qumbecs of type (a^ 0), where b any real number, for- 
mulae (2^) and (2.3) give 

(«,0) + (ft,0) a {a+b,Q), 

(0,0) (t,0) a {a byO). 

Conseqiieotly if one associates to every complex number of type (a, 0) 
the real number a then to the operations on numbers of type (a, 0) there 
ccfrespond the usual operations on real numbers. Therefore we simply 
identify the complex number (a, 0) with the real number a and we 
that the held of complex numbers contains the field of real numbers^. 

Tbe complex number (0, 1) is not real (under out defuiition) and we 
will denote it by t: f a (0, 1). Since tbe field of complex numbers contains 
all real numbers and the number i, it also contains all numbers of the 
form ■ i and o ^ 6 * i, where a and b ^ bivo real numbers and the 
operations of addition and multiplicatioo are extended to operations on 
con^>lex numbers, 

206. Let (a, 6) be a complex number. E^ve that 

(a,fr) = o-f &• $. 

^om tbe result of Problem 206 we obviously obtain that q ^ ^ = C + 
if and only if a s c and b = d. 

As a consequence every complex rurmber can be represented in a 
unique way in the form a + where q and b are two real numbers. 
Ui = a^bi then, following tradition, a is called the reof/xinof the com- 
plex number, 6s the imaginary pan, and 6 tbe coefficient of the imaginary 
part. 

Ihe representation of a complex number z In the form z & a + 
called tbe algebraic representation of z> 

Fur tbe complex lurmbers in algebraic representation formulae (2.2) 
and (2.3) read: 

(a + W) + (c *i* (ft) * (fl + c) + (6 + (f)i, (2.4) 

(« + W)'(c+dt) * (flc - M) + (<*d + 6c)*« (2.5) 

207. Solve the equation (i.e., fuid the formula for (be difference) 

(tf + fe) + (i + yi) * (c + (ft). 

^In an aoalogoui foe example, ooe idenches Ibe raOooal n/1 wub die inlegei 

ft. 
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208. Solve tbe equaDon (i.e.. find the fonoula for the quotient) 

(a + 6»)*(x + yi) * (c + rft). a + W#D 

It is easy to verify that 

; »-( 0 , 1 ) ( 0 , 1 )=(- 1 . 0 ) = - 1 , 

i.e., p = —1. Hence in the field of complex oumbecs, square roots of 
negative oumbers aie well defined. 

209. CaJcuJale a) *»; b) t^;c) t". 

210. Find all complex numbers z ^ ^ yi sucb that: a) s» 1 ; b) 

z* = -l;c) ^ s o®; d) z* = — (a>8 areal number). 

DEFD41TION, Tbe complex number a — is called the conjugoie of 
z s 0 + bt and it is denoted by 2. It is easy to verify that 

i-f2 = 2a, z-2 = a® + 6®, 

211. Let Zf and be two arbitrary complex numbers. Prove that: a) 

Z| +Z2 s?7+^;b) = d) zj/zj * 

212. Let 



r(z) * O0Z"+ai2“'' +w.+ Qn-l2 + 07i> 
where e is a complex number and aH the < 2 ,g are real. Prove that P{z) s 

P{5) 

The passage to tbe complex numbers is a successive step in the senes: 
natural numbers - integer numbers - rational numbers - real numbers - 
complex numbers. Tbe reader may feel that up to the real numbers one 
deals with numbers, whereas tbe complex numbers are objects of another 
nature. Of course, one may use whatever terminology one wishes, but the 
complex oumbers must, in fact, be considered as numbers. 

The first objection against this is that complex oumbers are not num> 
bers, but pairs of oumbers. Recall, however, that in a similar way one 
introduces rational numbers, A rational number is a of equivalent 
fractions, and a finctioo is a pair of integer numbers of the form m/n 
(where n ^ 0); ui this way the operanons on rational ruunbers are sim* 
ply operations on pairs of integer numbers. Another objection should be 
that a number is an object wfaicb aDows us to measure something. If we 
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think that numbers are entities by which ooe can measure everything, 
then one must exclude from the set of these eocties, for example, the 
negative numbers because there are oo segments of length -3 fni , and a 
train cannot go for ^ hours. If, oo the cootraiy, one thinks that numbers 
are objects by which it is possible (or convenient) to measure at least one 
quantity, then complex numbers are similar to the other numbers: with 
them one describes very well, for example, the potential and the resistance 
of alternating currents in electric circuits, which are extensively utilized 
in electrotechnology. Complex numbers are are successfully employed in 
hydre- and aerodynamics as well. 

So the passage from real to complex numbers is as natural as, for 
example, tbe passage foom integer to rational numbers. 



2.3 Uniqueness of the field of complex 
numbers 

Consider now the question of whether complex numbers could be defined 
otherwise. 

In other words, tbe question that we answer in »bi^ section is the 
foUovpqng: we want to obtam a field, which is an extension of the field 
of the real numbers: does there exist more than one field which is an 
extension of the field of tbe real numbers? 

D&PlNftlON. We call an isomorphic mapping (or simply an isomor- 
phism) of ooe field onto another one a bijeclive mapping 0 which is an 
isomorphism with respect both to the addition, and to tbe multiplication, 
i.e,, such that 0 {<i ft) 0(a) 4- 0(6) and «s 0(a) 0(6). Two fields 
between which ooe can define an isomorphism, are said to be isomorphic. 

If in a field one considers exclusively the operations of addition and 
multiplication, then isomorphic fields all have identical properties. As a 
consequence, as in the case of groups, isomorphic fields cannot be distin* 
guished. 

As we have seen in tbe preceding section, in tbe field of the complex 
numbers there is only one element i such that s wl. Tbe following 
problem shows that on adding element to the field of real numbers 
one necessarily obtains the field of complex numbers, 

213. Lei A/ be a field containing tbe field of real numbers and a 
certain element to such that s , Prove that M contams a field Af' 
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isomoiphic io the field of con^>lex numbers. 

We will say that afield is the mmintalfieldwiik the requiredpropertUs 
if it possesses these properties aitd it does not coolaio other fields with 
the same properties. 

The result of Problem 213 can iheo be formulated in this way: the 
minimal field which contaios the field of the real numbers, and an element 
£q sucb that = —1, is the field ofconq>lex numbers. This result proves in 
a certain seose the uniqueness c^ihe field of complex numbers. However, 
another, much stronger, result holds. Indeed, suppose one renounces to 
the requirement that the field Af contains an element t^such that ^ — 1 , 
and poses the problem of finding all fields that are minimal extensions 
of the field of real numbers. It rums out that there are only two sucb 
extensions (up to isomorphism): orte of them is the field of the complex 
numbers. Prove statement. 

Suppose the field M contains all tbe real numbers. i,e., that M con* 
tains all tbe real numbers and that the operations on them coincide with 
the usual operations on the real numbers. Suppose, moreover, that M 
contains an element j . different from all tbe real numbers. Thus for all 
sets of n real numbers ai, Osi > • . $ O 4 there exists in Af an element equal 
to 

+ fl) j*'* + + . . . + On (2.6) 

We call n the degree of expression (2.6). 

There ate two possible cases: 

a) a certain expression of the form (2.6) is equal to 0 for > 1; 

b) there are no expressions of tbe form (2.6) equal to 0 for n > L. 

Suppose first that we are in the case (a), 

DCFINmON, The polynomial with coefficients in a certain field K is 
said to be reducible over AT if it can be represented as a product of two 
polynomials of lower degree with coefiicients in In tbe opposite case 
it is said to be irreducible^ over K. 

Fee example, tbe polynomials 7 ^ — 1 and 7 ^ — z — 1 are reducible 
ever the field of real numbers, because 7 ^ — 1 = (i l)(i^ + 7 + 1) and 
7^-l-l»{7- (I +\/3)/2)(s - (1 - s/Sj/S), whereas tbe polynomials 
7^ + 1 and 7 ^ + 7 + 1 are irreducible over the field of real numbers. It b 
evident that polynomials of the first degree over any field are irreducible. 

^ Imduobte pdyncamalj me a field K an the analogue of pnine oumben 10 ttie 
Ml of integer oumbers. 
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214. Let U5 choose, amongst all expressions of type (2,6), the expres* 
sioG of minimal degree n (fl 2! 1) vaoishing io M: the correspood* 

ing equation is 



+ . + re- 

prove (bat (be polynomial 

i*+ aix“~‘ + OjX*"’ + . . . + Ob 

is ooi reducible over (he field of real numbers. 

In the sequel we will prove (cf., 272) that every polynomial with 
real coefficirats of degree higher (ban 2 is reducible over the field of real 
numbers. Hence in Problem 214 n cannot be higher than 2. But since 
n ^ L (otherwise we should have j ^ o s 0, and j should be equal to tbe 
real number — c) we obtain that it = 2. 

Consequently in tbe case (a) there enst two real numbers p and ^ in 
M which satisfy 



i*+p;+« = o 

and for which the polynomial 2 ^ 4* ps ^ ^ b irreducible over the field of 
real numbers. 

215. Prove that in tbe case (a) the field iVf contains an element to 
such that ^ = - 1 , 

From tbe results of Problems 215 and 213 it fellows that in tbe case 
(a) the field M contains a field M' isomorphic to the field of complex 
numbers. Therefore if tbe field M is a minimal extension of the field of 
real numbers then tbe field M must coincide with M*. As a consequence, 
in the case (a) any minimal field which represents a minim al extension 
of tbe field of real numbers coincides (i.e., it b isomorphic) with the field 
of complex numbers. So in tbe case (a) there b only one field (up to 
isomorphism) which is a minimal extension of the field of real numbers, 
namely tbe field of coir^lex numbers. 

216. Find all fields that are minimal extensions of tbe field of real 
numbers in the case (b). 




58 



Ouster 2 



2.4 Geometrical descriptions of the 
complex numbers 

Consider on the plane a systeoi of onbogonaJ coordinates [x, Jr) 
us associate to every complex Dumber a -K the point of the plane with 
coordinates (a, 6). We obtain abijective conesponcJeoce between all com* 
plex numbers and aH points of tbe plane. This is tbe first gtom^trical 
representation of tbe complex ouinbers. 

217. Which complex numbers correspond to tbe points shown in 
Figure 13? 




FIGURE 13 Figure 14 



218. Let tbe complex numbers be represented by tbe points of the 
plane. What is tbe geometrical meaning of the mapping ^ if for every 
conq>lex cumber z: a) ^(r) » -z; b) 0(z) s 2z; c) ^(r) = z (5 is the 
conjugate of a)? 

Let X(sa>V/ 4)^^ two points of the place (Figure 14). 

The segment AB directed from A to d is called tbe vector Tlie 
coordinates of the vector tae by deficition calculated in the following 
way 



= Xe. Vji = VB- Va 



Two vectors are coosidered equal if they are parallel and have the 
same direction and the same length. 
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219. Prove that two vectors are equaJ if aod only if tbeix coordioates 
are equal. 

Tbe set of equal vectors is coosidered to be a unique vector, cbar* 
acierized by its coordinates, wbicb is called a free vector. Putting into 
correspcndence every complex number o + with the free vector having 
coordioates (a, b) obtain the second geometrical representarion of tbe 

complex numbers. 

220. Let and ti) be the free vectors correspooding to tbe complex 

numbers zx, z>j, and 2 ^ Prove that Z| -i* 23 — Zg ifu + o — w, 

where tbe vectors are added according to the parallelogram rule. 



221. Prove the following relation between tbe two geometncal rep« 
resentadons of the coroplex numbers: if zj, 25 ^ 2 ^ are tbe complex 
Qujobers correspooding to the points A, B and to vector then 2^ s 

Zb - 



By defmitioo> two equal vectors have equal lengths. This length is 
addidonally assumed to be the length of the free vector corte^punding to 
a given set of equal vectors. 



Definition. One calls tbe modulus of the complex oumber z (denoted 
by jzj^the length of tbe corresponding free vector^. 

222. Let 2 = 0 +^. Prove that 



where the conjugate of 2 . 

223. Prove tbe inequalities: 

a) |si +^| < |si|+ 

b) 

where 23 are arbitrary complex oumbers. L) which case does the equal* 
ity bold? 

224. Prove by means of tbe complex numbers that in any parallelo* 
gram the sum of tbe squares of the lengths of the diagonals is equal to 
tbe sum of tbe squares of the lengths of all tbe sides. 

*Foi real aumben (as a panicaJar case ofconq>lea ouinbers) (be oodcat of modulus 
laUodoced bere »i(ti (be ooooo of aOtolure value. Inde ed , (o Ibe real number 

a ^ Of (here coireapoads (be vecicc wub cocedioaies (a. 0) . p*"***^^ B> Uib z*ms, sod 
Us leogih IS equal (0 |a| , (be abscloie value of Ibe oumber a. 
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2.5 The trigonometric form of the complex 
numbers 

Recall that (be angle between the rays OA and OB is defined as tbe angle 
by which one has to turn counterclockwbe tbe cay OA around O in order 
(o take it ova to the cay OB (if the rotabon is clockwise, the angle has 
tbe sign ‘minus’). So tbe angle is not defined uniquely, but up to rotations 
^ where k is any integer. 

DBPUdTlON, Let point O be tbe origin of the coordinates, and sup* 
pose that the vector OA with coordinates (a, 6) corresponds to (be corn* 
plex number t = a +bi. One tbe < 2 rgumenr of the complex number 
X (denoted by erg j) the angle between the posinve direction of tbe axis 
Ox and the ray OA (Figure 15) (if ^ = Q then &rg 2 i^ Qvt defined). 




Since for a given number 7^0 the angle is not uniquely defined, 
by tbe exfvession ug z we mean a multi'valued function taking infinite 
values, between which the differences are equal to multiples of 2r. 

The expression arg ; s ^ will mean that one of the values of tbe 
argument is equal to ^p. 

Lei 2 = ^ Qand sr. *nie vector coordinates (a, b) 

corresponds to the complex number n + and its length is therefore 
equal to r. Let arg z ^ p. Thus by the definition of tbe trigonometric 
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fuDctions (s«e Figure 15)» 

C0$^*a/r> rin^si/r, 

and therefore 

<js« + &*»r«co«V’ + »'^* = r^C 08 y» + »ain^)> 

where r = ^ and thus we have obtained the trigonomerric 

representarion of the complex number z. 

Fc* example, if 2 = -I + theo | 2 | = = 2 (cf.. 222) 

and C09<p = ~l/2, suiip = V3/2. We cao assume that ip = 7v/3\ thus 

2 » -1 +V5t = 2(<»(2«/3) + i8ui(2tr/3)). 

225. Represent in trigooometric form (be following complex numbers: 

a) l + f,b) 3t,d) -5, e)l +2i. 

226. Let 2j ss ri[cc«v>i+i3l^^)3nd zj = rj(coa^+isin^). Prove 
tbal 

Z 1 Z 2 = fir,(cM(v>i + ^) + »ain(v?i + ¥>2)), 

— = -(coe(v?i + » 0 m (v?i -¥*,)) (*a#0). 

Z 2 VJ 

Thus as a result of the oiuhiplicaiion the moduli of the complex numbers 
are multiplied and tbeix arguments are added; as result of the division 
the moduli are divided and the arguments are subtracted. 

227. Prove the De fdotvre formula^: 

[r(cos^ + isia^)]" ■ r"(coen^ + i8ijin*^) 
for every integer n > 0. 

228. Calculate (1 - V50’"A‘“« 

229. Let i = r(ccfi p + tain be a given complex number and n a 
natural number. Find all complex numbers w satisfying the equation 

u)“ = 2 . (27) 

DEFlNtnON. The expression ^/z (nth root of 2 ^ denotes a multi* 
valued function, which puts into correspondence with every complex num* 
ber z ^ D all the n roots of equation (2,7). For z s U one has = 0. 

*A. (Je MoivTC (1667-1754). Preodi maihemaociao who twd lo England. 
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230. Fmd all tbe values of tbe routs; 

a) v^; b) <yh; c) ^coe i0Cr* + »Ml0^; d) 

li will be convenieol in tbe sequel to adopt ibe foUowmg notation 

2 ir . . ^ 

€- » C 06 — ^ tsio — - 
n n 

231. Prove that aH the values of are 1. £^. . , t2~‘. 

Remark. Since a 1 the set of elements 1, . . . ,fJJ~*is acyclic 

group under multipUcatioo, 

232. Lei be one of the values of Find all the values d 

We shall use the representation of complex numbers by the points of 
tbe plane, i.e., the complex number a *f 6i will correspond to the point 
of the plane having the coordinates 6). So inct^rt of the point corre- 
sponding to the complex number z we shall say simply point z. 

233. Let tbe complex numbers be represented by the points of tbe 
plane. Which is the geometrical meaning of the following expressions: a) 
|z|,b) argr,c) |z, d) arg(i,/ 25 )? 

234. Find tbe position on tbe plane of the points z satisfying tbe 

following conditions (where zq,Z),zi ^ some given complex numbers 
and is a given real number): a) |z| = l;b) |^| s R;c) R- 

^ |«- ^ j* ^ Si| * k - i*l; arf 2 * in g) aif z = 9*/4, b) 

235. How are all the values of ^ distributed on the plane, z being 
a given com|riex number? 

2.6 Continuity 

In the sequel an important role will be played by tbe notion of continuity 
and, in particular, by that of continuous curve. If tbe reader dees not 
Imow tbe precise definition of such entities he understands intuitively, 
however, wbat is a continuous curve, as well as a continuous function of 
one real variable (at tbe intuitive level one may say that it is a function 
whose graph is acontinuous curve). But if tbe function ofooe real variable 
is sufficiently complicated (for example, /(i)= (i*-2i)/(z^-sini+l)), 
then saying whether it is continuous or not, using only the intuitive idea 
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of coodnuity. is rather difficult. Hence we give the rigourous definitioo 
of coQtimiity and by uieaus of it we will prove some basic properties cf 
condnijous fuoctions. We give ibe definition of contiQuily for functions 
of one real variable as well as for funcdons of one complex variable. 

Ibe graph of a funcdoo of one real ar guinea I can be discontinuous at 
some points, and at some points it can have some breaks. It is therefore 
natural to consider fust the notion of contirujity of a function at a given 
point rather than the general defioition of condrurity. 

If we try to define more precisely our intuitive idea of continuity of a 
function f{x) at a given a point Xtt, we obtain that continuity means the 
following; under small changes of the argument near tbe point tbe value 
of the function changes a little with respect to value /(xo)' Moreover, it 
is possible to obtain a variation of tbe function's value about /( 2 To) aa 
small as we want by choosing a sufficiently small interval of tbe variation 
of tbe argument around £q. One can formulate this more rigourously in 
tbe following way. 

Definition. Let /be a function of one real or complex variable z. 
One says that the function /(z) is continuous at for every arbitrary 
real number e > Oone can choose a real number > 0 (which depends on 
2(1 and on f) such that for all numbers 2 satisfying the condition |z— 4)| < 6 
the inequality* j/(z) - f(zt)\ < s bolds. 

Example 15. Prove that the function with complex argument f[z) = 
2? is continuous at any point zq~ Suppose a point sq and a real number 
r > 0 ^ given. We have to choose a real number ($ > 0 that for 
all numbers z which satisfy the condition |z • < «$ the inequality 

|/{;) — /(Z(^)| = \2i “ 2sa| < £ is satisfied. It is not difficult to see that 
one can choose £ ■ s/2 (independently of the point ag). Indeed, from tbe 
condition [z — Zgl < J it follows that; 

| 2 r- 2 zb|**| 2 ( 2 -ao)| = (cf.,»tf) |2Mr- < 2^ = 2 , 

ie., |2z— 2Z|]| < e. As a consequence the function /(z) = 2? is continuous 
at any point zg. In particular, It b continuous for all real values of die 
argument z. Therefore if one restricQ die function to the real values of 
the argument, one obtains that the function of the real variable /(f J = 2l 
is continuous for all real values x, 

*71ie geofnelncal meaning of the loequsliliea Jz • zqI and |/(s) — /(eo)| < ^ u 
given ID Problems 233 and 234. 
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236. Lei Q be a complex nuoibec (oc> as a particulax case> real). Prove 
that the complex (oc real) fdocUon /(s) sab coDtiimous for all values 
of tbe arg ume nt 

237. Prove that the fiiuctioo of a ccauplex argument f{z) = z and 
tbe fimctioQ of a real argument f{x) s are continuous for all values of 
their aigumenL 

238. Prove that tbe fuoctioQ of a complex argufneoi /(s) = is 
coniinijous for the all values of ;. 

Definition. Let /(«) and g(z) be two fuocdoos of a complex (or 
real) argument. One the sum of the functions /(?) and ^( 2 ) the 
function h(z) of a complex (tv real) argument which satisfies at every 
point ZQ the equation s f[zo) + f ( 2 g). If the value /(su) or tbe 

value ^( 20 ) is not defined then the vahie b also not defined. In the 
same way one defines tbe difference, the product, and tbe quctient of two 
functions. 

239. Let /(z) be a function of a complex oc real argument and let p(z) 
be continuous at Prove that at 2 % tbe fuDclioos; a) A(z) si f[z) +^( 2 ); 
b) A(z) = f{z) - j(z); c) h(z) s /(z) . q(z) are condnoous. 

From the result of Problem 239(b) we obtain, in paiticuJac> that if 
a function /(z) b continuous at a point and n is an integer, then the 
function [/( 2 )|'*b also continuous at the point zq. 

240. Let /(z) and g(z) be two funcdons of complex oc real acgu* 
meni, contimious al zo suppose that ^(sq) ^ 0. Prove that at 20 the 
functions: a) ^(z) * l/j( 2 ); b) A(z) = /(z)/g(z) are continuous. 

Definition Let /(z) and g ( z ) be two funcaons of a complex or 
real aigumenL One calb tbe composition of the functions / {z) and g{i) 
the function A(z) which satisfies at every point zq tbe equation A(zo) w 
/(^(■^o))' ^ value t^(zft) is not defined, or the function /(z) is not 
defined al tbe point p(zo)> value h(zo) is also not defined. 

241. Let /(z) and be two functions of complex or real argument. 

Let = ?] and let functions /(z) and ^( 2 ) be continuous al the 

points 2 i and respectively. Prove that tbe function A(z) * /(^(2)} is 
continuous al the point zo. 

From the results of Problems 231^241 U follows, in particular, that 
any expaession obtained from any functions of one complex (oc real) ac* 
gumenl, continuous for all values of the argument, by means of the o(h 
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erabons of additioo> subtnctioD. nmlnplicanon. divisi<», elevadoo to an 
integer power, and composition, represents a coobiiijous function at all 
points at which the denomioator does oot vanish. 

Foe example, from the results of Problems 236 and 237, we obtain 
that the functions f{z} = z'', f[z) = oz'', and looce generally f{z) = 
+ 0 i 2 *~* + . . . + 12 *, are continuous functions of z for all ccmplex 
numbers ft, ,o„. 



242. Prove that the functions of a real argument /(f) = ^(f) and 
f{x) ^ COS(£) are continuous for all values of r. 



243. Consider for all real values x > 0 /(jr) s {/z, where 

n is a non-zero integer and a non-negative value b chosen for Prove 
that this function is continuous for every z > 0. 

During the study of continuity orte encounters some statements which 
intuitively seem evident; however, their exact proofs involve serious tech* 
nical difficulties and request a definition of the real numbers more strict 
than that learnt at school, as well as the study of tbe foundations of set 
theory and of topology. 

An example of such statements can be represented by tbe following 
proposition. If a function /(z) of a real argument is continuous in some 
interval and in interval only integer values, then it takes only 
one value in the whole interval. Indeed, it seems intuitively evident that, 
as far as the point x moves in tbe interval, the value of tbe functioo f(z) 
must change continuously and cannot 'jump* from one integer value to 
another one. Proving tbis proposition in an exact way b, however, rather 
difficull. 

In tbe present exposition we rely on the ‘intuitive evidence’ of some 
propositions related to continuity without giving demonstrations of them. 
In particular, we adopt, without proof, some propositions which we have 
formulated in tbe form of examples. 



2.7 Continuous curves 

Suppose ihai the parameter fakes real values in the interval 0 < t < 1, 
and that each of these values is in correspondence with some complex 
number 



2W = j(«)+iS((t). 
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Hie ptaoe oo which ibe values of z are represented will be called siioply 
ibe *2 plane’. If tbefuoctioos x{t] ai>d are cootinuous for Q <f < 1, 
then as t varies from 0 to 1> tbe point 2(t) describes a continuous curve 
in tbe ; plane. We provide this curve witb an orientadon, assuming that 
B a(0) and 2| s 2(1) are the initial and tbe final points respectively. 
H>e function 2(C) is called the parametric equation of tbis curve. 

Example 16 . Let 4(e) = t + i£*. T\m ®(i) « t, p(t) * and 
y(<) = ^(t) for every t, i^. the point z{t) lies 00 the parabola jr = z* 
for every t. As t varies from 0 to 1 , x{t) varies from 0 to 1 and Ibe 
point z{t) runs along tbe parabola y s ^ from the point s 0 io the 
point 2| s 1 + { (Figure 16 ). 



y- 




RGURE 16 

244 . Trace 00 the ; plane the curves given by tbe followin g parametric 
equations: a) ;({) m b) z(f) = tf; c) s(t) = d) s(f) = t - tl; e) 
z{t) = f + tt; 0 2(1) a fl(cos2JTt + jsin2fff); g) z(i) = H(coe 4 irt + 
< am4ff0; 2(0 = n + tain rt); 

V /,, / co« 2 irt + *ffln 2 >rf fbrO<f<I/ 2 , 

1) 4j_3 for l/2<f <1. 

245 . Write a parametric equation for tbe segment joining the points 
Z(^ B On 4* and S) s Q| 6ii. 

Remark. In the followin g problems tbe parametric equations have 
some indices. These numbers have to be viewed only as labels, but all 
curves lie in the same 2 plane. 

246 . By means of whicb geomeTrical transformations of Ibe curve C| 

witb equation Zx(f) obtain the curve C2 with equation 23(f) 




The complex numbers 



67 



a) Zi{t) = (t) + a& (3c beiDg a giveo complex oumbet); 

^ A* 2({t), where q b a positive real number; 

c) 2g(C) = 3® • Z}[t), where la^j = 1; 

d) 2ij(f} = 3o * ri(f), where b an arbitrary complex number? 

247. Let 8i(t) be the parametric equation of curve C. Wbat b the 

curve described by the equatioo if — j)? 

248. Let ^i(t) and z<;(f) be the parametnc equatioos of curves Cx 
and C; and suppose Ibat 2i[l) = 32[0). Wbat b ibe curve described by 
equation if 




a,(2i) forO<e<l/?, 
28(24-1) for l/2<4< i? 



249. Let g{f) =co6frt+i5infft (Figure 17)> Find all values of arg2(4) 



as a function of t. 



250. Let 2(4) = ccB7r4 +t8mir4. How should we choose one of the 
values ofaj^2[t) for every t io a way that the values of s vary 
continuously as t varies from 0 to 1. with the condition that argz(O) b 
equal tor a) 0; b) 2>r; c) -4it ; d) (ihbemg a given uiteger)? 




Figure n 



Theorem 6, Assume that a continuous curve C with a parametric 
equation z (t) does not cross the origin o/coordinases and lhal at the initial 
point of the curve C the argument is pf,. Thus it is possible to choose one 
of the values efthe argument far alJ points of the curve C so that along 
the entire curve the argument qfz{t) changes continuously, startingfrom 



In other words, one can choose for every t ooe of the values ^({)of 
aigz{t} to erder that the function be continuous for 0 < t < 1 and 
V(0) * <fiy. (See note’). 



lo ibe book Cbmo W.G, Sieeaiod NE (1966), Firsi Concepts td Topoicff. 
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25\. Lei and <^({) be two fimcdons describing tbe coodmious 
variadoo ofargzft) along tbe curve C Prove (bat ip{^) ~ 

where fc is a given integer wbicb does not depend on t. 

252. Prove (hat if one chooses a value ^(0) — funcdoo 

which describes the continuous variadoo ofarg 2 (t) ai<x)g tbe curve 

C is uniquely defined. 

253. Lei be a function describing tbe continuous variation of 
arg;(2). Prove that the function k ip{t) — ^(0] is uniquely defined 
by tbe funcdoo 2 ( 1 ) and does not depend on the choice of 

From the statement of Problem 253 it follows, in pardculaxfor s 1, 
that for a continuous curve C not passing through tbe point z s: 0 the 
quantity ^(]) » ^(0) is uniquely defined by the continuity condidon of 

vH) 

Definition. Tbedjfiereoce ^(1) — is called the variation of the 
argument along the curve C 

254. Find the variation of tbe argument along the curves with the 
following parametric equations: a) z(t) = CCfiirf +i sill ft; b) 2{t) ~ 

C06 2ft-i*iaD2ffl;c) s(t) s coe 4 « + »gra 4 irt; d) z{t) * ( 1 - l) + «t. 

255. What is the variation of the argument along tbe curves shown 
in Figure 18? 




(Maibeaiatical Assocdsdoo cf AnKdca: Washiogioa). (§520-23), ibe aogle characls- 
by (iie gmo curve is pieaseJy dednexL Vaiog angle one easily oblains die 
st a wmeoi of ItiMceai 6; i( sufilcca to pui a ^ .j. where is (be angle 
cbafactenzexi by Ibe ciwe boo s(0) u> s(l)> 
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E^BMARK, If a curve C is closed, ie.. z(l) »s(0)^tbeo the quantity 
^(l) “ ^(0) is equal to where fcis an iotegei numbec. 

Oefinition. If for a contmuous closed curve C not passing through 
a point 2 s 0 Ihe variation of the argument is equal to then we say 
that the curve C turns k times around the point 2 s 0. 

256. How many times do the following curves turn around the point 
2 » 0: a) 2 (<) = 2cos2irf + 2isin2rt (Hgure 19); b) 2 (t) = icos4« - 
It6in47t (Hgure 20); c) the curve in Hgure 21; d) the curve in Figure 

I2? 




Figure 21 Hgure 22 

257. Prove that the number of turns of a closed cootiouous curve 
around the pout 2=0 tiot depend on the choice of the initial point, 
and depends only on the orientation of the curve. 

258. Suf^xjse that a curve C with equation Z|(t) turns k times around 
the point 2 B 0. How many times does the curve with the equation z^it) 
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Juro around the poiiU 3 a 0 if: a) s,(£) a 2 Z|(£); b)zj(i) = -2j(t); c) 
if{t) = «o 2 i(<}, where zq 0; d) ^ 2 ( 1 ) a where? is the coojugate 
of 2 ? 



Definition. Suppose Ibai a continuous curve C with the equation 
2f(t) does not pass through the point z b z^. We thus say that the 
curve C ruins k around the point z s zp if the curve with equation 
s= 2 j(f) — 2 q turns k tunes around the point 2 » 0 (Figure 23). 




Consequently to define the number of nims of a curve around the 
point 2 s zo we have to look at the rotation of the vector 2 |(f) — 2o, 
the vector joining points zo and 2 |(£) (cf., 221). 



259. How many times do the curves described in Problem 256 turn 
around the point 2 = 1 ? 

260. Let 2 i (f) and 2}(t) be the equations of two curves C| and C 2 
not passing through the point 2=0. Let the variations of the argument 
along these curves be equaL respectively, to <p^ and What is the 
variation of the argument along the curve C with the equation z{t) if: a) 

z{t) = zi(t] ■ ^(f); b) z{t] = zi{t)/zi(t)7 
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2.8 Images of curves: the basic theorem 
of the algebra of complex numbers 

Consider two planes of complex numbers: the z plane and the w plane, 
and afuDclioo tf = f{z], which puts into correspondeoce with every 
value s a value v uniquely defined. If on the z plane there is a continuous 
curve C having equalled then by the function ur s /(z) every point 
of this curve is sent to a point of the plane. Hence ifthefuocboo f[z) 
is continuous we also obtain on the ur plane a continuous curve, having 
equation tuu(t) = /(z(f)). We shall denote this curve by /{ 0 ). 

261. What IS the curve f{C) if ty s J{z) — ^ and the curve C is 

a) a quarter of a circle: z(t) = fi(ca{ 7 ^/ 2 ) + i m(jrt/ 2 )); 

b) a semi^hrcle: z{t) = A(eoe irt + tsio fft); 

c) a drclc: z{t) = fi(cos 2 irt + f an 2 it)? 

262. Let the variation of the argument along a curve C be equal to 
tp. What is the variation of the argument along the curve /(C) if: a) 
f(z) = z*; b) /(r) = z*; c) f{z) = z^\ where n is a noD*zero arbitrary 
integer? 

263. Suppose that the curve C turns k tin>es around the point z — Zf. 
How many does the curve /(C) turn arouiKi the point — 0 if 

/(C) » (z - z»)-? 

264. Suppose that a curve C turns around the points z ^ 0, z = 1, 
z 9 i, z s ~i respectively ki, kz, kz, kz times. How many times does 
the curve f{0) lu™ around the point u' s 0 if* /(■?) » z* — z; W 

f{z) s a* + 1 ; c) /(r) * (z + izY; d)f{z) * + * - i? 

Consider the equation 

+ OiZ*-* + . .. + Qr,.iZ + fl, * 0, 

where all the a^s arv arbitrary complex numbers, n > 1 , and og ^ 0 . 
Our first aim is to show that this equation has at least one complex root. 
If Oa = I) then the equation possesses the root z s 0. In the sequel, 
therefore, we will assume that Or 0 . 

Let us denote by A the maximum amongst the numbers |ag|, |di|, . . . , 
|a,,|. Since uq ^ 0, A > 0. Choose two real numbers Hi aod As with 
such conditions: let Hi be sufficiently small to satisfy the inequalities: 
Hi < 1 and A, < |On|/(10/4n); let H 3 be sufficiently large to satisfy the 
inequalities: > 1 and Rq > 10 An/|o«|. 




72 



Chapter 2 



265. Let | 2 | s Prove that 

266. Let l^l s Prove that 

^ a»| ^ |flp| 

2 ' a*l 10’ 

Let us deoote by C’r (be curve with equadcn a(|) = fl(cos2ai + 
iBH2irt) circle wiib radius equal to R. orieoted counterclock* 

wise). Since (be curve Cr is closed (2(1) = 2(0))> the curve f{z) = 
<lo 2 " t . .. + Ofl is closed as well (/(s(l)) = /( 2 (Q)}) Let i'(iZ) be the 
Dumber of turns of the curve /(Ca) around the point tc s 0 (if f{Cn) 
does not pass through the point u> ^ 0). 

267. Calculate i/(Hi) and ('(ils). 

Let us now increase the radius ^frorn Aj (o The curve /(Ca) 
will consequently be deformed from f{Cn, ) to f{Ctu)' ^ ® value R" 

the curve /(Ca>) does not pass through the point tu = 0, a sufficieolly 
small variation of R near R“ the curve /(Cg) will turn out to be deformed 
by too small an amount for tbe Dumber of its (urns around the point ur s 0 
to change; ihefuncdon is indeed cc^timious at the value R’. If the 
curves /{Cr) avoid the point w « 0 for all values of R between and 
Rq, then is a contmuous functioo for all Aj < it < Since tbe 
function t'(i2) takes only integer values it can be continuous c^ily if for 
aU values of it it) < .A < it^ takes a unique value. But. solving Problem 
267, we have obtained that y(A)) = 0 and i/(Ji^) = n. Therefore tbe 
claim that none of the curves f{Ctt) passes through tbe point z = 0 
all < A < ^is untrue. We thus have f[z) = Ofor a certain z. In 
this way we have proved the following theorem . 

Theorem 7, (Tbe fundamental theorem of tbe algebra of complex 
oumbers^). The equation 



flo2* + flir" ^ + ... + 0,-12 + 

*Our reasofODg fo«itaina noo-ngourous ^ must be conaideted, in 

general as an kkn of tbe proof. Thu reasceing can, bcvpevet, be made (ibougb 
in a "rtn -aimpi» Way) See, for eaamf^ Onoo W G , Steeoiod N£, (1966), First 
Concepts of Topoiogy. (MadiemaDcal Asaceiatioo of America Wadnogico) 

*Tta8 theor e m waa proved in 1799 tyibe German matbematiciaii C F. Gauss (1777— 
13S51 
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where aU ike ore arbiirary coit^>Ux numbers, n > 1, ond riQ ^ Q, has 
as least one complex root. 

26S. Prove B^zoui's theorem If Zii Is a root of the equation 0 (| 2 ** ^ 
+fl«.iZ+aft = 0, then the polynomial Of,t* + . . isdivisMe 

by the birtomiai z “ Zo wiihoui remainder. 

269. Prove that the polyoomiaJ 002 "+. , 5 ^ 0, 

can be represented in tbe form: 

«02^ + ... + 0.-12 + c,*Oo(«- "(s- 

REMaKK, Suppose that the polynomia} decomposes into factors: 

r(2)»o^(2.-l)(a,-2)....(z^2,). 

Tbe left member of tbe equation is equal to 0 if and only if at least one of 
the factors inside brackets is equal to 0 (cf., 195. 197). Hence tbe roots 
of equation P(z) = 0 are the numbers $ 1 , 22 ,.. . , 2 ^ and them alone. 

270. Let be a root of the equation 

doZ* + + . . . + On-lS+On * 0 . 

where tbe afi are real numbers. Prove that the number the conjugate 
of 2 q, is also a root of that equation. 

271. Suppose that tbe equation with real coeffidents 

+ . . . + 0^12 + 0 ,* » 0 

bas a con^ilex root being not a real number. Prove that tbe polynomial 

oo2‘ + ai , -r a*.iJ + «» 

is divisible by a polynomial of second degree with real coefficients, 

272. Piove that every polynomial votb real coefficients can be written 
in tbe form of a product of polynomials of first and second degree with 
real coefficients. 

Remark. From tbe result of Problem 272 it follows that the sole 
irreducible polynomials (cf., §2.3) over tbe field of real numbers are the 

Beaoul (1730-17S3t, Fiei*: h matbemaociao. 
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polynomials of fiisi degree and chose of seccnd degree with oo real roofs. 
We bad used this property io §2.3 of (bis chapter. Over ibe field of corn* 
plex oumbers> according (o the result of Problem 269. only polynomials 
of first degree are irreducible. 

Definition. Let be a root of (be equation 

a©s* + + 0 ® * 0. 

One says (hat 2 o 4 root of order k if the polynomial ^ i z+a^ 

is divi^le by (z - i|)* and not by (e — 

273. Which is tbe order of (he tools z s i and z s -l in (be equation 

z* - 2^ -2«* + 23^ + a - 1 * 0? 

DCFlNmON, One calls the derivatrve of the polynomial 
/»(j) = aoz** + a|2"-' + . . . + csz"-* + . . . + o„. ,2 + 

(be polynomial 

P'(z) ■oofiz""* + a;(o-l) 2 *“^ + ... + o*(n- + ... + o,-i« 

The derivative is usually denoted by (he symbol ' (prime). 

274. Let P(z) and Q(z) be two polynomials. Prove (hat: a) (P{z) + 
Q{z])' = P'iz) + Qiz); b) (c‘P{z)y = c • P'(z), where e is an aibilrary 
conplex coQsiani; c) {P{z)Qiz)y = P[z)Q{z) + P( 2 )g'(r). 

275. Lei P{z) = (z ‘ z^)" (n > 1 ialcger). Prove lhai p'(z) s 

216. Prove (bat if (be equation P{z) s 0 bas a root za of order k > I 
Ihen Ihe equation P'(z) » 0 has a root zg of order 1 b - 1, i^ ^ 

equation P(z) s Ohas a root zq of first order then P'(sc) ^ C. 

2.9 The Rictnann surface of the function 

W = y/z 

We had considered sing!e>valued functions for which there corresponds 
a unique value of the function to every value of the independent vari' 
able. In what follows we will deal mainly with multi-valued functions, 
for which Ibere corespond distincl values of (be function to a value of 
the independent variable". We will explain the reason for our interest 

*‘WbeiKvet the corneal is suffioeoily clear (be term aiulli>valuexi wUJ be oounexL 
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in sucb fuDctioDS, In fact» the final aim of our study is the [voof of the 
Abel tbeocem. accceding io which a function, expressing the roots of the 
g«>eraJ equation of fifth degree, cannot be represented by radicals. But 
this fijnciioo is multi*valijed, because an equation of fifth degree has. in 
general, for given coefflcrents, five roots. Also the fdoctions wtucfa are 
represented by radicals are oujlti*valued. 

The principal idea of the demonstration of the Abe) theorem b the 
following. We put into correspondence with a multi'valued function of a 
complex variable a certain group, the so called monodromy group. 

The monodromy group of the function expressing the roots of the 
general equation of fifth degree in terms of a parameter cannot coincide 
with any monodromy group of functions representable by radicals, and 
therefore this function cannot be represented by radkab. 

In order to introduce the noboo of the mcnodromy group we con* 
sider first another notion very important in the theory of functions c^ one 
complex variable — the notion of the Riemann^^ sur^e of a function. 
We begin by tbe construction of the Riemann surface for tbe simplest 
example of a mulii*valued function, the function u; = \/z. 

We already know that the function ui = y/z takes the single value 
a 0 for 2 = 0 and two values for all values 2^0 (cf,, 229). Moreover, 
if Wo is one of tbe values cf then tbe other value of b — wo* 

277. Find all values a) v^; b) %/— T; c) Vs; d) (here 

is the positive value of the root). 

Let us cut tbe z i^ane along the negative side of ibe real axb from 0 
io — cc, and for every s not belonging to the cut let us choose tbe value 
w a which lies on the right half u; plane. In way we obtain a 
continuous singl^valued fuoclioo over the whole z plane, except Ibe cut, 
Tbb function, wbicb we denote by zjz, defines a continuous and single* 
valued mapping of the z plane, except tbe cut, on the right half u; plane 
(Figure 24). 

Remark. Ifwe choose arg^ in sucb away that — rr < arg; < ir, then 
for the function jy'J we obtain arg, = ^ugz (cf>» 229), Therefore 
under ibe mappiDg w “I'fz the z plane shrinks a fan whose radii are 
sbonened as its opening angle b halved. 

Ifwenow choose, for every 2 not lying on the cut, Ibe vahieof w = ^ 
which lies on Ibe left half ur plane we obtain another function, still single* 



i’B Riemano (1S26-1866). Gennan matbeniatiau 
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vahied and conbimous over the whole z plane except the cut. This func* 
non, which we denote by fjz, defines a coDtiouous single*valued mappiDg 
of the z plane except the cut. on the left half w plane (Figuie 2S). Here 
2v^ = -iv/?. 




Functions iy/z and so defined are called the continuous singU- 
valued branches of the function u/ — (foe the given cut). 

Consider now two copies of the z plane, which we shall call sheets, 
and cut every sheet along the negabve side of the real axis from 0 to -^oo 
(Hguie 26), 

Let us the funeboo i^/z on the first sheet and the function ^/z 
on the second sheet. Tbus we can see the functions \y/z and as a 
unique single*valued function, defined no longer on the z plane but on a 
more con^lex surface consisting of two distinct sheeb. 

So if a point z moves continuously on the first (or on the second) sheet, 
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not crossing the cut, the single-valued function Ibal we have defined varies 
cootmuously. But if the point z, moving, for example, on the first sheet, 
traverses the cut, then the continuity is lost. This follows from the dose 
points A and B on the z plane being sent by the mapping ^y/z respectively 
to points A' ly , from eacfa other (cf., Hguie 24), 

On the other hand, it is easy to see in Figures 24 and 25 that the 
image of the pomt A under the mapping w sj ^ (the pomt A') is close 
to the image of the point D under the mapping w ^>/i (the point D‘\ 
Consequently if. traversing the cut, the point z moves from the upper 
side of one sheet to the lower side of the other sheet, the single-valued 
function we have defined varies continuously. To guarantee that the point 
z moves as requested, we consider the upper side of the cut on Ibe first 
sheet joined to the lower side of the cut on the second sheet, and the lower 
side of the cut on the first sheet joined to the upper side of the cut the 
second sheet (Figure 27). Furthermore, when joining the sheets we shall 
add between them the real negative axis from the point 0 to — co. During 
the first joining, for the points z which lie on this hah axis we choose the 
values of ui = .Jz lyi^g on the positive side of the imaginary axis, and 
during the second joining we choose the values of u = yfz which he on 
the negative side of the imaginary axis. 

By means of the joining explained above we had transformed the 2- 
valued function ur = into another function which is singl^valued and 
continuous, no longer on the ; plane but on a new surface. This surface 
is called the Riemann surface of the funcricn tu s 

Attempts to do the joining without intersections (and without reversal 
of the plane) are made in vain. We assume that Figure 27 represents an 
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ioiiige of tbe Riemaiui surface of tbe fuocdoo to = using the further 
cooventioD that tbe self*intersection along the negative side of the real 
axis is only apparent In order to understand tbis> consider tbe following 
example. In Figure 7 (§1.12) we see the image of a cube. Whereas in 
this image scene edges intersect, we Imow that such intersections are only 
apparent, and this knowledge allows us to avoid mistaken inlerpretations. 

Tbe Riemann surface of a muld'valued funcdoo ui(i3) can be coo* 
stnicted in a way analogous to that used for tbe Riemann surface of tbe 
function w = v/a. To do this we have first to separate the cootmuous 
siogl^valued branches of tbe function excluding the points z which 
belong to tbe cuts. Afterwards we have to join tbe branches obtained, 
choosiog tbe values on the cuts in such a way as to obtain a contiou* 
ous smgle'valued function on tbe wh^e surface. The surface obtained is 
called the Riemann sur^e of tbe multi*valued funcdoo*^ w(2). 

It remains, therefore, to explain how to separate the cootmuous single' 
valued branches of afunclion tv(.s} and bow to join them. To understand 
this, look Mgain more attentively at tbe Riemann sui^ce of tbe muld> 
valued function ly = 

Let ui(z) be a muJd'valued function, and fix one of the values tuo 
of tbe function ly(z) at a certain point za. Let v/{z) ^ s continuous 
singl^vahied branch of the funedon ^(.r) defined on some legioo of the z 
plane (for example, on the whole plane, except some cuts), and such that 
v/{zt) s tno. Suppose, moreover, that there exists a condnuous curve 
C. connecdog zg to a point S|, lying entirely in tbe region of the plane 
considered. Tbus while tbe point z moves condnuously along tbe curve 

‘^Ttui type (H consuucDoa is aot always possible for every outd^valued foaciioo, 
bill lot all foDcdoas we ahall conakktiD tbe sequel, tbe coostructtai ofibeir Rieinaiin 
surfaces tnO, la iicl. be peaable 
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C from 24 to zj, the fiioctico u/(z) vanes coutmoously from w'(2o) to 

te'Ui) 

One can also use this property cooversely» i.e,. for the defuiilion of the 
fdncdoQ v/{z). 

Indeed, suppose at a certain point Zq one of the values ttiQ of the 
function w(z) be chosen. Let C be a contmuous curve beginning at zq 
and ending at a certain point aj , Moving along the curve C we choose for 
every point z lying on C one of the values of the function 10 ( 2 ) in such a 
way that these values vary continuously while we move along tbe curve C 
starting from tbe value So when we arrive at the point tbe value 
11^1 = w(zi) is completely defined. We say that W| is the value of w(2|) 
defined by continuity along the curve C under tbe condition w(i^) = 

If tbe values of tbe function w(z), chosen for all points of tbe curve C, are 
represented on tbe tf plane then we obtain a continuous curve beginning 
at tbe point and ending at tbe point . Hus curve is one of the 
continuous images of the curve C under the mapping w » ui(2). 

278. ftj the funedoo = y/z I*t us choose iy(l) = >/T » 1, 
Define by coodnuity w(— 1) = >/~T along tbe following curves: a) the 
upper semi'circle of radius 1 with centre at the origin of the coordinates; 
b) the lower seim*circle (Hguxe 28). 



•I 01 I 



Figure 29 

In fact, using for a function the definidoo by cootmuily along a certain 
curve we may encounter some difTiculties, Consider the following exan^e. 

279. Find aH continuous images n^(f) of a curve C with parametric 
equation 2 ( 2 ) = 2t — 1 (Figure 29) under tbe mapping w s beginning: 
a) at the point t; b) at the point — t. 
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From the solutioQ of Problem 279 we obtain that also by fiuog the 
image of the initial point of the curve C the coonnuou^ image of the 
curve C under the mapping ut = ^/z may be defined noD*uniquely. Tbe 
uniqueness is lust when the curve C passes through tbe point ^ = Q. In 
fact> for the function = y/z tbe uniqueness is )c6t only in ibis case, 
because only in this case do tbe two images ^ the point s(f ) melt into 
one point. 

To avoid tbe non*umqueness in the defuiition of the images of curves 
under tbe mapping ui = >/z we may exclude tbe point 2=0 and forbid 
any curve to pass through this point, Tbis restriction, however, does not 
always allows the continuous single'valued branches of the fuociion y/z 
to be separated. 

Indeed, if we fix at a point one of the values and we 

try to define ^(3^) at a certam point z\ ^ coolinuity along two dishnct 
curves joining and 2 i, we may obtain different values of (for 

example, see 278). Observe now how we can avoid tbe non*uniqueness of 
the obtained value. 



280. Suppose the vananoo of the argument of z{t) aloog a curve C be 
equal to Find the variabon of tbe argument of tUo{() along an arbitrary 
continuous image of the curve C under tbe mapping w{z) = \/i. 

281. Lei w{z) = y/z and choose w(l) = = —1. Define tbe value of 

ni(t) B by continuity along: a) tbe segment joining poinb z — I ited 
2 = t; b) the curve with the pammetric equation z{t) = CDS siD |irf; 
c) the curve with tbe parametric equation r(t) — cos|irt+ ISIQ |7rt. 

282. Let tuf?) = >/i atid cbouse at tbe initial point of a curve C, 

w{t) = = 1. Defioe by continuity along the curve C the value of 

w(l) = ^ point if the curve C has tbe equation; a) z{t) = 

cos2irf + b> z[l) = cos 4fff - iain4irt; c) z{t) = 2 - cos2»f - 

tsin 27if. 



283. Let Cbe a closed curve on tbe 2 plane (i.e., z(0) ■ z(l)). Prove 
that the value of tbe function at ibe endpoint of tbe curve C defined 
by continuity, coincides with tbe value at the initial point if and only if 
the curve C wraps around the point r = Q an even number of times. 

In Ibe sequel it will be convcnieiii to use the following notation: 

DEFTNTTIOK Let C be a continuous curve with a parametric equation 
z[f). We shall denote by Ibe curve geometrically identical to C but 
oriented in tbe opposite direction; its equation is (cf,. 247) zj (f) = z(l— f). 
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Definition. Suppose (hai ibe initial point of a curve O 2 couicides 
with tbe final point of a curve Cj . We will denote by CxCs Ibe curve 
obtained by joining tbe end point of C| to the initial point of C 2 
248). 

284. Let 0\ C 2 be two curves, joining tbe points 2| and and 
let one of the values of s be cbosen. Prove that the values of 
y/z[, defined by continuity the curves C\ aitd C), aie equal if and 
only if curve (Figure 30) turns around the point 2 = 0 an even 

number of tunes. 





From the statement of the last problem it follows that, in particular, 
if tbe curve turns zero times around ibe point z = Q, then the 

values of the function y/z at the final points of the curves C\ and will 
coincide if tbe values at the initial point coincide. 

So to separate tbe single^valued continuous branches of tbe function 
y/i it suffices to take tbe curves C\ stid C) to such a way that tbe curve 
does not turn around the point s s Q. tbis it suffices to make 
a cut from tbe point r s 0 to infinity avoiding intersecting tbe curve. We 
operated exactly in this way drawing the cut from the point 2 = 0 to — co 
along tbe negative side of the real axis. 

If, after havin g made the cut, one fixes at a certain point zq one of 
ibe values, w'^ ^ ^nd if the value at every point ai is defined by 
continuity along an arbinnry curve C joining zq and zi oot passing 
dirougb ibe cut, then at every point of the plane (except those on the 
cut) a certain sin^*vahied continuous branch jy/z of tbe function y/z is 
defined. If at tbe point Zq = 0 one fixes tbe other value s then 
one defines the other branch yi/z of ibe function 

285. Prove ibat ^zy/z for every point z outside the cut. 




»2 
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286. Fix the value m/ s g%/p at a certaio point 2 ^ and define tbe 
values of function at the other points of the plane (except the cut) by 
cooUouity along tbe curves slartiog from 2 * and not intetsectmg the cut 
Prove that the continuous smgle*vaJued branches so obtained coincide 
with the function y.Jz (defined by the value at point z'). 

It follows from tbe result of Problem 286 tbat> choosing as initial 
point different points of tbe z plane, one obtains the same splitting of tbe 
Riemann surface into singie*valued continuous brancbes. Therefore this 
spUttiog depends ocdy on the way in which we have made tbe cut. 

287. Suppose that points and Z| do not lie on tbe cut and that tbe 
curve C> joining Ibem, traverses tbe cut once (Figure 31). Chouse a value 
tuo ^ y/So ^ continuity along C define the value = y/z\. Prove 
that values wq and ui| correspond to different branches of y/z. 

In this way. traversing tbe cut> me moves from one branch to Ibc 
other, ie.. the branches join each other exactly as we have put them 
together joining the sheets (Hgure 29). One obtains in this way tbe 
Riemann surface of the function y/z. 

We say that a certain property is satisfied by any turn around a point 
2 ^ if it is sabsfied by a simple turn counterclockwise along all circles 
centred on snd with sufficiently small radii**. 

288. Prove that by a turn around a point ztj cne remains on the same 
sheet of the Riemann surface of tbe function yjz if 2 q 0. and one moves 
onto the other sheet if = 0. 

The following notion is very important in the sequel, 

Defimtion. Points, around which one may turn and move from one 
sheet to another (i.e.. changing tbe value of tbe function) are called tbe 
branchpoints of the given muJti> valued function. 

The Riemann surface of the function yfz can be represented by a 
scheme (Figure 32). 

This scheme shows that the Riemann surface of tbe function u? = t/z 
has two sheets, that the point z s H is a branch point, and that by turning 
around the point 3 = 0 one moves from one of tbe sheets to tbe other. 
Moreover, the arrow between the rwo sheets in correspondence with tbe 
point 3=0 indicates tbe passage ^m one sheet to the other not only 
by a turn around tbe point 3 = 0 . by crossing a point of the 

**MoR precisely, Hus {here exists s real nunibec d > 0 such Ihsi the 

property IS by any niro any csrcle wilb cenlie Htj and radius 

lhao 
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Figure 32 

cut, joiniog the pomt 2 « Q to icfuiily. We have s«eo that this relation 
between braoch points and cuts coming from these points is not aibitrary. 
In the sequel instead of the Riemann surfaces of multi>valued functions 
we will represent tbeix schemes. 



2.10 The Riemann surfaces of more 
complicated functions 

Consider the aiuiti*valued functic4) 

289. Let the vanahon of the argument along the curve a(t} be equal 
to and let uio(() be the continuous image of the curve z(t) under the 
mapping FtRd the vanation of the argument along the curve 

VJtHy 

2S*0. Fuid the branch points of the function 

291. Let us n^atrp a cut from the point z m Qto — oo along the negative 
side of the real axis and assume, moreover, the single'valued continuous 
branches of function w ^ ^ to be given by the conditions: 

/lU) = h 

/a ( 1) * COB (2 t/3) + i wn (2a /3) - 1/2 + 1 v1/2, 

/j(l) = cos(4ir/3j + i»a(4n/3) * -1/2 - »v^/2. 

Find: a) /,(j);b) /,(8); d) /a(8); e) /,(-0. 

292. Draw the Riemann surface (and its scheme) of the function 

w * 

293. Let C be acontmuous curve with parametric equation 2 (f), and 
let tuy be one of the values of Prove that there exists at least one 
continuous image of the curve C under the mapping u^( 2 ) s starting 
at the point 
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294. Suppose tbe variatioo of tbe argumeot aloog a curve ;(t) be 
equal io ^aacJ t^>(f)be the cootiDuous image of tbe curve ;(t) under the 
mapping w(z) — Find the variabon of ibe argumeni along tbe curve 

Mi) 

295. Find the branch pouts of tbe function {/z. 

In §2.5 we have used the notadon 

= co8(2ir/n> + i an(2flr/n) 

and we have considered some prop e rties of this complex number. 

296. Suppose that a curve z(f) does not pass through tbe point z ^ 0 
and that is one of tbe continuous images of the curve z{t) under 
tbe mapping ur = Find all Ibe continuous images of tbe curve z(f) 
under Ibe mapping tu = 

Suppose that rwo curves Oi and C; joto a point 2 <> to a different point 
Z) . Exactly as in tbe case of function y/z (cf,> 2S4). one proves that if 
Ibe curve C“^Oj does not tum around ^ point z = 0 then the function 

is uniquely defined by continuity alcog the curves Ci and C^. In this 
way if. as for tbe function y/g, we make a cut from tbe point z = 0 
infinity the image of tbe function w = turns out to be decomposed 
into single'valued continuous branches, 

297. Make a cut from the point z = 0 to infioity, not passing through 
the point z = 1. and define tbe sing]e*valued continuous branches of tbe 
function ^ by the conditions: /«(!) = where i takes tbe integer 
values from 0 to n — 1. How are the branches /{(z) expressed in lenns of 

298. Draw tbe scheme of the Riemann surface of tbe function 

299. Find the branch points and draw the scheme of tbe Riemann 
surface for tbe funcuon y/z — 1 , 

300. Find the branch points and draw tbe scheme of the Riemann 
surface of tbe function y/z + i. 

When a multi>valued function has several branch points, in order to 
separate tbe single*valued continuous branches we make tbe cuts from 
every branch point to infinity along lines which do not intersect each 
other. 

In this way the scheme of the Riemann surface of a given function 
may depend essentially on tbe choice of tbe cuts ^m the branch points 
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to lofinity (soioe exiiaiple» of such cases are given later in Problems 327 
and 32S). Whenever we are in this siruation, and only in thi^ case, we 
will indicate how to make the cuts. 

Tbe schemes of the Riemann surfaces drawn by the reader solving the 
above proposed problems may differ from the schemes given in Solutions, 
owing to different possibilities in numbering tbe sheets. Yet different 
schemes must coincide under a suitable relabelling. 

301. Let /(a) be a continuous single*valued funcdon and C be a 
continuous curve on tbe z plane, starting at tbe point zq. Let too ^ 
of the values of Prove that there exists at least one continuous 

image of tbe curve C under the mapping w = ^f(z) slatting at the point 



From tbe result of Problem 301 it follows that it is possiUe to define 
the function ^f[z) by continuity along an arbitrary curve not passing 
through the points at which the umqueness of the continuous images is 
lost 



302. Let f{z) he a continuous single*valued funcdon and 

of the single-valued conliouous branches (according to the corre sp onding 
cuts) of the functioo tii = ^f(z). Find all the continuous single*valued 
branches (according to the same cuts) of the functioo w(a}. 

303. Rod all the branch points and draw tbe sch emes of the Riemann 
surface for the funebons: a) ^z{z — i); b) 

304. Draw tbe of tbe Riema nn surf aces of the following 

functions: a) l;b) {/(a - l)^r; c) 

305. Separate the single*valued continuous branches and draw the 
scheme of the Riemann surface of the function 



REMARK, From the result of Problem 305 we oblaio that the poiol 
2 -S' Q is not a branch point of tbe function V?. However, the images 
of tbe curves passing through the pomt a s 0 are not uniquely defined. 
Rx example, the coonouous images of the broken AOB (Figure 33) 
under the mapping w s are the broken lines COD, COF, EOD, 
and EOF (Figure 33). Passing through tbe point a s 0 cce may either 
remain on the same sheet (the hoes COD and EOF) cs move onto the 
other one (tbe lines COF and EOD). *Tl>e Riemann surface of fuoclion 
ty(i) * is shown in Figure 34, 
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Figure 33 




Figure 34 



Definition Potois where the luiiqueaess of the cootinuous iinages 
of the curves is lost but that are ooi branch poiots are called the non- 
uniquetiess points of tbe gives fuoction . 

When budding the Riemann surges one shouJd draw no cuts from 
(be points ofnon*umqueQess to infinity, in drawing any curve these points 
oujst alvinys be avoided. 

306. Draw the scbemes of the Riemano sui^ces of the following func> 
don s: a) ^^? +2;b) ^;c) - l)*(t + !)»; d) </(^2-l)S(r+ 1)»; 
B) 

Later we shall also consider funcdoos wbicb are not defined at some 
points, Ihese points may, however, be branch points. 

307. Draw the scheme of the Riemann surfaces of funcdon \J\Jz. 

308. Draw the schemes of the Riemann surges of the foUowios 
funcdoos; a) y'l/tg-i); b) ^(z- l)/(r+ l);c) y( 2 +j)VW 2 -l)*y 

Solving tbe problems of this section we have always found that, after 
having made the cuts from all tbe branch points to lofinily the function 
considered turned out to be decon^josed into condouous single^valued 
branches which join to each other in a way defined by the cuts. Ibis 
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property u possessed by a quite wide class of fuoctions. lo particuJar> it 
IS possessed by aU fucctioos we have considered, for instajice, by all fujic> 
tions representable by radicals (§2,11) and by algebraic functions (§2.14) 
(these two classes are special cases of a wider class of functions, called 
anofytic, which possess this property as weU). 

The proof of this statement lies outside the purposes of this book. We 
have therefore to accept this proposition without proof, loiowiog that the 
proof does exist^. Tbe reader can thus pass directly to §2.11. 

However, a sense of dissatisfaction may arise in the reader about sotne- 
thing. Altbougb we cannot destroy it completely, we prove that the prop* 
erty formulated above follows from another property, the so called mon* 
odromy property, which turns out to be more evident. 

We know that after having decomposed the function into coo« 
tinuous single'valued branches (in a certain region of the z plane), the 
function 07 ( 2 ) is defined by continuity in tbe same way along two aibi> 
traxy curves C^ <*nd Ca region and joining two arbitrary 

points 2q sztd Z|. The monodromy property is related to this condition. 

Suppose a multi'valued function tc(z) be such that if one fixes one of 
its values utq at an arbitrary point zq then tbe value of tbe function can 
be defined by continuity (possibly in a unique way) along an arbitrary 
curve beginning at the pomt Zff (<u>d not passing through the points at 
which tu(z) is not defined). We say that tbefunctic^i 111 ( 2 } possesses the 
monodromy property if it satisfies the foUowing conditioo. 

Monodromy property. Suppose that two continuous curves C| 
and Ci on tbe z plane join two points zo aod Z; passing neither through 
tbe branch points nor through the puints of non>uniqueness of tbe func* 
tioo tu(a). Furthermore, suppose that the curve C\ can be transformed, 
varymg continuously, into tbe curve C 3 , m such a way that nooe of the 
curves during the deformation passes through tbe branch points, and 
that the ends of these curves are fixed (see Figure 35; c und b branch 
points). Thus the value tu( 2 i) is uniquely defined by continuity along the 
curves C| and C 9 (when a value is chosen), 

309. Suppose a function w(z) possess tbe monodromy property. On 
tbe z plane make tbe cuts, not intersecting each other, from the branch 
points of ur(2) to lofinily. Prove that in this way tbe function is 
decomposed into continuous single^valued branches. 

. for euapk, S^nogei G , (19$^, iRtrodi^icn ic Zuifacet, (AddisMi* 

Wesley: Readiog, Mass) 
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Figure 35 

310. Suppose tbal in tbe conditioos of tbe preceding problem tbe cuts 
do nol pass through the ooD*uniqueoess points of tbe functioo and 
that w(z) has a finite number of branch points. Prove that on traversing 
tbe cut (in a defined diiectioo) one moves from a given branch of tbe 
function ti^(z) to another, a well defined one, independently of tbe actual 
point at which the cut is crossed. 

REMARK 1. During a turn around a branch point one traverses once 
tbe cut joining this point to infinity. Consequently by virtue of the result 
of Problem 310 the passages between two different branches traversing 
tbe cut at an arbitrary point coincide with tbe passages obtained by a 
turn (with the corresponding orientation) around tbe branch point from 
which tbe cut bas been drawn, and they thus coincide with tbe passages 
indicated by tbe arrows in correspondence with this point in tbe scheme 
of the Riemann surface. 

REMARK 2, Prom tbe results of Problems 309 and 310 it follows that 
if a multi-valued functioo U'(z) possesses tbe monodromy property then 
one can build its Riemann surface. In order to understand the structure 
of this surface it thus suffices to find tbe branch points of the function 
v>[z) and to define the passages between the branches corresponding to 
tbe turns around these points. 

Ail functions which we shall consider in the sequel possess tbe mono- 
dromy property. We do not prove exacUy this claim, because for this it 
would be needed to possess tbe precise notion ofthe analytic function. We 
give, however, tbe idea of tbe proof of the statement that a function tp{z) 
possesses tbe nsonodromy prop e rty if it is 'sufficiently good'. What this 
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means wiU be cUiiTied during the exposition of tbe proof's arguments. 

Suppose the conditions required by the monodroiny property be sal* 
isfied. Let C{ and be the continuous images of the curves C\ and C7 
under the mapping cu(z), with ui# — 19(20] ^ initial point. We have 
to prove that the curves C) sttd Cg cod at the same point. 

Suppose first that all tbe curves obtained deforming Cj into pass 
neither through the branch points, nor through the non*uniqueness points 
of the function. Let C be one ofthese curves. Thus there exists a unique 
image O' of the curve C under the mapping w(2}, beginning at the point 
UfQ s 19(20). If the function tu(z) iz 'sufficiency good* then during the 
continuous deformation of tbe curve C from Oj *0 Ca curve C* is 
continuously deformed from C| to C), Tbe end point of the curve O' is 
continuously as well. But the curve C ends at tbe point sj , thus 

tbe fmal point of the curve O' must coincide with one of tbe images of 
Zf . If the function ur(z) takes at every z (in particular at 2|) only a finite 
number of values (aiKi we consider only functions of type), then tbe 
final point of tbe curve O' cannot jump from an image of the point to 
another, because this should destroy tbe continuity of tbe deformation. 
Hence the final points of tbe curves O' aihi, in particular, of 0 | &nd of 
do coincide. 

Consider now wbat happens when the curve C passes through a non* 
uniqueness point (when it is not a branch point) of the function 19(2). 
Gmsider only the particular case in which tbe curve varies ocdy in a 
neigbbourbood of one noo*uniqueoess point, say <2 (Figure 36 ), If at the 
point Z(t chosen a value uq s w(z(i) then one defines by continuity 

the value of w( 2 ) at the point A. Afterwards tbe values of tp(z) at the 
point E are uniquely defined by continuity along tbe curves ADE and 
ABE, because otherwise, making a turn along tbe curve EDABE, tbe 
value of the function w(?) should change and ibe point a should be a 
branch point of the function w (2) . Afterwards, as we had uniquely defined 
the value of w(z) at the point E along the two curves, we also define by 
continuity along the curve Eti the value of w(z) at the point Z ] . 

So, the 'obscure* point in our exposition remains the claim that all 
functions which we shall consider are 'sufficiently good*. 

The reader either accepts this proposition or wiU apply himself to the 



*^Tbe mcoodnuDy property is usually iroved for arbicary analytic fuDcdoos. cf., 
for example, G. Springer, (1957), Introditclicn to Riema/tn Soffaces, (Addisoo* Wesley: 
Redding, Mass ). 
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2.11 Functions representable by radicals 

DEFINITION. Let f[z) ai>d <^(2) be two muJti'VaJued fuoctioiu. By f(g) + 
^(2) we will deoote the louJti'Valued fuoctioii whose values at a poiat 2 :q 
aie obtaiaed by addmg each value f{ 2 d] to each value of 9(20). Suailacly 
one defines the funebons /{«) - /(e) • 1^(2) and /(2)/p(s). 

By [/(e)]'*, where nis aa acbitiaiy non-zero integer, we wiU denote 
a function whose values at the point are obtained raising to power 71 
each valu e /(z p). 

By where rjis a non-zero integer, we wU) denote the funedon 

whose values at a point zq are obtained extraedag all roots of order nof 
each value 

311. Find all values of: a) b) (1 - c) 

i/fTHp;.) (Vi + v/i)*. 

DEFINTTION. We Will say that a function h(*) is represetuable by 
radicals if it can be written in terms of the funedoo /(z) — z and of 
constant funedoos (17(2) s a. a being any complex numbei) by means of 
the operations of addition, subtraction, laultiplicadoo, division, raising 
to an integer power and extraction of a root of integer order. 

tor enample Shabar B V., (1992) Irvrodi^rioA » Complex Anatysii. Pt 2, 
(AMS Providence. Ri). 
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Fc* example, the fimclion ft( 2 ) = (^^ + 32® - 3/\/i)* is npn- 
seotabJe by radicals. We have already seen other fuocliona ibal are rejy 
resentable by radicals. 

312. Let h(z) he a fimcdoo representabJe by radicals aitd let C be a 

cooliDuous curve on the z plane, hegiimiiig at a point 2 ^ and not passing 
through the points at which is not defloed. Prove that if uio is one 
of the values then there exists at least one continuous iinage of 

the curve C under the mapping tv — ^(z), beginning at the point tVQ 
(We suppose that the paiametric equation — a, where & is a given 
complex number, deschbes a curve degenerated to a point.) 

From the resuh of Problem 312 one obtains that an arbitrary function 
representabJe by radicab can be defined by continuity an arbitrary 
continuous curve C, not passing throu gh the points at which h(z) is not 
defined. Moreover, if the curve C passes neither through the branch points 
nor those of Don*uniqueness of the function h{z), then the foncdon h(;) 
is uniquely defined by continuity along the curve C 

We had already remarked in the precediru section that functions rejy 
resentable by radicals are ’sufAcieody good'* . i.e.. they possess the oion* 
odromy property. Hence for every funcdoo representable by radicals ooe 
can build the Riemann surface‘s (cf.. 309 and 310). Let us analyze the 
structure of such Riemann surfaces. 

Id this section we shall coosider only functions repcesemable by rad* 
seals. 

313. Let h{z) * /(z) + Eliminate from the plaoe all points 

of ooo'uniqueness of the funcdoo h(z} zitd make the cuts not intersect 
each other, starting ^om all branch points o( f[z) and of g{z) aod going 
to infinity. Let ./a(z}and 5i(z), ... be the continuous 

single^valued branches of the fuocdoos /{z] and defined on the plane 
with the cuts. Find the continuous single*vahied branches of the function 

AW. 

If, ruraing once around the point zq. one moves from the branch fi^(z) 
to the branch /i,(z) and ^om the branch (z) to the branch 5 ^(z), then 
evidendy one moves ^m the branch ~ + 9 )t(a) to ibe 

branch ** t result indicates to us the formal 

method for drawin g the scheme of ibe Riemann surface of the function 

^AU funcooos represeolable by radicals are analytic. 

‘*Every fUociioii by radicab has a finile Dumber of branch 
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SI when we already have the scbemes (with the same cuts) 

ofthe Riemaan surfaces of thefuoctions /( 2 )aitd {^( 2 ) In correspondeoce 
with every pair of branches /{(s) and ^<( 2 ] we lake a sheet on which we 
consider defined the branch j ( 2 ) = Jf ( 7 ) ( 2 ) . If in the scheines of the 

Riemann surfaces of the functions /(z) and , 7 ( 2 ) at the point z» arrows 
indicate, respectively, the passage from the branch (z) to the branch 
und the passage from the branch py, ( 2 ) to the branch pj, [ 2 ], then 
in the scheme of the Riemaim surface of the function h{z) we indicate by 
an arrow over the point sq the passage from the branch to the 

branch A,,j,( 2 )- 

314. Draw tbe schemes of the Riem ann surfaces of the following func* 

ti ons: a) Jz^y/z~\\ b) + dlv'z^- 1 + 

Tbe forroai method described above for building the scheme of tbe 
Riemaim surface of the funcdoo ^^ 2 ) = f{z) 4 7 ( 2 ) <ic>es not always give 
the correct result, because it may happen that some of tbe branches h| j*(a) 
comade. 

For simplicity we shah suppose that the cuts do not pass through the 
non'iiniqueness points of the function h(z) hi this case, traversing a 
cut, by virtue of tbe umqueness. we shah move from one set of sheets, 
corresponding to ibe same branch of the function ^z) , to a new set of 
sheets, all corresponding to a different branch. As a consequence, if we 
join tbe sheets corresponding to the same branches of tbe function h(a)i 
i.e., if we substitute every set of sheets with a sin^ sheet, then tbe 
passages between ibe sheets so obtained are uniquely defined by any turn 
round an arbitrary branch point zq. 

315. Fmd all values of /(I) if a) /(?} = ^ + y/i, b) f(z) - 

316. Draw tbe sebemes of the Riemann surfaces using the formal 
method and tbe correct schemes for tbe foUowing functions: 

a)/(,) = v^ + v/5; b) /(a) = + iy?; + 

We obtain finally that to draw tbe scheme of the Riemann surface of 
the function h( 2 ) = /(2)4p(2), starting from the schemes of the Riemann 
surfaces of the functions f{t) andp(z) (with the same cuts), it suffices to 
build tbe scheme using tbe formal method described above and afterwards 
identify the sheets corresponding to equal values. 

It is easy to see ibai one can apply this procedure to build the schemes 
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of the Ricmana surface for the funcdoos ^[ 2 ) = /(;) — 9{^)'< ^(‘2’) ~ 
f{z) g{z)-, h{z)sf{z)/g{z). 



317. Draw the schemes of the RiemuoD surfaces of the funcdoos: 
a) tv/i - ^;b) yT^T . ^;c) 

d) (s/i + V^/y#- i), 



318. Let /i(z), /a(z), . - . , /m(z] be the siogle*vaIued coobcuous bcao* 
ches of the functioo /(z). Hnd aU single^valued continuous branches, 
having the same cuts, of the function « [/(a)]*^ where n ia a ooo* 
zero mteger. 



From the result of the last problem it follows that the scheme of the 
Riemaim surface of the function = [/(z)]*' ccanades with the scheme 
of the Riemann surface oflhefuocdoo /(z)ifali branches hi (z) « 
are distinct. But this in not always true. If one obtains scene equal 
branches, theo traversing the cuts one moves, by virtue of the uniqueness, 
from equal branches to equal branches. 

We thus obtain that to draw the scheme of the Riemann surface of 
the fuocdoo b[z) = [/(z)]* it suffices to consider, in the scheme of the 
Riemann surface of the fimction J{z), the branches = [/t(z)]" ic* 
stead of the branches /t(z). If produces equal branches it suffices to 
identify the corresponding sheets. 



319. Build the schemes of tbe Riemann surfaces of tbe following 
functions: a) (^*; b) (y'i + c) - 1)*. 

Let us now analyse bow the Riemann surface of the function ^f{z) 
is related to the scheme of the Riemann surface of the function f{z). 



320. Which points can be branch points of tbe functioo ^/(z)? 

On tbe z plaire make the cuts between the branch points of the 
function f{z] and infinity in such a way that these cuts do not pass 
through tbe points at which some value of /(z) vanisbes, and sepa> 
rate the single*valued continuous branches of the function /(z). Let 
/iU),/a(z)> •• >/b»( 2) be these bcairches. Make the cuts between tbe 
points at which one of the values of /(z) is equal to 0 and inTuiity, Let g[z 
be one of the single*valued coodouous branches of tbe function ^f{z 
with these cuts. 



321. Prove that tbe function [p(z))" coincides with one of the func' 
tions /i(z) everywhere, except on tbe cuts. 

It follows from the result of tbe preceding problem that every branch 
ofthefunedon ^/(z) corresponds to some branch of the function /(z). 
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322 . L«i 4(2) be a ^gie>va]ued coodoiious branch of tbe function 
corresponding to the bcancb of the funclioo f{z). Find all 

siogle*valued continuous branches of the function corresponding 

to tbe branch 

From tbe result of the last problem we obtuin that to every brunch 
Ji[z) of the function /(;) there corresponds a ‘bunch’ consisting of n 
branches of tbe funedoo ^f{z]. Enumerate the branches of *hi< 'buneb' 
^ /to(z).AlU),.. I (a) ID such a way that for every fe the equation 
/m(«) = ' fiS be satisfied. 

Let 2^ be a branch point of the function /(a) and suppose that turn* 
ing once around tbe point so one moves from the branch /,(z) to the 
branch TTius evidently for the function we obtains that on 

turning around tbe point zg one moves from all branches of the bunch 
which corresponds to the branch ft{z) to all branches of tbe bunch which 
corresponds to the bcancb A (2). 

323. Lei C be a curve on the z plane with a parametric equation 2(() 
and let ui|(t] be the parametric equation of tbe co ntinuo us image of the 
curve C on tbe tf plane under the mapping to = ^/(r) Prove that the 
curve with the equation s ruo(t) * eJ is also a continuous image of 
the curve C under tbe mapping to * 

324. Suppose that a curve C on tbe z plane avoids tbe branch points 

and the non>uniqueness points of tbe function Prove that if on 

moving along the curve C one moves from the branch /^^(z) to tbe branch 

moves from the bcancb /je44(?) bcancb 

where the sums s + k r -i- Ir are calculated modulo (cf,. 40), 

In this way. to define where one arrives, starting from a bcancb of 
a given buneb, on turning around a given bcancb point of the function 
it suffices to define where one arrives from one of the branches 
of that bunch; for the other tranches the passages turn out to be auto* 
matically defined by virtue of the result of Problem 324. 

325. Draw the scheme of tbe Riemann surface of tbe function f(z) = 

VTT-i 

324. Draw the sch emes of the R ieraann surfaces of the following 
functions: a) {/i/z •- 2; l>) 

327. Draw tbe scheme of the Riemann surface of the function f^^z) s 
+ I — 2 with different cuts, respectively shown: a) in Figure 37; b) 
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in Figure 38. In bolb cases whether the points z ^ which f^z) = 0 
lie oo tbe same sheet or on different sheets. 




32S. Draw tbe scheme of tbe Riemann surface of the function h{z) — 
+ 1—2 with the cuts shown; a) in Figure 39; b) in Figure 40. 




We formulate once more the results of section which will be useful 
in the sequel. 

Theorem 8. To build the schemes of the Riemann surfaces of ike 
functions h{z] = /{a) + A(r) « /(z) - p(z), h{ 2 ) = /(z) • g{z), 
h(z) B /(z)/f(z) starring from the schemes of the Riemann surfaces of 
the fimctions f{z) and g{z), with the same cuts, it sluices to do the 
following: 

a) put into correspondence with every pair cf branches, fi{i)ttnd 
a sheet on which the branch equal respectrvefy to /t(z) + 

/i(*) - 9j{2). f,{z) gj{z), fi{z)/9j{z), is defined: 
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b) if by fuming around the point Zq one moves from the branch fi, ( 2 ) 
to thebranch /*j( 2 ) and from the branch 9 ^,( 2 ) to thebranch ffff(z), then 
far the fanctionh{z) by the same turn one movesfrom the branchh,,J^{z) 
to thebranch 

c) identify the sheets on which the brmches hij coincide. 

Theorem 9. To build the scheme of the Riemann surface of the 
function ^( 2 ) = [/(z)]" starring from the scheme of the Riemann surface 
of function /(z), defined by the same cuts, ii suffices to do the fallowing: 

a) in the scheme ofihe Riemann surface of the function f{ 2 ) consider, 
insteai of the branches the branches fti(z) = (/|( 2 )]'*. 

b} idenfay the sheets on which the branches hi(z) coincide. 

Theorem 10. Tobudd the scheme of the Rienann surface of the 
fi4nciion ft(z) = ^f[z) starting from the scheme of the Riemann sur- 
face <f dte function f{z), defined by the same cuts, it suffices to do the 
following: 

a) replace every sheet of die scheme of the Riemann surface of the 
function f{z] by a 'pack' of n sheets; 

b) turning around an arbitrary branch point cf the fancrion h{z} one 
movesfrom all sheets of one pack to all sheets <f a ^fferenspack 

c) these passagesfrom one pack sheets to anodter correspond to the 
passages between the sheets of the Riemann surface of the fancrion f{z); 

d) if the branches in the bunches are enumerated in such a wfay that 
AM = f,^(z)e*i then by movingfrom one bunch to another the sheets 
of the corresponding packs are not mixed, but they permute cyclically (<f,. 
3U.) 

2.12 Monodromy groups of multi-valued 
functions 

We now associate with every scheme of the Rjeoiann surface a group of 
penDutatioQS, 

329. Suppose that a curve C on the z plane avoids the branch points 
and the non-unique uess points of the functioo ui(z). Prove that moving 
along the curve C. starting trora distinct sheeb of the scheme of the 
Rjeoiann surface offuncdoo tE?(z), one amves at dislmct sheets. 

So by virtue of the result of Problem 249, to each turn (counterclock- 
wise) around any branch point of tbe function there corresponds a 
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permulation of tbe sheets of the scbeme of the Riemaim surface of the 
fuuctioaui( 2 }. 

330. Coosidec tbe scbemes of tbe Ricmaim surfaces of tbe fuccdoos 
of Problem 314, drawn as io the solution of this problem (see the chapter 
'Hint, SolutioQS aod Answers') and consider in these schemes the sheets 

enumerated from bottom to top by tbe numbers 1>2,3, For every 

function write tbe permutations of the sheets correspondiDg to one turn 
around every branch point. 

331. Let ^ some elements of a group G. Consider all 

elements of G wtucb can be obtained from . , . , ^ means of the 

iterated operations consisting of multiplying and of tahiog of tbe inverse 
of an element. Prove that the set of the elements obtained is a subgroup 
of the group G. 

Definition. The group oblaioed in Problem 331 is called tbe sub- 
group generated by the elements Qi,,. . ,Ss> 

Definition Let . . . ,$• be tbe permutations of tbe sheets of the 
scheme of a Riemann surface corresponding to tbe turns (counterclocb* 
wise) around ab the branch points. We call the subgroup generated by 
the elements ffi , . . . ,(Jt the permutation group the sheets of the given 
scheme of the Riemann surfiice. for brevity the permutation group of the 
given scheme. 

Remark 1. If tbe number of sheets in a scheme is finite (aod we coO' 
sider only schemes of such a type) then to define the permulation group of 
this scheme it suffices to use the operanon of composihon, without using 
any permutatioo's inversion. Indeed, io this case every permutations of 
the sheets p bas a finite order k: = e, and therefore 

p-> sp*-* a p p ... g . 

c-i 

Remark 1 Tbe permutation group of tbe scheme we have considered 
is defined, as usual, up to isomorphism. The numbering of the sheets will 
be not important, because for different numberings one obtains different, 
but isomorphic, subgroups of S^. 

332. Which of the groups you already know are isomorphic to the 

permutation groups of the scbemes of tbe following functions: a) ,/z* b) 
^;c) </i;d) (Cf., 304); e) ^(2 - l)2(z + 1)3 (cf.. 306)? 
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333. To which of the groups you already know are the permutation 
groups of the schemes of the functions considered in Problems; 1) 314; 
2) 317; 3) 319 isomorphic? 

334. Fes the two schemes of the function h{s) = y/'Ji* + 1 - 2, built 
in the solution of Problem 328, describe the permutation groups. 

Suppose that the point zq is neither a branch point nor a non» unique- 
ness point of the muld'Valued function vj{z), and that .. . ,uin are 

all values of the function w(z) at the point zo. Consider a continuous 
curve C starting and ending at the pornt and not passing through any 
branch point and any ooD*uoiqueness point of thefunctico 0 ^( 2 ), Take a 
value Wj s w(2o) define by cc^dnuity along the curve C a new value 

s ur(2c). Starting from fti<nnri vahies obtain different values 

t£i^ (otherwise alcsig the curve C the uniqueness would be lost). Hence 
to the curve C there corresponds a certain permutation of the values 
uh , U)g, . . . , u?,». Thus if to the curve C there corresponds the permutation 
p, to the curve C~* there corresponds the permutation , and if to the 
curves C\ (both with ending points at zg) there (oxrespond the 

permutations p) and then to the curve CjCs there corresponds the 
permutation (recall that the permutations in a product are kept 
from right to left). 

In way if we consider all possible curves staitiog and ending at 
2 Qy then the corresponding permutations will form a group, the group 
permutations of lvalues 

335. Let be the permutation group of the vahies ur(ao) 3tid (7^ the 
permutation group of some scheme of thefunctico 10 ( 2 ). Prove that the 
groups Gi and G 2 ^ isoiirorphic. 

Notice that in the definition of the permutation group of the values 
tu(zo) one does not use any scheme of the Riemaon siu^ce ofthe function 
tu(2). From the result ofProblem 335 it then follows that the permutation 
group of the values w(zq} for an arbitrary point zg and the permutation 
group of an arbitrary scheme of the Riemann surface ofthe function ^(z] 
are isomorphic, Coosequendy the permutadoo group of the values tu(2o) 
for all points 2 ^ the permutation group of aO the schemes of the 
Riemann surfaces of the function w{z) toe isomorphic, ie., they represent 
one unique group. This group is called the monodromy group ofthe multi- 
valued function\t}[if^. 
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2.13 Monodromy groups of functions 
representable by radicals 

Id this section we prove one of the main Ibeorexns of this book. 

Theorem 11. ^ihe multi-valued Junction k{z) iz represeruable by 
radicals its monodromy group is soluble (ct, §1.14^ 

The proof of Theorem 1 1 consists in the soluticns of the following 
problems. 

336. Let h{z) = /(«) +j(i),or h{z) = f{z) - g{ 2 ),ot h{z) - 
f{z) ■ g{z], or h(z) ~ f{^}g{z), and suppose that we have buiJl the 
scheme of the Riemaoji surface of the funclioc ^( 2 ) ^id the schemes of 
the Ricmann surfaces of tbefuocdoDS f{z) and g{z'}^'f fbe formal method 
(cf.. Theorem 8 (a), §2.1 1), Prove that if F and G are the permutatioo 
groups of the initial schemes, then the permutatioD group of the scheme 
buiJi is isomorphic to a subgroup of the direct product GxF (cf,, Chapter 

L 17). 

337. Let Hi he the permutation group of the scheme built by the 
fbnnaJ method under the hypotheses of the preceding problem, and let 
H-i be tbe group of permuiatioos of the real scheme of the Riemann surface 
of tbe fuociioo h(z). Prove that there exists a surjective homomorphism 
(cf,, §1.7) ofthe group i/jonto the group H^. 

338. Suppose the monodromy groups of the functioos ^( 2 ) and g{z\ 
be soluble. Prove that tbe roonodromy groups of tbe functions h{z) — 
/(z) + 9{z), h{i) » J{z)-g{z), M.Z) » fi.z) 9{z), k{z) » /(t)/?( 2 ) are 
soluble as well, 

339. Suppose tbe roonodromy group of the fuociioo f[z] be soluble. 
Prove that the mooodromy group of the fuoction ^( 2 ) s [/(?)]* abo 
soluble. 

340. Let H be the permutation group of a scheme of the fijocdoo 
ft(s) s ^f[z), and F the permutation group of a scheme of tbe function 
f{z), made with the same cuts. Define a suijecdve homomorphism of the 
group H onto the group F. 

341. Prove that the kernel ofthe homomorphism (cf,, §1,13) defined 
by the soludon of the preceding problem is commuladve. 
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342. Suppose the aioQodromy group F ofthefunctioo /(h ) be so luble. 
Prove that the mooodroiDy group H of ibefuoctioo = ^J[z) is also 
soluble. 

The functions — q and A(^) s z are continuous suigle* valued 
fuocdoos oo the entire z plane. Their Riemann surfaces thus coosist of a 
sio^ sheet and therefore the corresponding monodrotny groups consist of 
a single element e and are therefore soluble. As a consequence, laldng into 
account the definition of the functions representable by radicab (§2.11) 
and the results of Problems 338, 339, 342. one obtains the proposition 
of Theorem 11. 

Remark 1. Tliis remark is for that reader who knows tbe theory 
of analytic functions. Theorem 11 holds for a wider class of functions. 
For example, to define a function h(a) one cao be allowed to use, be« 
sides of constant functions, the identity function, the functions expressed 
by anthmelic operations and radicals, also all analytic single^valued func> 
dons (for example, e*, gin z, etc,), tbe muld'valued function In z and some 
others. In this case the monodromy group of the funedon ^ 

soluble, though it b not necessarily finite. 



2.14 The Abel theorem 

Consider ibe equation 

3ty^ - 25w* + dOtt - 2 a 0- (2,8) 

We consider z as a parameter and for every complex value of z we 
look for all complex roots tu of equadun. By virtue of the result 
of Problem 249 the given equadun for every z has S roots (taking into 
account Ibe multipUcides). 

343. Which values of u; can be multiple roots (ctf order higher than 
I, cf,, §2.8) cf the equadoD 

-► eoi^ - 2 a 0? 

For which values of z aie ibese roob muldples? 

It follows from the soludun of the preceding problem that for z s ±38 
and z = ±14 equadon (2,8) has four disdnei roots, and for ibe other 
values of z it has 5 dbdoct roots. Lei us study tbe function h^(z). 
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First we prove the! for small variations of the parameter z the coots 
of equation (2,8) vary only sli g htly. This property is more precisely ex* 
pressed by the following probleoi. 

344. Let 20 be an arbitrary complex number and trig be one of the 

roots of equation (2.8) for z = ^, Consider a disc of radius r arbitrarily 
small with its centre at Prove that there exists a real number p > 0 
such that if |s0 — < p then in the disc considered there exists at least 

one root of equation (2.8) for £ b 2^ also. 

Su|^ose the function w{z) express the roots of equation (2,8) in terms 
of the parameter z and wq ^ one of the values vi(Sq), It follows from 
the result of Problem 344 that if z changes continuously along a curve, 
starting at the point sg, then one can choose one of the values w(z) in such 
a way that the point w, too> moves continuously along a curve starting 
from the point uro* 1° other words, the function w{z) can be defined by 
continuity along an arbitrary curve C. Therefore if the curve C avoids 
the branch points and Ibe non'uniqueness points of the function u(z), 
the function U'(z) is uniquely defined by continuity along the curve C, 

345. Prove that points different from z — A38 and z = be 

neither branch points nor oon'Uiuqucncss points of a function expressing 
the roots of equation (2.8) in terms of the parameter z. 

Let w (z)be the function expressing the roots of equation (2, 8) in terms 
of the parameter 2, The function Uf(z), being an algebraic fiinction^°, is 
‘sufficiently good* (cf,, §2.1 OX i.e., it possesses Ibe monodromy property. 
One can therefore build for the function tD{z] tbe Riemann surface (of. 
309 and 310). Thb Ricmann surface evidently has 5 sheets. 

By virtue of the result of Problem 345 Ibe only possible branch points 
of Ibe function ur(z} are tbe points z = ±36 snd z = ±16, but it is not 
yet cleat whether dus is leally the case. 

346. Siqipose it is known that the point z^ s +36 (01 Zq s —38, 01 
20 s ±16] is a branch point of Ibe function ui(s) ej qire as iDg Ibe roots 
of equation (2,8) in terms of Ibe parameter 2. How do Ibe sheets of tbe 

^ Tbe multi-vahjedfUiKdoD iu(a} is to be algebraic if it e x prey aes in letius of 
tbe parametet g all ibe roots of * etjuation 

floUJai* + Oi(s)ai‘‘‘ + ,. . + 0n(«) = 0 

m which all tbe dj(2:)s are pol>nonuals in 2. All algebraic functioas are analytic. 
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Riemaon surface of the functioa iv{z) st the point 20 (mote precisely, 
along (be cuts joimog (he point zq (o infinity; cf., Remark 2, §2.10) join? 

347. Let Wo be a function expressing the roots of equation (2.8) in 
terms of the paiametei z. Moreover, let Zq and Z\ be two arbitrary points 
different from z = ±5S 2 nd z = :hl6, and and be two arbitrary 
images of these points under the mapping ui(z). Prove that U b possible 
to draw a continuous curve joining the points and zi, not passing 
through the points z = ±38 2 ^ z ^ ±16 21 ^ sucb that its continuous 
image, starting from the point ends at the point wj. 

348. Prove that all four points z = ±38 and z s ±16 are branch 
points of the function V){z). How can we represent the scheme of the 
Riemaiin surface of (be function tu(z)? Draw all different possible schemes 
(we consider different two schemes if they cannot be obtained one from 
another by a permutation of the sheets and of the branch points). 

349. Find the mooodromy group of the function t0(s} expressing (be 
roots of the equation 

- 25t«* + 6Cto - 2 s 0 
in terms of the parameter z. 

350. Prove that the function w(s), expressing the roots of the equa* 
tioo 

4* 60tti - a * 0 

in terms oftbe parameter z not representable by radicals. 

351. Prove that (be algebraic general equation of fifth degree 

+ flj * 0 

(where ar? complex parameters, qq ^ 0) is not solvable 

by radicals, i.e,, diere are no formulae expressing the roots of 
equation in terms of (be coefficients by means of (be operations of addi- 
tion, subtraction, multiplication, division, elevation to an integer power 
and extraction of a root of integer order. 

352. CoQsidciei Ibe equation 

± = 0 



(2.9) 
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and prove that for n > 5 the general algebraic equation of degree n la not 
solvable by radicals. 

The results of Pioblema 351 and 352 contain the proof of the tiieorem 
which is the sulipect of the present book. We have indeed proved tbe 

ABEL'S THEOREM. For n > 6 ihe general algebraic equation <rf degree 
n 

Cjty" + aiti?**"' + . . . + o,v_|Ui + «B = 0 
ir not solvable by radicals. 

Remark 1. In tbe introduction we deduced the Cardano formulae for 
tbe solution of tbe general algebraic equation of third degree. The roots 
of tbe equation are not given by all values e^qiressed by these formulae, 
but only by those which satisfy scene supplementary conditions. Chte may 
therefore pose tbe question of whether it is possible, also for the general 
equation of degree n (n > 5), to budd by radicals a formula such that the 
roots of the equation are only a part of tbe values that are expressed by 
this formula. This is not possible even for equation (2.8), 

Indeed, if tbe values of the function ur(a), expressing the roots of 
equation (2.8) in terms of the parameter z, are only a part of the values 
of a function u>i(a), represented by radicals, then the Riemann surface 
of the function tti(s) is a separate part of the Riemann surface of the 
function ux(z). tbe monodromy group of the function iti(x] then 
to every permutation of the group G there corresponds a permutation of 
the five sheets of the function . This mapping is a homomorphism of 
the group G into the group 5^. Since the ^oup i$'s is not soluble then tiie 
groiq) G is not soluble (cf., 163), On the other band, the group G 
must be soluble, being tbe monodromy ^oup of a function representable 
by radicals. We have thus obtained a contiadictioiL 

Remark 2, From Remark 1 in §2.13 it follows that the Abel theorem 
alan bolds if<»e is allowed to use, besides radicals, scene other functions, 
for example all analytic functions (such as e', sins, etc,), the function 
In z, and some others. 

Remark 3. Consider equation (2.8) only in the domain of real num* 
bers. Suppose that the function p(j) expresses the real roots of tbe equa> 
tion 
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io terms of the real parametec 2 . Is the function ^(f) representable by 
radicals? The answer is 'qd'. To the reader who teows the theory of an* 
alytic functions we say that this follows from the theorem of the analytic 
continuation. Indeed, the function tt?(2) expressing the roots of equation 
(2.6) in terms of parameter z is analytic. If the function y[x) were re|> 
resentable by radicals, then the corresponding formula, considered in the 
domain of coiiq>lex numbers, should give, by virtue of the theorem of the 
analytic continuation, the function w( 2 ); ibe function ur( 2 ) would be 

representable by radicals. 

Hence the Abel theorem remains true if one considers only the 
real roots of the general equation of degree n (n > 5) ^ possible real 

values oftbe coefficients. Moreover, by virtue of Remark 2 the tbeorem 
holds alsn if one is allowed to use, besides radicals, some other tuncfions, 
for example all functions with an analytic single*vaJuedcontimiatioo (e*, 
fiinx, etc.), the function Ins, and some others. 

Remark 4. The class of algebraic functions (cf,. note 20) is suffi* 
ciently rich and interesting, lo particular, one can prove that all tunc* 
tions representable by radicals are al g ebraic. We have proved that every 
function representable by radicals possesses a soluble monodromy group 
(Theorem 11). It turns out that if the analysis is restricted to algebraic 
functions then the converse holds: if the monodromy group of an al* 
gdnaic function is soluble then this function is representable by radicals. 
An algebraic function is thus representable by radicals if and only if its 
monodromy group is soluble. 




Chapter 3 

Hints, Solutions, and Answers 

3.1 Problems of Chapter 1 



1. Afiswgr, In the cases 1 a); 1 c); 2 c); 3 a), 
1 See Table 3. 

Tible3 

e a ^ 
e (I b 
a b e 
b e a 

3. See Table 4. 
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4. See Table S. 
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5. See Table 6. 



Tables 
e A h c 



€ a h c 
a e c b 
b c a e 
c b e a 



TibleO 

eabed/s^ 

e\eabcdJsh 
i\aeebfiiftg 



b 

c 



b c c 
c b e 



e g h J d 
a h g d f 



d 

! 

9 

h 



d f h 9 e 
/ d g h a 
g h d f b 
h g f d c 



a 

e 

c 

b 



c b 
b e 
e A 
0 6 



6. See table 7, where e and a are rotatioos of the rhombus about its 
centre by 0^ and ISO^ respectively, b and c reflections of the rhombus with 
respect to its diagonals. 



Table 7 



r 



e a b c 
o e c b 
b c e a 
e b a e 



7. See table 7, where e and (2 are rotations of the rectangle about its 
centre by 0^ and ISO^ respectively, b and c are reflechoos of tbe rectangle 
with respect to tbe straight lines passmg through tbe middle points of its 
opposite sides. 



S. No, because there are no capitals in the world whose names begin 
with letter X. 



9. Answer, a) ^ is not a mapping onto because, for example, an 
integer n such that ^(tt) s 5 does not exist, i.e., tbe number 5 has no 
pr^image; b) ^ is a mapping onto, but not one to one because every 
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positive mteger under die roappiog ^n} = |n| bas two pre'images, for 
example, tbe pee- images of 5 aie 5 and —5; c) ^ is a bijective mapping, 
because the numbers 0,1 ,2,.,. aie mapped to the numbers 0,2,4,..., 
while the numbers -1, -2, -J.... are mapped to the oumbers 1,3,5,.... 

10. Annver. e~^ = e. a“' = b, = o, c** « c, <T‘ ^ d, 

11. Answer. »i/2. 

12. Suppose that the giveo group of transformations contain tbe 
transformation g. Thus by definiboo U cootaios also tbe transformation 

and tbe transformation gg~^ = e. 

13. By tbe defimtioo of the bansfonnatioo e aod of multiplication we 

obtain (ejlA) « e{g[A)) = g{A) and a * 5 (/I) for every 

element A. Hence eg ^ g gg s y. 

14 . {{9i9f)9iHA) » igt9^)MA)) « 9iMfy{A))y, 

= Ji((SaJ»)(4)) = 

15. 1) No. Here die only possible unit element is 1, aod element 
Le., an element x such that 0 * 2 ~ 2 > 0 ~ 1 , does not enst. 2) Yes. 

16. Yes. 

17. a) No, Amongst the natural numbers there are no elements ssuch 
that n^zsz*ftisn for every natural n. (If one considers tbe natural 
numbers with zero, then no elements except 0 will posses the opposite), 
b) No. The only possible unit element is 1, but thus no dements except 
1 will possess the inverse. 

18. Let $1 and ez two unit elements. Thus £|0 = a and ae^ — a 
for every element a. Therefore ^163 — £3 and £163 — ^ 1 . Hence ei — 

19. Let element a have two inverse dements, aod 03 . Thus 

(ain)(i 3 = CO 3 = 03 and 01 ( 002 ] - Therefore Oi = 0^. 

20. l)ec = c = 



21. We prove this by induction. For n ■ 3 the statement of tbe prob- 
lem is true, because in this case we can construct only two expressions, 
(aiaj)o«and 01 ( 0303 ) and, by hypothesis, (oiOa)a8 - 01 ( 0303 ). Let the 
statement oftbe problem be true for all ri such that 3 < < ft. We prove 
that It is true for n = ft also. Let an arbitrary well arranged expression A 
be given, containing ft factors dj , Of, . . . , 0^. Widiin A there is a multi- 
plication operation which is the last one to be earned out. Therefore die 
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product A can be writteo m the form ^ s (X|) (^2)^ where Ai and 
two well arranged expressioos, cootaining j k^l factors, respectively. 
Heocc I < k and k - I < k. Since I < k aod 1 < fc, by die inductioo 
hypothesis the ejy rea sion A\ gives the same clement as the expression 
( • '((hi 'hs) * hs) * •• • * hi-i) * hi, aod A3 gives the same element as the 
expressio n (, . . 0i4j)*«r44) - 04.1) - fliji Heoce the express i o n A 

gives the same element as the product 



. ((a, ' fls) • ag) ' . , . - a*) ' (. . . ((Oi+r fli+a) * Of+s) . • 0*). 

Let 



(...{(«!• 03) • 03) • ... dj-,) Cl » a, 

(. . ((ci4i • Oj4a) • fli44) • . . . ' o«_2) ' o*.i = 6. 

Thus A expresses the element a > (6 But by virtue of associativity 
o~[b' Oifc) B (a • b) * Os). The product a • ^ is a well arranged expression, 
because it cootains A ~ 1 < i: factors. Hence by hypothesis 



06 s (. ..((oi •<i2} os) '.-.•a*_2)*njj_i* 



Therefore the expression A gives die element 



a {b atd = mj* = (...((oi flsl ha)' . a* 

as we harf to prove. 

22 . Ansiver. 1 ) Yes, 2 ) yes, 3 ) no, 4 ) yes, 5 ) yes. 

23 . l>(ad)(fl“*b“‘) = o(W"')o’' =oea"‘ »oo“‘ =e and 

(ti"'o"’)(o&) = sa = b~'b = e. 2 ) It is proved hy 

inductioo on n. if forn — 1 it is already proved, then (m * ... * is 
equal by virtue of point 1) to • (oi >. . . ‘Cs-i)"* * oj^* '• •• *hf*. 

24 . Let Of = ^ for ao element f , Thus, multiplying 00 the left both 

members ofthe equality by o~‘, we obtain ^ o~^feaod j s o~^&. In 

this way tbe only possible solution of tbe equation 07 s 6 la die clement 
a~^b. This element is indeed a solution, because o(a**)b s (rui~^)6 = h 
Exactly in the same way one proves that tbe equation ya b b has the 
unique solution p = ba~K 

25 . Since ao = 6 for every element a, then for all elements (and ewe 
will have (6c)(6cl = e. Multiplying the two members of this equality by b 




Solutions 



109 



OD tbe left and by c on the right, one obtains bbcbcc — bdc. Since s e 
and cc — e» obtains (ec}(&e) — (6e)C|i>e,. s 6c. Smce b and c are 
two arbitrary elements of the group G. this group is commutative. 

26. We need to prove that o"* . (o“')" = (a"'}" • “ e. We 

have (ft-')" = a"-' . ft . ft-' . («-')"-> = a"-' • e • («-')"-* = 
ft"*"' . (a-*)"-* = , . , s o • c’' = e. Exactly in tbe same way one proves 
that (ft-’)" • ft" B e. (For a more ngourous proof use the induction 
method). 

27. We will consideT some cases: a) ifm > Of n > 0, tben 

a" > c" * g . . . > ft = g»c> .. . ♦ ft = a***"; 
n <1 

b) if m < 0, n < 0, m B -k (fe > 0), n B -1 (f > 0), tben a" . a“ = 

B (c-^)*.(fl-')' = (see the cwe(a)) - 

c) if m> 0, n < 0,m + n>0, then o" • a" = (gee tbe case(a)) = 

(ft"*+* - ft-") . ft-(-«) = . C-* • (a-*)-' = ft"^>‘; d) if m > 0, n < 0, 

m + a < 0, then c" < a (see the case(b)) = a* > (o'" o"+") = 
ft* • (ft")-t • ft*** = ft"+"; the case m < 0, fi > 0 ** treated in the same 
way as tbe cases (c) and (d). The cases m = 0 or n = 0 are easily verified. 

23. We will consider some cas e s : a) ifr; > 0, then 

(a"r = ft*.o".....fl* = (8ee27)Ba"t + ^ + -> + ^Bo""; 

% 

b) if n < 0, m > 0 n = -f (« > 0), then (a*)* - = 

(see the c«B(a)) = (o”*)"' » (eiice mi > 0) = o"*™ = a""; c) m < 0, 
fl < 0, m « -A (fc > 0), n a -1 (i > 0), then (a*)* = (((o*)-‘)"‘y * 
(see 20 ) = (a*)' = (see the caee(a)) = a^‘ = a"". TTic cases m * 0 or 
n = U Bre easily verified. 

29. AMwer. In the group of symmetries of tbe triangle (see 3) a and 
6 are of order 3. c and 4 of order 2; for the square (see 5) b and c are of 
order 4, a,d,/^,h of order 2; for tiie rhombus (see soluhco 6) all elements 
(except e) bave order 2, 

30. 1) Let = ftt,wbere 0 < A < n ~ 1 Bod k > 1. If we multiply oo 

the ngbt tbe two members of tbe equality by ft-t we obtain o*«a~^ = a**c"^ 
and (see 27) o^~' se e. Since — Iwe obtain a contradiction 

of the hypothesis diat the elenrent a has order n. 




no 



Problems of Chapter I 



2 ) any iotegei tn cao be writteo io the form m — nt -t- r, where 
0 < r < n • J and t is some integer. Thus a"* = = (see 27) 

= ^-oT = (see 2 S)= (since *e) » if, where 0 < r <n-l, 

31. Hint. The generator is a rotaiioo of order 2ft/7i. 

32. Answer. In the group of rotations of the triangle (he generators 
are: a, rotation by 120 ^ and 6 , rotation by 240^; in (be group of rotations 
of the square they are: a, rotation by 90^ aod c, rotation by 270^, 

33. Let m 0 ftd + r, where 0 < f < 71 w ], Thus (see solution 3<^2)) 
0 ™ = a*. But o' * e if and only if (see 30-1)) r » 0. Therefore a™ = e if 
and only if m s nd. 

34. * 0 *^ = (y)" * e"* * «r. Hence (see 3J) the order of the 
element o'” must divide the number p. Since p is prune the statement 
follows. 

35. Since the numbers n/d mfd are noo*zero integers, ( 0 '”)’*^^ = 

fliwi/a ^ a c. If fc is an mteger such that (o")‘ = 0 "** = e 

then (see 33) mA: is divisible by n andm/d'^is divisible by n/d. Since the 
numbers m/d and n/d are relatively prime is is divisible by n/d. Hence 
tbe smallest non*zero integer k such that (o'*)* = e 1 ^ jfc = n/d, 

36. Let obe a rotation counterclockwise by an angle equal to 2r/12. 
The elements of the group considered are (bus e^o, a'^,.. . , 0 *'. Tbe el^ 
ment if", in order to be a generator, must have itt order equal to 12 . and 
therefore the numbers m and 12 (see 35) must be relatively prime. Hence 
o'” will be a general or whenever m = 1,5, 7, 11. Answer. Tbe generators 
are the rotations by angles ir/ 6 , 5v/6.7f/6, llr/6. 

37. Ut 0 * = o', and * > L Thus n* c-' » . o ' aod 0 *-' = e, 

cootiadicting (be hypothesis that o is an clement ofinfmite order. 

38. Hint. If one considers tbe group under addition, (ben by a"* one 
indicates tbe sum + , (m tfilQs) and by one indicates —a. 
The generators are 1 and -1. 




Solutions 



111 



39. a) See Table 8 ; b) see Table 9; c) Tee table la 
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40. We prove that aH properbes of a group are satisfied: 1) for three 
arbitrary remainders a, 6 , C we have (u + &) + c = A + (6 + c) modulo 
Ti, because io both terms of the equality we have the remainder of the 
divisioo by rt of the Dumber a + 6 -r* c, 2) the unit element ts 0 because 
fn + 0»0 + mBm^or every remainder m; 3) if m 0 then the inverse 
element (tbe opposite element) of m is n ~ m, because modulo n has 
m + (n — m) « (n m) + m ^ 0 ; die inverse element of elerocnt 0 is 0 
itself. This groiq) is cyclic with generator 1> because the smallest integer 
k such that l + l+ ->*hl =0 modulo is equal to n. 

k 

41. Since o*™ • n* = a* one has c"* . . o“* = ft* • fl~* = e and 

Hence (see 3^ (^ + r) — ^ is divisible by n, Ia, m-j- r and 
k are equal modulo n. 



42. Answer. They are isomorphic r tbe groiqis (1) and (4) (consider 
the mapping ^ ; ^(e) s 0, 4(a) * 3, ^( 6 ) * 1, ^(c) « 3)^ and the groups 
(2) and (3) (consider the mapping 4 : 0(e) s e, 0(a) « a, ^(6) » b, 
0 (c) s c (see solutions 6 and 7)). 



43. Since 0 is a bijective mapping, 0 ‘ exists and is bijective. Let c 
arul d be two arbitrary elements of the group G^. In the group G[ th«e 
are two (unique) elements a tj such that 0(a) ■ c and 0{fr) s d. Since 
0 is an isomorphism, 0 (oA) ^ 0 (a) 0 (h) ^ cd (tbe products are taken in the 
corresponding groups). Therefore 0“*(cd) « o 6 * 0~*(c)0”*(d), Since c 
and d are two arbitrary elements of the group Of, is an isomorphism. 



44. Since the mappings 0| ; ^ G 2 -Oi—* Gi ^ bijective, 

03 : -4 IS bijecbve. Let a and ^ be two arbitrary elements 

of the group G,. Thus (0}0i)(o5) * 08(0 i(a 6)) = 0a(0i(A) • 0j{h)) = 

02(0i(o» *^(^i(6)) * ^ “ 

isomorphism (the products are taken in tbe correspoodiDg groiqis). 
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45. Hint Use the result of Problem 41. The isomorphism is = 

m. 

46. Him. Use (be result of Problem 27. Tbe isoroorphism is ^(a*") «s 

m. 

47. Let ^{cq) = X. Tbus i « i » ' 4>{€g) = (aince ^ u ui 

isomorphism) = ^(ec ec) * ^(fc) * » *• MuJtiplyiog the two 

members of this equality by j~* m the group F ooe obtains x^x’* * xr~' 
and X s ep. 

48. ^(^)^(^~‘) = (since ^ is no isomorphisra) = = ^(ec) ~ 

(see 47) = cf- It follows (hat = [^(5))“*. 

49. Let fj be a non* zero integer Thus ^(y") = ^ = (since ^ 

is an Isomorphism) = ^g) ■ = h*. Let ti) and % be the orders 

of the elements g and h. Thus * A** * ep and (see 47) 5"* = e<7. 

Therefore m < nj, On the other hand, A*' = = ^(«d) “ ^F\ 

nj < nj. Hence m 

50. Answtr. a) Tbe sole group is Zg, b) Tbe sole group is Zg. Solution. 
a) Let a and e be tbe elements of the group and c the umt element. Thus 
e-e^e, d-t^e-a^Q snd only tbe product 0 , . a remains unknown. 
lf(2 * n B a B n ' e, (aee 24) one obtains the contradiction a — 

It follows that q} = e and that (here exists only one group, contaming 2 
elements. It is tbe cycbc group Zg. 

b) Let 6 be tbe elements of the group and e element. We 

need to know to which elements tbe products An, cuz, hh correspond. 
lf(2& = a obtains tbe contradiction a s e; if oh = 6 caie obtains tbe 
contradiction 6 ^ e. It follows that 0^ = c. Consequently Ao = e. If 
^ = a, has tbe contradiction a = €. If s e — ob one has the 
contradiction n = A. It follows diato^ * b. Tbush^ = q, and there exists 
only one groiqi containing 3 elements. Since o^ = * o = 60 — e 

group with elements e, 0, 6 « o^ is the cyclic group Zs. 

51. A/uwer, For example, the group of rotations of the square is not 
isomorphic to tbe group of symmetries of the rhombus, because m tbe 
former there is an element of order 4, whereas in the latter there is not 
(see 49). 

52. CoGsidei the map t^x) = 7 Ifx takes all the real values, 2' takes 
exactly ooce all the real positive values. Hence ^ is a bijeclive mappin g 
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of the real numben mto (be real positive numbers. For any (wo positive 
munbcrs x and 1 / we have ^[% + jt) = 2 *^*' * 2 * • 2 *’ * ■ <^[y) and it 

follows (bat ^is an isomorphism of the group of the real Quiobers under 
addition in (be group of (be positive real nuinbcrs under multiplicadoD. 

53. Let ^ be an arbitrary element of group G. Thus ^g(o~'y) ~ 
aa = y. Hence is a surjective mapping of the group G onto the 
group G. If^g(f) = 0 ^({r)thcD ox » av andx s j/;beoce ^ is abijective 
mapping of the group G into itself 

54. = a 6 x = for every element 

X. therefore Since *g(a"‘i) = aa~'x = x, (^a)‘‘(x) = 

a~*i “ ^g-i(x) for every element X’, therefore {^*)~* ■ Hence we 
have a group of transformations (see § 1 . 2 ). 

55. Consider a mapping ^ such (bat t^(a) = Since ^g(e) — oe ^ o 

and ^(e) b s 5, ^ ^ if 0 ^ 6 . The mapping ^ is therefore 

bijective. Moreover, (i(ot) = = (see solution 54) = 

It follows that if) is an isomorphism. 

56. a) Let and e /7 be the unit elements respectively in the group G 
and in the subgroup H. In the subgroup H one has the identity tutu — 
Cft . By the definition of subgroup this identity also bolds in (be group 
G. Moreover, in the group G we also have (be identity eosji “ e a, from 
which we obtam (bat in G 6n€n — Cc^u and (see 24) en = e^. 

b) Let a be any element of (be subgroup H, and let and ajf^ be 
Its inverse elements respectively m the group G and in (be subgroup H. 
b the subgroup H we (bus have « e/r » (see (a)) = to 
definition of subgroup tbs identity also holds m (be group G. Moreover, 
in the group G we have from wbcb we obtab that m G 

Oh a B ti^'a aod 

57. The necessi^ follows from the result of Problem 56 and from the 
defmitico of subgroup. 

Si^ciency. From property 1 (be binary operation of the group G 
is also (be binary operation of H. The element which belongs to 
H by property 2, is the unit element in H because toG — OCq — 0 
for every element a of tbe group G and, m particular, for all elements 
of H, If a is an arbitrary clement of H then tbe element , wbicb 
belongs to ^ by property 3, is tbe inverse element of a b // because 
^ €c “ tft- The associativity is obviously satisfied. H is 
thus a subgroup of (be group G. 
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58. AtiFiVtr. (Foi Dotations see Examples 1-4). 1) The subgroup of 

rotations (e, a, 6}, three subgroups geoerated by Ibe three reflections with 
respect to the altitudes: {c, a}, {e. d), {e>/}i trivial subgroups: {e) 
and the whole group; 2) tbe subgroup of rotations {e,n, c}, subgroup 
of generated by die central symiDetry {e, a}, four subgroups generated 
by the four reflections with respect to tbe symmetry axes: [e, (f) , (e, /}, 
{e,p}, the two subgroups: {e,o,d,/) and {e,o,§, A}, and tbe two 

trivial subgroiqis: fe) whole group. 

59. Afiswer. Suppose that tbe elements of the given groups are 

(e,«.o*,.., (n = 5,8,16). Their subgroups are tbus: a){c), Z$\ 

>>) W. a Z»;c) {e], 3! Z|, 

{e,a^n‘,a^a^2}az*, («e 60). 

60. Let tbe subgroi^ H be different from {e} and let be tbe 

element with minimum positive d among all the elements of the subgroup 
H. Thus H sign contains all the elements of tbe form forevery 

integer k Let o'” be an arbitrary element of the subgroup H. Divide m 
by with remainder r: m b fd+r, v^'bere 0 £ f ^ d~ 1. Thus H contains 
element o'" • o"“ * 0’"“'^ * o'. If r > 0 we obtain a contradiction of tbe 
hypothesis that d is the minimum. It follows that r » 0 and that m is 
divisible by d. Since the clement a” = e belongs to H. d divides n. Hence 
subgroup H has tbe requested prop e rties. 

61. Tbe sohitioo is the same of that of Problem 60. 

62. If an clement of tbe group has lofiDite order, tben the cycLc 
iofmite subgroup generated by it contains an infinite number of subgroups 
(see 61), which are also subgroups of die initial group. If the orders of 
all elements are finite we consider the cyclic subgroups generated by die 
following elements: at first an arbitrary element then an element 
which does not belong to the subgroup generated by di, then an clement 

which does not belong to the subgroups geoerated neitber by ai nor 
by a^, This procedure does not end because each of the subgroups 
so obtained contams a finite number of elements. 

63. Let . . . , Hfn be the subgroups of a group G and H then 

intersection. Thus (see 57): 1) if <2 and 5 belong to H, then both q and 
A belong to aH Hence qA belongs to all fffi and tbus it bclcngs 
to H; 2) e belongs to all subgroups Hi6, therefore also to 3) if a is an 
aibitrary element of ^ then q belongs to aO HjS; thus n'*' algfi belongs 
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to all JJfi aod therefore 3 fan to In virtue of the resuh of Probleoi 57 

H K & subgroup of Ibe group G. 

64. Answer, a) Ye^ b) yes; c) no; d) 00 . 

65. The vertex A can be seot onto an arbitrary vertex, B onto any one 
of the remaimog vertices, C onto any one of the remaiiung two vertices. 
Artswer. 4 • 3 • 2 = 24. 

66. Answer, a) All symmetries fixing vertex D: 

,r f A B C D\ , { A D C D\ 

B C D C D a)' 

. { A B C D\ s, ( A B C D\'x 

D A sj’'^=U A B c)]- 

67. Let ns formulare the definition of orientation in a more symmetric 
way. We have defined (be orientation by means of the vertex D. but if 
tbe position of the tiiangle ABC with respect to the vertex D is given, 
then tbe position of any triangle with respect to the fourth vertex is 
uniquely defined Hence a transformation preserving tbe orientation of 
the tetrahedron pre se rves (be position of every (riangle witb re^>ec( to 
(he fourth vertex, whereas a transformation changing the orientation of 
(he tetrabedron changes (be position of every triangle wi(h respect to 
the fourth vertex, it is clear that the product of two transformations 
preserving the orientation of tbe tetrahedron, as well as the product of 
two transformations which do not preserve it, preserves the orientation. 
Conversely, if a transformation pre se rves the orientation and another per* 
mutation changes it, tbeix product flanges tbe orientation. The identity e 
obviously preserves the orientation and, since s e for every tiansfor* 
mation a if a preserves the orientation also preserves tbe orientation. 
It follows that (see 57) all symmetries of (he tetrahedron preserving (he 
orientation form a subgroup in the group of all symmetries of the tetrahe- 
dron. Since the vertex D can be sent onto an arbitrary vertex, aod then 
the triangle ABC can take one of three positions, this group contains 
4 3 » 12 elements. 

(S8. Answer, a) The subgroup of rotations about an axis through the 
middle points of two opposite edge^ b) the subgtoi^ of rotations about 
tbe axjs through D perpendicular to the plane of triangle ABC. 

69. Using the associativity in G and in /f we shall prove the assod> 
tivity mGxM. We have 
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= (si,A0((P2.ft2)(s«.A9))- 

Moreovet [ec , e/t) {g, h) = {egg, e^h) = {9. h] and (^, A) (e^, ew) = 

igec^hen) — (g.h). The pair {tc,efj) is therefore (he uiut element 
m G X H. Moreover, = {9~^S,h~'h) = {ec,en] ^ 

(^.fc)(r^A-‘) = igg-\hh-^) = (ec.efl). Hence is (be io- 

verse etemeot of A) >Q G X H. We have proved (hat G ^ H possesses 
all the properties of a group. 

70. Aitrwer. nk. 

71. Hint Verify that (be hansforroatioo ^such that (^[{g, h)) = (A, j) 
is an laoounplusm between the groups G x H and H x G. 

72. Answer. All elements of the type (p,e^) form a subgroup in 
G X H isomorphic to the gioiq) <7. All elements of (be type (e^, A) form 
a subgroiq) in G x H isom<xpbic to the group H. 

73. We have 

(ji>Ai)(^a,As)* {giffifhihz) = (ftPoAtAi) = (ja.AsKpijAi). 

74. 1 ) If {g,,hi) and (ft, A,) belong 10 G x H (ben 31 , ft, and ftft 
belong to G, and Ai, A^, and A|Aa belong to H. Hence G x H contams 
the element {sift,AjAa) « Aj)(ft, Aa), 

2) Since Gj and Hi are subgroups respectively of G and of H, (hen eg 
belongs to G| and belong to H , . Hence G| m Ht cootains (be element 

(be unit element oftbe group G x H. 

3) Ifthe element [ 3 , A) belongs to G| x Hi, Iden g belongs to Ci and h 
belongs to H^. Since and H\ are subgroups 3 ^^ belong to Gi and 
belongs to H{, Hence Gi X H\ contains A^'), the inverse element of 
(p, A) in (be group G x 

By virtue of the result of Problem 57 Gi X is a subgroup of the 
group G X H. 

75. No, Consider the following example. Let G s {e|,c} and 
H = {« 2 ,d} be two cyclic groups of order two. Thus {(e^^ej), (c,tf)} 
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is a subgroup of the group G x H, which cannot be mpaesentcd in the 
form requeafcd by the problem. 

76. Let A. B. C.DW Ibc vertices of the given rhombus. Let G = 
(eit^jbe Ibe group of permutations of the eleroents A and C. and H — 
(e^, /t} the group of permutations of the elements B and D. Thus the 
mapping ^ such that (for the notations see solution 6) 

^c) ss (6i,e8), ^(g) s (p, A). ^(6) a (e,, A), ^c) a (j,e 2 ) 



is> as one can easily verify, an isomorphism of tbe group of symmetries of 
the rhombus in the group G x H x 



77. 1) Let and ^ groups. We look 

for tbe order of the element os (j,A): a* a (^,A^) a (ei,A^) ^ (ei,ej), 

a* * (5.ej) ^ 0* a («i,A) ^ (ei,ea), a* * ^ (fi,ea), 

B (ci.es). Since tbe group x £3 contains only 6 el&neats we have 

Z3 X t/% S Zq. 

2) Let (g, A) be an arbitrary element of the group x Z 4 . Thus 
= (^, A^) = (61,65). Hence Z5 x Z« does not contain any clement 
of ord e r S and thus is oot isomorphic to the group Z9. 



7S. Let p be a generator in Zffl. A tbe generator in Z^stidr the order of 
the element (g, A) in tbe group Z« k Z,. Since (g, A)"** = (s"", h'^) = 
(e,,Ca) it follows that r < mn. But since (5 ' A^) = (p,A)' = (61,65) 
h follows that (see 33) r is divisible by m and by n. If m and n are 
relatively prime we obtain that r » tnn and (0r A) is the generator of the 
group Z„ X Z«. Hence Z„, x Z^ 3 

If, on Ibe contrary, m and n are not relatively prime, then Ibeii lowest 
common multiple, k, is less than mn. A = mhi and A = nA^. If sf 
and A are any two elements of the groups Zm and Z„, then s gj and 
A" = cq. Hence (j, A)* = , A**’) = {€| , £3), Since fc < mn we obtain 

that the group Z^ X Zn contains no elements of order mn, and therefore 
is not isomorphic to Ibe group Z^n- 

79. Answer, (see |1.1, Examples I and 2); a) {e,a,b}; b){c,c>, 

{6,d}. 

80. Since x s xe and e belcngs to ff the element x belongs to the 
coset xff. 



81. By hypothesis y a xA|, where A 1 is an element of the subgroup 
H. Hence x = yAf*. Let A be an arbitrary element of the subgroup 
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H. Tbe elemeots h\h aod A** A tbus beloog (o H. Hence (be dement 
vA = (f A|)A = f(A|A) belongs to xH. and (he dement xh = (yAf’)A = 
y(A| *A) belongs to yH. Since every dement of yH belongs to xH, and 
vice versa, U fbUows (bat xH = yH. 

S2. Suppose (bat (be dement z belongs to xH and to yH. Thus (see 
81) xH ■ zH and yH ^zH. Therefore xH^yH. 

83. Hint. The order of an dement is equaJ to tbe order of the cyclic 
subgroup that it generates. Afterwards apply the Lagrange theorem. 

84. Hint. If (be order p of a group is prime then (he order of every 
element different from e is equal to p (see 83). 

85. Apply tbe Lagrange theorem. Ans\ver Two: {e} and tbe whole 
group. 

86. Him. Use die results of Problems 84 and 45. 

87. Let G be d>e given group of order m and n s md. Answer. G xZ^ 

(see 72). 

88. Answer. It is possible. Fee example, in (be group of rotations of 
the tetrahedron, containing 12 elements (see 67), there ate no subgroups 
containing 6 dements. Proof. The group of rotations of (be tetrahedron 
contains 12 elements (see 67): (be identity Cy S rotations (by 120^ and 
240°) about the altitudes perperuliculax to (he 4 triangular foces, and 3 
rotations (by 180°) about the axes through (be middle points of opposite 
edges. Si^ipose that the group of rotations of (be tetrahedron contains a 
subgroup of 6 elements. This subgroup must obviously contain at least 
cne rotation a about one altitude, for example, that from tbe vertex A. 
If a is a rotation by 120° (or by 240°) then is a rotation by 240° (by 
120°), Therefore our subgroup must contain both rotations about the 
altitude drawn from vertex A. Since one has only 3 rotations (including 
die identity), fixing vertex A our subgroup must contain another rotation 
b, sending the vertex A to a different vertex, for example to B. Thus 
tbi8 subgroup also contains the element 6oA~*. This rotation sends the 
vertex B to B and one has, moreover, ^ € (otherwise a b b f). 
Consequently our subgroup must contain at least «ke, and therefore both, 
rotations about the altitude drawn from the vertex B. These rotations 
said the vertex A to C and to D. We obtain that our subgroup 
must contain all rotations about the altitudes from C and from D. In 
dus way we have, with e, 9 elements. This is in contradiction with the 
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hypothesis. The group of cotatioiis of the (etrabedroo therefore does not 
cootaio any subgroup of order 6 . 

89. Answer, a) The left aod right partitioos coiacide: {e, a, 

Mfh 

b) left partilioQ; je^c}, partition: [e,c}, {a,d}, 

[i>Jh 

90. Answer, a) The two partitioos coinci^Q}, c}, 

b) left partitioo. { 6 ,p), {cj), (c,h); nght partition: {c»d}, 

{6, Ml {c-9)- 

91. Answer. Tbe two partitions coincide aod cootain three cosets: 1) 

all ourobcrs of type Zk {h ■ 0,±l,±2, .. .}, 2) all numbers oftype 3A+ 1 
(A * ±2, . . .), 3) all numbers of type 3A + 2 (A * 1), ±1, ±2, . . .). 

92. Answer, a) Two gro«^s: Z 4 aod k Z^; 

b) two groups: arid tbe group of symroetries of tbe equilateral 

triangle; 

c) five groups: Zg, Z^ Z 3 , x Zj) x Z}, the groiqi of symroetries of 

the square, the group of quatemioos with elements ±A| aod 

the following table of multiplicatioo (Table 11). 



Table II 
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-1 


t 


-1 


3 


-7 


k 


-A 


1 


1 


-1 
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— i 
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-3 


k 




-1 


-1 


1 
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-J 


3 


-A 
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1 
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—I 


-1 
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A 


-k 


-3 
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-» 


-» 
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1 


-1 


-A 
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-J 
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J 




-A 


k 


-] 


1 


i 


— i 


-j 


-j 
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A 


-k 


1 


-1 


-1 


i 


k 


k 


—A 


3 


-3 


—1 


i 


-1 


1 


-k 


-k 


A 


-J 


3 


i 


—i 


I 


-1 



Solution, a) Let ^e, a» 6 , c} ^ tbe eleoieots of the initial group. The 
elements a, ccao thus be of order 2 or 4 (see 83). Let us consider sooie 
cases. 

1) Amongst n, c there is an element of order 4. Hence the giveo 
group is the cyclic group Z 4 . 
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2) Tbe orders of elements a, b and c are cquaJ to 2. Lc,. = ft* = 
0 * B e. We are now looking for tbe clement conespoodiog to product 
oft. It is possible neither that ob a e (otherwise oft « and ft s a), oor 
that oft B u (otherwise ft = e), nor that oft s ft (otherwise o = e). There 
remams therefore only oft s Sxmiiaily ooe obtains ba = c, Qc = ca = b 
aod ftc = eft = a. The multiplication table is complete and we obtain (see 
6) tbe group of symmebies of the rhombus, isoroorphic to 2^ x Zg (see 
7 ^. 

b) Tbe elements ofthe group can be of order 1. 2, 3 or 6 (see 83). We 
will coQsidet scene cases. 

1) Siqipose that there exists ao element of order 6. Tbe given group 
is thus the cyclic group Zg. 

2) Suppose that all eleroents are of order 2. Thus the group is coni' 

mutative (see 25), anH if a and ft are elements of the group the 

elements {e, o, ft, ab) form a subgroup of it. This is not possible (see La* 
grange's theorem) and this case must be excluded. 

3) All elements are of order 2 or 3. aod there exists an elonent of 
order 3. Let a be the element of order 3 and c an element which is oot 
a power of a. Thus {c,ca, is a left cosets ofthe subgroup {e, a, a*} 
and tbe six elements e, o, o^, e, ca, ca^ are thus all distinct (see 82). 
We will prove that m this set of 6 elements there exists only ooe way to 
define a multiplication table. At first we prove that s e. Iq fact, it 
is not poss^le that c* = ca!' (otherwise c = fl*). If c* » a (or » a®), 
tbeo we should have e^ = cc^ = ca^c(occ^B ca^ ^ e), but we have 
supposed that all elements have order 2 or 3. Thus c? = e. Since c is 
an arbitrary dement which does not belong to the subgroup a, 

we also have rHai (cu)^ — e and (co^)* s e. In this way the product 
of all pans of die 6 elemeots of tbe groiqi has been defined. Indeed, 

o*o' * ica*)a' * = eo*-* * 

a‘{ca!) » c(«i‘)(ctf') = Consequently there is only ooe possibibty 

of eonstnictmg a multiphcation table in order to obtain a group. Heoce 
there exists only one group of 6 elements, with orders equal to 1. 2, and 
3. We know this group: U is the group of symmetries of tbe equdateral 
triangle. 

c) the elements of the group can have order 1, 2, 4, or 8 (see 83). 
Considn some cases. 

1) Suppose that there exists an clement of order 8. The given group 
is thus tbe cyclic group Zq. 

2) Suppose that all tbe elements difterent from tbe unit have order 2. 




Solutions 



121 



Tbe giveo group is thus commutative (see 25 ). In this case let a and ^ be 
two distinct eleoients of order 2 of tbe initial group. Thus ( e, a, 6, <i^}forTD 
a subgroup. If tbe elemoit c does oot belong to this subgroup then tbe 
elements 0Ci a6c} form a right coset of tbe subgroup {e,a,b, a&) and 
tbe 8 elements e, a, c, dC, 6c, are thus all distinct. Tbe products 
of these elements are weU defined, because tbe group is commutative snH 
a* = &* = c* = e (for example, {ac){<i6c) = - 6) Therefore if all 

elements have order 2 then there is only one possible group. This group 
is, in fact, (Z3 X Z^} X Z%. 

3 ) Suppose tbe element q have order 4 and that amongst the elements, 

different from the powers of a, there is an element b of order 2, i.e., 6^ b ^ . 
In this case {«, and are the two left cosets oftbe 

subgroup {e, d, d^},and the 8 elements that they contain are thus alJ 
distmct. We look for which of these elements may be equal to product 

It is possible neither that a6 » a* (otherwise b s a*"*) D(K ob = 6 
(otherwise a = ^. If ab a bd^then ab^ = ba^6and (since = c) a ~ ba^b. 
Thus one obtains the contradiction s (6a^6)(6d^6) « bd^o^b « 6b = e. 
This means that either 06^60,^06 = 6d^. 

Let us considra the two cases: 

a) o6 s bd. The table of multiplication is in this case umquely de* 
fined. Indeed, o^c' * o*(W) * bo**', (bo*)a' * ba^, (60*) (bd^ = 

We can therefore have only one group: this group, in ^t. 
does enst: it is the group Z4 x Zg. ^ oj and g are the unit and tbe 
generator ofZ^, aod /^the unit and die generator of Zj, then it sufiices 
to write a = (9,^9), b = (ei, A) for all the properties listed above being 
satisfied. 

j 3 ) ab = 6d^ Also in case the table of multiplication is uniquely 
defined. Indeed, oV , a*b = 6a», o‘(6o') « 

6o«*‘, {6o*Kfki') = 6(d*ba') * 6*(d«-^) = In this case we therefore 
have only one group. In foot, group does exist it is tbe group of 
symmetries of the square. It suffices to put a ~ rotation by 90 °, b = 
reflection with re^ct to a diagonal, for all tbe prop e rties listed above 
being satisfied. 

4 ) Suppose that there exists an element a of orda 4 and that aO 
ekments different from e, c, o^, are of order 4 as well. Lei b be an 
aibitiaiy element different fhwn e, a, o*. Thus tbe elements e, a, a*, 

6, 60, 60^, are all distinct. We look for which of these elements is 
equal to product bb. If is possible neither that = bo* (otherwise 6 s o*) 
nor b^ s e (because the order of 6 la 4 ). If b* b 0 (or 6^ b o^) one has the 
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contiadictioo 2^ s ^ s, Heoce ^ b Since & is ai) arbitrary elemeot 
diffeceol ftoro e, a, also (&o)* = (6a^)* = (6o*)* = a*. From the 

equality baba s s it follows that a6a = 6, = ba^ aiKl ab = 6a^ 

The table of multiplication is oow uniquely defined. Indeed, = a**' 

iba^W = = te". o*(^') = ba^*^, Iha/^W) * = 

Hence in this case we can have only one group. We 
can verify that our multiplication table in ^1 defines a gtmq). This grotq> 
is called the group of quaternions. It is better to denote its elements by 
the following notations: instead of g, o, g*, (p t, 6o, ba^, biP, have, in 
that order, 1, i, —1, k. Thus the multiplication by I and 

-1 and the operations with signs are the same as in ordinary algebra. 
Moreover, one has ^ = fp = -1^ \j = fc, jk = i, kj = — i, 

ki ^ j, ik ^ “j. The multiplication table for the group of quaternions is 
shown in Table II. 



93. Consider the vertex named A by the new notation. Its old nt^ 

tation was thus By the action of the given transformation this 

vertex is sent onto a vertex named, in the old notation, A^~‘(A) and, in 
the new notation, gh$“^{A). Siirularly in the new notations the vertex 
B is sent onto and the vertex C onto ^h5~*(C). Hence to this 

transformation there corresponds in the new notation the permutation 

94. ghg"^ b hjifandonly if ^ b Hence every element 

under the mapping one and only one image. It follows that ^^(A) = 
gkg is a bijeciive mapping of the group into itself Moreover, (A| Ag) e 

?(Aifta)s *' = gkiig ‘^)A 2 j*‘ = {ghiff ’HpAjj"^) » ^,(Ai)^s(A 2 ) TTius 
^ IS an isomorphism. 

95. Answer. The reflections with respect to all altitudes, 

9ti. Answer. The rotations by 12(P and 240*. 



97. Answer. Let us subdivide all the elcrrtents of the group of sym- 
metries of the tetrahedron in the following classes: 1) e; 2) all rotations 
different from e about the altitudes; 3) all rotations by 180* about the 
axes through the middle points of opposite edges; 4) all reflections with 
respect to the planes through any vertex and the middle point of the 
posite edge; 5) all transformations generated by a cyclic permutation of 

ABC 



the vertices (for example. 



BCD 



i) 



). Thus two elements can be 



transformed one into another by an internal automorphism of tbe group 
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of synunetiies of the retrabedroo if ai>d ooly if they belong to the same 



In the group of rotations of the tetrahedron 4 and 5 are absent, 

whereas class 2 splits into two subclasses: 2a) all the clockwise rotations 
by 120^ about the altitudes (looking on the base ofthe tenabedroo froui 
tbe vertex from which tbe altitude is drawn); 2b) all rotations by 240^. 

Solurion, Let (he elements of tbe group of symmetries ofthe tetra* 
bedron be divided into as explained above. Such classes are cha- 

racterized by the following properties: all elements of 2 have order 
3 and preserve the orientation of the tetrahedron; all elements of 

3 have order 2 and preserve the orientation; ah elements of 4 have 

order 2 and change the orientation; ah elements of the 5 have order 

4 and change the orientatioru Since an internal automorphism is an ist^ 
morphism (see 94) two elements of different order cannot be transformed 
oike into the other (see 49). Moreover, h and gh^~^ either both change 
the orientation or both preserve it (it suffices to consider two cases: when 
g changes and when g pre s erves tbe orientation). Consequently two el^ 
ments of distinct clases cannot be transformed orte into the other by an 
internal automorphism. 

Let hi and be two rotations by 18C^ about two axes through tbe 
middle points of two opposite edges and let ^ be a rotation sending the 
first ans onto tbe other. Thus tbe rotation ghig“' serkis (he second 
axis into itself without reversing it. Moreover. ^ e (otherwise 

hi = g~'‘eg = e). Hence coincides with Aq. Therefore any two 

elements of class 3 can be rransformed one into (he other by an internal 
automorphism in the group of rotations (and therefore lo the group of 
symmetries) of tbe tetrahedron. 

Let hi Ag be two reflections of tbe tetrahedron with respect to 



two planes of symmetiy and let p be a rotation sending the first plane 
onto tbe second one. Thus as before we have gh\g~^ = Ag. 

IfjiA^f* a AiandpjAft* * AgthenA » * 

Ag. Hence (s 85 “*)Aj( 32 pi'*)~* » Ag. It follows that if A can be trans- 
formed either into Ai or into Ag, then Ai and Ag can be tiaosformed one 
into tbe other. Therefore it suffices to show that any element of a given 
can be sent into all tbe other elements of the same class. 

f A B C D \ . , . 



Let a a 



be an element of the 5 and let 



(ta 1 ,.., ,5)be the rotatioos such that ^ ^ O s)’ 
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' A B C D\ 


f ^ 


BCD 


ffa = 1 


^ADBC)‘ 




B D A 




{ A B C D\ 


/ A 


BCD 


9i = 1 


[ B D C A )' 




ADC 


(verify) tbe elements (i * 


i 1 * 4 » 


,5) form. 



Ut b 



*•’ u» • 
=( 






tbe rotation of tbe tetiahedron by 



the second rotation about the same altitude; s ^ 

( 



K U 



and 



let be (be rotation = 



tbe element q, tbe entire 5. 

A B C D 
A C D B ^ 

120^ about the altitude drawn from vertex A We will prove tbat in 
the group of syminefries of the tetrahedron this rotation can be sent by 
internal automorphisms to aH the other rotations about the altitudes. 
Because of symmetry it suffices to prove that b can be transformed into 

A B C D 
A D B C 

well as into an arbitrary rotation about a di0eren( altitude, for example 

S C D \ . ^ ... ^ f A B C D 

B A c J La SI b' ( 4 B D C 

A B C D\ 

B C A D ) 

Thus s 6* and = c. 

However, if we take as g only one rotation of (be tetrahedron, then 
it is easy to verify tbat a counterclockwise rotation by 120^ about one 
altitude (looldng on the base of the tetrahedron from tbe vertex from 
which ahitude is drawn) cannot be fransformed into the rotation by 
240^ about the same altitude. Indeed, tbe rotations by 120^ about the 
altitudes can be fransformed only into rotations of 120^ about altitudes, 
and tbe rotations by 240^ can be transformed only into rotations by 240^. 

s B &a. Since is an isomorphism (see 94), 

and Ui have the same order (see 49). 

99. Hint. In this case fc^ every element a of the subgroop N and 
every element g of tbe group G the element gag ' = agg ‘ = a belongs 

to N. 



100. Afistver. Yes. Verify tbat for every element g of the group of 

symmetries of tbe square geg~^ s e ai>d s o 

101. Suppose tbat tbe left and tbe right partitions coincide. Let u 
be an aibitiary element of N and g an aibifrary element of the group G. 
Since the classes gS and Ny have the element g in common, tiiey must 
coincide. Hence the element which belongs to also belongs to 
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Ng, there exists ao elemeot 6 io such that ga — bg. Hence (be 
element gog~^ belongs to N and (h e re fore is a normal subgroup of the 
group G. 

Let now A' ^ <2 oormal subgroup of tbe group G. We will prove that 
gN B Ng foe every elemeot g of the group G, Let ^ be an arbitrary 
element of gM, Thus gag~' s &, where ^ is ao element of A^ Thus 
ga sbg and it follows that ga (aod therefore the entire gN) belongs to 
Ng. Now let be an arbitrary element of Ng. Thus * d, 

where d ^ element of N. Hence eg b gd eg (and therefore tbe 
entire belongs to gN So pA^and coincide. 

102 . HinL lo case both the left and the right paititioos contain 
two classes' ooe is the pven subgroup, the other cootams all the remaining 
elements. See Theorem 2 (§1.10). 

103. Let Nj , Ni , ^ normal subgroups of tbe group 

G aod A' their intersection. If a is an arbitrary element of N then a 
belongs to all the Nfi, Hence if p is an arbitrary element of foe group G 
then belongs to all foe N,s and therefore to N. Ibis means that 

A' is a normal subgroup of G. 

104. Let ^ be ao arbitrary element of the group G. Since eg = ge, t 

belongs to tbe centre. If a belongs to (be centre then ag b ga. Multiplying 
both members of this equality by 00 tbe left one obtams pa~* b q~ ' g. 
Thus belongs to the centre. If a 3^ ^betxig to foe ceohe then 

ag s ga bg b gt. Therefore g{o 6 ) = {ga)b = a(g&) b {ab)g and thus 
ah belongs to (be centre. By virtue of (he result of Problem 57 the 
centre is a subgroup. 

Let a be any elemeot of the centre and g an arbihary element of foe 
poup G, Thus foe element gog~' = agg~^ = o, too, beloop to the 
centre. The centre is therefore a normal subgroup. 

105. Let ^ 1,^3 be two arbitrary elements of /Vi and Ni, and gi, 93 

be two arbitrary elements ofGi and respectively. Thus foe element 
giA|gf ^ belongs (o Ni, whereas foe element belongs (o N^. Con* 

sequently the element (flj, Mls'S ft' * Ui^ii»J^)( 3 r'»ft'') = 
(giAi,9r*« to x A'j. It follows foat N, X N^ it ^ normal 

subgroupof X 

106. Since 3^1 belongs to the class 2 ^A^, iTj also (by hypothesis) belongs 
to the class XiN. This means that there exists in W an element h| such 
that Xy s Xihi. Snrularly we obtain foat there exists 10 W an element 
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such that = yih 2 - Since ^ is a oormal subgroup jV^t — 

Hence there exists in N ao eleioenl hj such that hjyi = Therefore 
IjV? ®= =a;;j;iA9h3. Since the element belongs to N 1,3/1 

and 3;3f2 to the same coset 

107. Let a, 6, and c be tbe elements aibiuaiily cboseo in Ti,T), and 

Tsi lespectively. By the definition of oujliipUcaiioD of cosets> (T|T2)Ta 
and T](T3T3) axe the cosets coataioiog ibe elements (ob)c and 
specdvely. Since (afr)c s a{bc), » T,(TiTi)^ 

108. Him. Take e as a repcesentant of class E. 

109. Hint Let <ibe an arbitrary element of class 7. Take as the class 
X** the coset containing the element a 

110. It is easy to verify (see table 2. |l.ll) that * B* s C* * 
Hence this quotient group is isomorphic to the group of symmetries of 
the rhombus. 

111. We will show only the normal subgroups different from {e} and 
the whole group; 

a) see 58 (1)> 95, 102. Answer. Tl>e normal subgroup is the 

group of rotations of tbe triangle; the corre sp onding quobent group is 
isomorphic to Z». 

b) see 99 , 74, 75, Let {cx,c} x {ea,d} be the given group. An- 
rwer. The normal subgroups are: l)((ei,ej), (c,«j)}; 2){(Pbea), (ei,d)); 
3] {(e,,^),(c, d)}. corresponding quotients groups are isomorphic 
to Zj. 

c) for the notations see examples 3,4 (|1.1). If a normal subgroup 
of the group of symmetries of the square contains tbe element 1/ or the 
element c, then it contains every subgroup of tbe group of rotations of 
the square. We obtain in this case the normal subgroup [e, a, c) (see 
102), and the quotient group Zj. 

We have bdb~^ a J and s i Thus if one of the elements d*/ 

belongs to ibe normal subgroup tbe other one also does. Since = a, in 
this case the element a also belongs to tbe normal subgroup. We obtain 
the normal subgroup {e, o,d, /} (see 102), and the quotient group Z^. 

Since = h, bhb~^ = $ and hp = n, we oblain, as before, tbe 

normal group [€,Q, 9, A} , and the quotient group Zq. 

If. on Ibe contrary, the normal subgroup does not contain Ibe elements 
6, c, d, f, 9, A, then it coincides with the normal subgroup {e, 0} , and tbe 
correspooding quotient group is isomorphic to x Zs (see 100, 110). 
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Ans\ver. The Donnal subgroups are: i) 2) 3) 

{e,o,^»h}; 4) The quotient group in tbe cases 1-3 is isomorphic 

to Zf , io the case 4 to Zj k Z^. 

d) Let -fc) be the given group. If h is an ar- 

bitiary elenieot, different from 1 and -1» then fi* = — l. Hence every 
normal subgroup difrerent from { 1 ) cooiains the element -1, We ot> 
»3ir> the first normal subgroup, which consists of elements (1, -1}. The 
partition by subgroup is shown in table 12 



Thble 12 



1 

-1 


t 

-i 


S 

-J 


IT 

-ft 


t 


A 


U 


T“ 



Since 4* = = -1, one has A* * B* * C* * £ and there- 

fore the quotient group is isomorphic in this case to Z} X Zj. Since the 
element -1 belongs to every (ooo*trivial) subgroup both elements t and 
— i either belong or do not belong to a normal subgroup. This holds 
for ^and — j,as well as for fcand Since a (noo-trivial) normal suth 
group in the group of quaternions can contain only 2 or 4 elements (see 
Lagrange’s theorem), we obtain again only 3 normal subgroups (see 102): 

Tbe quotient groups in these 

cases are isomorphic toZ^, 

Answer. The normal subgroups are: 1) {1,-1}; 2) {1, 3) 
{l,-l,j,-j}; 4) {l,-l,*!,-fc}. The quotient group in the case 1 is 
isomcrphic to Z? x Z; snd in the cases 2>4 is iaomorptuc to 

112. a) See 99, 60. Let n = dk. The partition of tbe group ^ 
{e, c, , . . , , ft" ‘ } by the subgroup [e, o“, , . . , is represented 

in Table 13 (f takes all values from 0 to ft — 1). Element abelongs to class 
Ai and the minimal positive integer rn such that o'" belongs to E 
is equal to d. Hence the order of the element Ai ic Ibe quotient group is 
equal to d and therefore the quotient group is isomorphic to Zj. 

Tuhle 13 



4* 




... 


\ b At 1 4? 1 


... 4^1 



b) See 99, 61. Table 13 shows the partition of the group Z « 
{. , . ,a-^ 0 -* a\a^, . } by the subgroup {. . , o"". a-“, c, a*, , . . } 
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=( 



and 



are two cotadoos about the altitudes from the 



(1 =0,dl,±2, . ). As in the case (a) ooe obtains that the quotient group 
is isomorphic to Z^. 

113. See 97. A set of rotations is a normal subgroup of the group of 
rotations of the tetrahedron if and only if it consists of some one of the 

given in the solution of Problem 97 (for the group of rotations) 
and it is a subgroup. If a normal subgroup contains one rotation (by 120^ 
or by 240^ about one altitude of the tetrahedron, then it also contains the 
other rotation about the same altitude and hence it contains all rotations 

about all altitudes of the tetrahedron. lfo=^^ ^ ^ 

A B C D 
C B D A 

points A and B. respectively, then ^ ^ ^^rsa rotation 

by 180^ about the axis through the middle points of the edges AD and 
BC. Hence in this case the normal subgroup contains all rotations by 180^ 
about the axes through the middle points of opposite edges, and therefore 
it coincides with the entire group of rotations of the tetrahedron. 

In this way in the group of rotations of the tetrahedron there is only 
ooe normal subgroup (non*trivial): it coosisb in the identity and in the 
three rotations by 180^ about the axes through the middle points of the 
opposite edges. H>e quotieru group by this oormal subgroup contains 3 
elements, and is thus isomorphic to Zj (see 50), 

114. Let he an arbitrary elem^i ^ 

bitrary element ofGi x {e*}. Thus ibe element (pi,fc> (p3, 93)"' = 

(see solution «9) s {gx93,fy) * 

{e}. Hence Gj x {e} is a oormal subgroup of G| x Gj. 

Lei (t}i,a) be an arbitrary element of tbe group Gi X Gj. 
for which of the cosets of tbe oormal subgroup G\ x {f) contains this 
element. If we multiply the element (pi, d) by aH elements of the normal 
subgroup G) X (e} (for example, on the right) we obtain all elements of 
the type (y, o), where g runs over all the elements of tbe group Gi . We 
denote this coset by In this way tbe cosets of tbe normal subgroup 

^ {^} ^ coses of type T^, where a runs over all the elemeno 
of the group Gj. Since (ei,a), (et,b) and («i,a6) belong to c l asses T^, 
TidttdT^, respectively, and we have that (ri,s) • (ei,6) s (ei,a&), iben 
B 7^. The bijective mapping ^ of the group G) in the quotient 
group such that ^a) = Ta for every a it) ^ isomorphism, because 
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= Tg ' Id way tbe quodeni group of the 

group Gi >< G? by the oormaJ subgroup G] X {e} is isoroorpbjc to G 3 . 

115. See 57, The coounuUDl obviously possesses the property 1 

stated ID Probleoi 57. 2) icc~'e~' = e, therefore f. beloogs to the cun>' 
nmiant. 3) If J; is the comiDututor ata~*6~*, » (afca"*6”')~* = 

(see 23) = ie., A’* is a commutator. By tbe definition of 

tbe conuTUJlaDt> each one of its elemeots 0 be written in the form 
0 = Ai ■ hi ' . . . ■ kn^ where ah tbe A, a are commutators. Thus = 
(fc| ’Aj'.. . 11 ^)*' » ifc^' Since all tbe AT * 6 are commutators 
a~^ belongs to tbe commulant, 

116. If is an arbitrary element of the group and A is the commutator 

tbeo gkg~* is a commutator, indeed: 

ghg ^ = gaba-^b~^g~^^gn{9-^g)b(s'^9)a-^(g-^S)t-^g-^ 

If ais an arbitrary element of the commulaot> then a s k^ ‘kj' . . . ‘kn, 
where all the Ajfiare commutators. Thus — ^(Ai 'A 2 ' > . . ' = 

'9)'* • ' • = (9^19 ■')(?%■*) ' > • ^ “ 

product of commutators and therefore it beloogs to tbe commutant. Since 
^ is an arbitrary element of the group we obtain that the commutant is 
a Qormal subgroup of the group, 

117. Hint Show that = f if and only d ub = la. 

118. a) Since the group of symmetries of tbe triangle is not commula* 

bve its commutant is different from If^is any transformation of tbe 
triangle then both g and g~* either reverse or do not reverse tbe triangle. 
Hence tbe product either 0. or 2. or 4 factors revers* 

ing tbe triangle, and therefore the element ^ never reverses the 

triangle, ie., it is a rotation. The commutant thus coo tains only rota* 
Dons, Since tbe commutant is different from {e| and it is a subgroup, it 
follows that (see 58) the commutant in the group of symmetries of the 
triangle coincides with tbe subgroup of all rotations. 

b) As in tbe case (a) we obtain that tbe commutant is different from 

and it cc^taios only the rotations of tbe square. If ^ is any transfor* 
madoo of the square, then both g and j)~* either exchange the diagonals, 
or fix them. It follows that the element fixes tbe diagonals. 

Moreover, each commutator, being a rotation of tbe square, coincides e^ 
ther with e ^ with the central symmetry a. Thus tbe commutant can 
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cootain ooly the elemeoB e a; diffeceol from ^ , it (bus cwiddes 
with tbe subgroup ofcralral symiDetries (e,o}. 

c) The elements 1 aod -1 commute with all the others elements of the 
group of quatemioos, Heoce if one of the elements comcldes with 
1 or -1. then = 1 . If j is an arbitrary element different from 

1 and -1. then g* (— g) = — 5 ^ = ""(""I) 5 ”^ = —g. Therefore 

if Pi, p 9 are any two elements different from of 1 and - 1 , = 

PlP 2 (— ^ ~ square of every element in tbe group of 

the quaternions is equal to 1 or to -1. Hence tbe commutant can contain 
only the elements 1 and - 1 : because tbe group is not commutative, it 
must be different from 1. It follows that tbe commutant is {1, -1). 



119. By the same arguments used to scive Problems 118 (a).(b) we 
obtain that tbe commutant in the group of symmetries of tbe regular 
f^gon contains only the rotations. 




Figure 41 




Let ft be odd and let a be the reflection of the n-gOQ with respect 
to axis I (Figure 41), b the counterdockwise rotadon of the rt-goo by 
tbe angle x ~ Jl/n (sending A onto Bf Thus the rotation 

of the ft'gnii sending (verify) B on C. ie., tbe counterclockwise rotation 
by 2ir/n. Since ibe commutant is a subgroup we obtain Ibat for rt odd 
It contains tbe rotations by all the angles which are a multiple of 2 ’r/n. 
Since tbe commutant contains only rotations of the regular n-gon, for n 
odd it coincides with the subgroup of aU rotations of tbe regular n'gOO, 
isomorphic to (see 31). 

Now let n = 2i^. Inscribe in tbe regular n>gon a A«gon, joining the 
even vertices. Joining tbe odd vertices, we obtain a second regular i^gon. 
If ^ 15 an arbitrary vertex of tbe n-go&, both transformations g and g~‘ 
either exchange or fix the two k-goos. Therefore the element 
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seods every i^gon into itself. Consequently for n = the commutajU 
can contain only rotations by angles which are a multiple of 2v/k. c 
be the rotation of the regular n*gDD by 2x/n^ d tbe reflection with respect 
to the a:us m (Figure 42). 

Thus cdc~*{J“* is the rotation sending (verify) the vertex C onto B, 
le.. the countercloctwise rotation by 4ir/n = it/k. Hence the commu* 
tant contains all rolaiioos by angles which are a multiple of ^n/k, and 
only them. It is the subgroup of rotations of tbe plai>e sending every 
regular ^gon into itself. Tliis group is isooiorphic to Z* = Zn/j. 

120. Let lb, T7J be the axes through the middle points {K.L.M. 
respectively) of the opposite edges of the tetrahedron. Join the points 
Ki L, M so obtaining the regular triangle KLM. Fee an arbitrary rota* 
tion of the tetrahedron, either each one or none of tbe three axes 
fixed (verify). If we put the permutation of the axes b, m, n io correspon* 
dence with the permutation of the vertices AT, Af, L of the triangle KIM. 
we obtain that to every rotation of tbe tetrahedron there corresponds a 
transformaiioo of the triangle KIM, which is in fact a rotad<m of the 
triangle. Hence to every commutator in the group of rotations of the 
tetrahedron there conesponds a commutator in the group of rotations of 
the triangle KIM. Since the group of rotations of the triangle is com* 
mutative, every commutator in it is equal to e. Thus every commutator 
in the group of rotations of the tetrahedron must fix every one of tbe 
three axes k, 1. m. Therefore tbe commutant in the group of rotations of 
the tetrahedron can contain only tbe identity and the rotations by 18C^ 
about the axes through the middle points of tbe opposite edges. Since tbe 
group of rotations of tbe tetrahedron is not commutative, its commutant 
is di^ereni from the commutant being a t>ormal subgroup, by 113 it 
coincides with the subgroup containing tbe identity and all the rotations 
by 18C^ about tbe axes through tbe middle points of the opposite edges 
of the tetrahedron. 



12i. See solution 113. 



122. Both symmetries of tbe tetrahedron g aixi g * either change a 
fix the orientation of the tetrahedron (see solution 67). Thus every com* 
mutator preserves the orientation of the tetrahedron. Con* 

sequently tbe commutant in the group of symmetries of tbe tetrahedron 

ABC 



contains raly the rotations of the tetrahedron. If a s 



A C D 
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are two synunetries of the tetrahedron, then 



D 

C 



is a rotation about the ans through ibe 



vertex A. Since the commutaht is a norma] subgroup (see 116 aitd 121) 
the conunutant in the group of symmetTies of the tetrahedron coincides 
with Ibe subgroup of roladoiis. 



123. Ajtswer. 24. For the cube; 1) the identity: 2) ibe rotanons 
(they are 9) by 90^, 180^, and 270** about the axes through the centres 
of opposite faces; 3) the rotadoos (6 in total) by 180^ about the axes 
through the middle pints of opposite edges; 4) tbe rotations (8 in total) 
by 120^ and 240^ about of the axes through opposite vertices. 



124. If we join the centres of the adjacort faces of the cube we obtain 
an octahedron. Unis to every rotation of the cube there corresponds a 
rotation of tbe octahedron and vice versa. Moreover, to every composi* 
tion of two rotations of the cube there corresponds a composition of two 
rotations of the octahedron and we obtain an isomorphism of the group 
of rotations of tbe cube in tbe group of rotadoos of tbe octahedron. 



125. If we fix Ibe position of the cube and we consider as different two 
colourings for which at least one ^ce a different colour, then there 
areinall6*5 4*3*2s 720 colourings; indeed, by tbe first colour one 
can colour any one of tbe 6 faces, by the second, any one of the remaining 
S. and so on. Since for every colouring one obtains 24 distinct cc4ouiings 
by means of rotations of the cube (see 123), we have in all 720/24 s 30 
ways of colouring tbe cube. 

Ibere exist only 4 rotations transforming a box of matches into itself: 
tbe identity and tbe three rotations by 18C^ about the axes through tbe 
centres of opposite faces. Hmce we have 720/4 s 180 ways of colouring 
a box of matches with 6 colours. 



126. Answer, The group of symmetries of the rhombus and tbe group 
Z? X Z2. 

127. Mins, a) See 57, b) Use tbe result that both g a»i either 
exchange the letrahedra or fix them. 

128. The rotations g and of tbe cube either both exchange tbe 
letrahedra ACBfD^ and AiC\BD Figure 8) or fix them. Thus each 
commutator transforms every tetrahedron into itself. Hence to every el* 
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eroeni of ibe commutaDl of the group of coialioos of the cube there cot* 
resp«>ds a rotation of ibe tetrahedron ACBiDi 

Let a be a rotation of tbe cube by 90^ about ibe axis through tbe 
centres of the faces ABCD aitd AiBiCiD] and such that the vertex B 
is sent <rato A. Let b be tbe rotation of the cube by 120^ about the axis 
through tbe vertices Ai Ci such that tbe vertex A is sent onto 
D|. Tlius tbe rotation abo~‘6~' sends the vertex A onto itself (verify) and 
the vertex A| onto D. i,e.> it is a nco*trivial rotation of tbe cube about 
the axis through tbe vertices A and C\ ■ rotation is also a rotation 
of the tetrahedron ACBiD\ about tbe axis through the vertex A Now it 
is easy to show (see 121) that the commulant in tbe group of rotations 
of the cube contains all tbe rotations fixing tbe tetrahedron. But since it 
contains <Kiiy these rotations, tbe commutant in tbe group of rotations of 
the cube is isomorphic to tbe group of rotations of tbe tetrahedron. 

L29. Let A and B be rwo arbitrary cosets and a, b their representant. 
Since tbe element belongs to the commutant, — E 

and therefore AB s BA. 

130. Let a, 6 be two arbitrary elements of the group and let A and B 

be tbe cosets to which they belong. Since AB s BA then ADA 'D~^ ^ 
E. Tlie commutator therefore belongs to a oormaJ subgroup 

N. In this way all the coounutators belong to N and hence N is tbe 
commutant. 

131. Let hi, hs be two arbitrary elements of N and g an arbi* 

trary element of the group G. Since // is a rmrmal subgroup tbe el* 
ements and ' belong to N. Thus s 

X [gAj * 5 ”*)”' a commutator in the normal subgroup N. ie., it belongs 
to K(N). Hence K(N) is a normal subgroup of tbe group G. 

132. Let and be two arbitrary elements of the group F. Since 4> 

is a surjective boroomorphism of tbe group G onto the group F there enst 
two elements Pi and of tbe group G such that ^(pi) = f\ and = f%. 

Thus one has /i/j = = ^ipj) = = h'h- 

This means that the group F is commutative. 

Tl>e converse pcoposiiioD is not true: see Example 12 in §1.13. 

133. Let ^(€c) s T. TTius x r - « ^(ecec) * * x. 

Therefore x • X ^ X and x — 
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134. ^(a)^(o-‘) = = ^(ec) = 1^) = ej». Hence 

135. Let a sad b be two aibilrary elemeots of the group G. Thus 

136. if ^(o) s A and b B. then ^(o) • s A -B s (by the 
defmitioo of cosets) s 

137. See 57. 1) If a and b belong to kec then ^(a) s 4(b) = e/p 

and ^(q&) = ^(o}^(6] ss = ep. Thetefore also belongs to kec^. 
2) ^(e^) = (see 133) * gp, so belongs to ker 3) If ^(a) b cp then 
^a~') s (see 134) s [^(a)]''’ = = ep. Hence if a belongs to kec ^ 

q~l also belongs to it, 

138. Lei a be an arbitrary eleiDent of tbe kernel ker^. and g an 

aibitimy element of the group G. Thus ^(o) s ep and s 

»(see 134) b * ep. Hence the element 

gag~^ also belongs to kec^, and therefore kermis a normal subgroup of 
the group G, 



139. Suppose that the two elements and ^ belong to the same 
coset pker Thus th^ exist lo kec i twoelemeots ri and T 2 such that 
^ and p 2 * gn. Thus * ^(pn) * ^{j)^(ri) * 4{9)ep = 

versa let s In case we 

(see 134) = [^(p,)j-V(5i) = >^««« 

Pi ^p 3 — ^1 '^'hece r is an element of the konel ka^. It follows that 
P 2 = Pir and both elements and p; belong to the coset P|kec 4. 



4id)4{ri) = tf(pr*) = ^(ps) ''ice 
4(97^92) * ^(pT )<K9i) * <s 



140. Let / be an arbitrary element of F. Since ^ is a surjective 
mapping, there exists an element a of the group G such that (^(a) = /. 
Let A be tbe coset containing a. Thus by defmition — $(o) ^ /. 



141. Let ^(A) = and let a, b be two elements, repreaentant of 
the plag^ A and B. Thus ^a) = ^(A) = — ^(^)< H follows (see 

139) that A s 



142. Let A and B be two arbitrary cosets and n and h tbeir repre* 
sentant elements. Thus element ab belongs lo tbe coset AB. Applying 
tbe definition of the mapping we obtain ^(AH) s ^(o6) ■ (sincs 4 
is a homomorphism) ^(a) * * \^(A) ' T^ mapping being 

bijective (see 141). is an isomorphism. 
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143. Let be tbe three axes through the middle poutis of op- 

posite edges of the tetiabedxoo. By every symmetry of tbe tetrahedron 
these axes are permiJled io so m e w^. i,e,> we obtain a mappiog if>i of the 
group of symmetries of the tetrabedroo in tbe group of permutations of 
the three axes Jc, l.m. This mapping is a mapping onto tbe endie group of 
these permutanons. because (verify) every permutatioo can be obtained 
by a suitable symmetry of the tetrahedron. It is easy to see that for 
any two symmetries g, and permutadon of tbe axes A, m corr^ 

spocdiog to tbe symmeny is the composidon of tbe permutations 
correspondiog to symmetries and ie,> ^ 

follows that is an isomorphism 

We put every symmetry of tbe equilateral triangle KIM in correspoo 
deoce with every permutadon of tbe axes fc, In a natural way. We 
obtain an isomorphism ^2 group of tbe perrrujladons of tbe axes 

Tntriio tbe group of symmetries of the triangle KIM. 

The mappiog ^4>\ is a suijecdve boroomorphism (see 135) of the 
group of symmetries of the tetrahedron onto tbe group of symmetries 
of ibe triangle KLM. Tbe kernel of Ibis homomorphism contains all 
symmetries of tbe tetrahedron that send each of the axes Ic. l.m into itself. 
Such symmetries are the identity and tbe cotadons by 180^ about the axes 
Ar, F rom Ibe result of Problem L38 and Theorem 3 we obtain that 
these symmetries form a normal subgroup in tbe group of symmetries of 
the tetrahedron and that the corresponding quodeot group is isomorphic 
to tbe group of symii>etries of tbe triangle. 

144. Lei A, I, m be the axes through the centres of opposite faces of 
the cube. As in the soludon of Problem 143 we define an isomorpbism 
of the group of cotadons of the cube in tbe group of symmetries of tbe 
equilateral triangle KIM. Tbe kernel of this homomorphism contains all 
cotadons of tbe cube that send each of tbe axes Ir, m iotc^ itself. Such 
rotations are only Ibe idmdcal transformadon and tbe eolations by 130^ 
about tbe axes A, l.m. From the result of Problem 138 and Theorem 3 we 
obtain that these four rotations form a normal subgroup in tbe group of 
rotations of the cube and ibe corresponding quotient group is isomorphic 
to the group of synunetries of the triangle, 

145. Denote by the counterclockwise roladoo of ibe plane around 
ibe point O by an angle ft. Tbe mapping ^(fo) « is a homomorphism 
of the group R into itself, because 
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and foe every roUtion there exists a rotatioo such that ;^(r0/n) = 

The kernel of the homomorphisai ^ contains all rotadocs such that 
TiQ = 2irk, i.e,, a m 2tTi^/n. They are the rotations of the plane that send 
the regular n-gon onto itself and only them, Fhom the result of Problem 
138 and H>eoreiD 3 we obtain tbe proposition that we bad to prove. 

146. Let and ^ be tbe natural homomorphisms of tbe groups 

Gi ^nd onto the quotient groups Gi/Ni and respectively. 

Let ^ be the surjective mapping of the group Gj X Ga onto tbe group 
(G,/iV,)x(G3X^/a)»cb that = (^(pi),^(pj)), Tltis mapping 

is an hooiooiorphism: indeed: 

^igi . 9i) ■ (». ft )) = fetf4)) = (^i (ft ft) 1 

The kernel of tbe bomo morphism ^ contains all pairs sucb that 

^((ft'ft)) ^ El and are tbe unit elements in tbe 

quotient groups G\/^i and GifN^, respectively. Since = 

(^1 (ft ) I (ft)) kernel of the homomorphism ^ is tbe subgroup x 
Ni. Prom tbe result of Problein 138 and from Theorem 3 we obtain tbe 
statement which we had to prove. 

147. Yes, it b possible. For example, the group = {e, a, o*»c*) 
and the group Zj x Zj contain the normal subgroups {e, and x 
{c3}i respectively, which are isomorphic to group Za. The corresponding 
quotient groups, too. are isomorphic. 

148. Yes, it is possible. Foe example, the group Z4 X Z^. The 
group Z4 = {e, a, 0^,0^} contains two isomorphic normal subgroups: 
(ei) X Z 12 and {ei,a^} x and the corresponding quotient groups 
are respectively fZ^ x Zj)/(fei> X Z®) a (Z4/{ei)) x (Za/Zj) 2 Zi a^‘d 
(Z, X Z,)/((fi,a») X {ea}) 2 Za Zj 

149. Yes, it b possible. An example of an infuiile group of this type 
is given in Problem 145. where R/Z% ^ R and, evidently, R/{e) ^ R. 

An example of a finite group b given by the group Z| x Za> which 
contains two normal subgroups of the type Z4 x {ej} and Za X Za, whose 
corresponding quotient groups are isomorphic to Za 146). 
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150. Sa 57. Suppose that f, and belong to Hus roeaDS 

that in H there exist two elements hi and such that ^(hi) = /i and 
^{hi) = f%. Thus ibe element belongs to H and = (since 

is a homooiorphism) = ^(A|)^A]) — / 1 / 2 . 1 * follows that / 1/3 also 
belongs to 

2) Since e<; belongs to H and ^(e^) = tf (see 133) ep belongs to the 
image ^(/(joftbe subgroup H. 

3) Suppose that the element / belongs to This means tbat in 

H there ensts an element A such that ^(A) = /. Ibus A~* belongs to 
H and = (see 134) = [^(A)]'^ * /'*• Hence also belongs to 

151. See 57. 1) Suppose that and pj belong to Hiis 

means that the elements ^(pi) = Ag and ^(p^) = A^ belong to H. Thus 
AiA^ also belongs to W and ^ipj) = ^(^i)^(pa) = A|A*. Hence pip* 
belongs to 

2) Since ^(e^) = ep (see 133) and gp belongs to H, then ec belongs 
to^-‘ 

3) Suppose that ^belongs to This means that the element 

^p) 3 Ai belongs to H. Thus the element A~' also belongs to H and 
0-'(p) = (see 134} = Wp)|‘^ = A* '.Hence 9 "' belongs to 

152. Let a be an aibitiaiy element of ^ ^{NY Hus means ibat the 

element = A Xiongs to N. If p is an arbinnry element of tbe group 

G and ^(p) = /, then = (see 154) = [^(p)]"' = Thus tbe 
element ^[pap”') * ^(p)^(<j)^(p~*) — /A/”' belongs to N. because N is 
a normal subgroup of the group F. The element tjag~* therefore belongs 
to and (/V) is tbus a normal subgroup of the group G. 

153. If Pi and p 2 are two arbitrary elements of tbe group G and 

^(pi) = /i, = A. * /r', ^Pj‘) = 

It follows that ^(pipspf’p;^) = ^0^(pa)i(pi ^}^(pa’’) = AA/i ‘/a*’ 
ie.. the image of every commutator of tbe group G is a commutator 
in F. Every element of tbe commulani Kj can be written in the form 
Ai * A; * . . . ' Ab, where each A; is a commutator. The element ' 

Ak) = <KA|] * ^(As) * . . . < ^An) is a product of commutators in tbe group 
F, and therefore it belongs to the commutant K^, It follows also that K] 
is contained in ' (iTj). 

154. Let a 3^ arbitrary element of Hiis means tbat in 

N there exists an element A such tbat ^(A) = c. / be an arbitrary 
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element of the group F, Since ^ is a sufjecUve homomorphism there exists 
in ibe group C an etemeot 9 such that = f, Ihus = J“* (see 

134) and i^[gh9~^) = Jaf' Since is a normal subgroup of the group 
G ibe element faf~^ belongs to and^(AT) is thus a normal subgroup 
of Ibe group F. 

155. Let ^ an arbinary commutator in F. Since ^ 

is a surjective homomorphism there exist in ibe group G two elements 
ffl and p} such that = /j, and = /$. Thus (see 134) 

4pr') = ') * ^ = /i/t/rVi ‘. Skjce the 

element belongs to Xi commutator f\f\fy '/a * Xiongs 

to ^(K|). But ^ ^ subgroup rdF (see ISO) and contains 

all commutators, ^^(* 1 ) contains ibe entire commutant K'i- On tbe other 
hand, is contained in ^^2 (see 153), Hence 

The equality Kj = does not hcdd in general. Foe example, 

the mapping tp of the group Zg = {ei , n} into the group { e^} consisting c^ 
a sole element, such that ^(et) = S 3 ^ 12 ^ s ^ 2 t ^ ^ surjective bomc- 
morphism. Ctoehas Ki = {ej}, Kj = {ej}, and s (ei,c) ^Ky. 

156. Answer, a) Yes; tbe group is commutative; b) yes (see 118); 
c) yes (see 118); d) yes (see 118); e) yes (see 120 ); f| yes (see 122 and 
(e)); g) yes (see 118 and (e)). 

157. A given face can be sent onto any one ofthe 12 faces in 5 distinct 
ways. 

Answer. 60. 

158. Answer. 1) 1; 2) 24; 3) 20; 4) 15, 

159. Let I) and ^ be two axes ofthe same type. (ie,. two axes either 

through the centres of opposite faces, or through opposite vertices, or 
through the centres of opposite edges). There exists a rotation g of the 
dodecahedreo which sends Ibe axis to tbe axis If a is any (non- 
trivial) rotation about fg then the rotation sends (verify) tbe axis 

to itself, without reversing it, Tbe element is not the identity, 

otherwise a = gg~^ s f should be tbe identical rotatioD about the ans 
HeiKe if a normal subgroup in the group of rotations contains one rotation 
about one axis then it contains at least one rotation about every one of 
the axes of the same type. A subgroup of rotations of the dodecahedron 
about one axis have an order (according to the type of ams) equal to 5. 
3. or 2. Since 5, 3, and 2 are prime numbers, any element (different from 
c) is a generator of this subgroup (see 34), i.e., it gei>erates the entire 
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subgroup. H«>ce if a oonnal subgroup of the group of rotadoos of the 
dodecahedron cootams one rotadon about some axis then it contains aU 
tbe rotadoDS about all tbe axes of that type. 

160. From tbe result of Problem 159 it follows that a normal sut^ 
group in the group of the rotadons of tbe dodecahedron must consist in 
some one of the classes 1^ necessarily including class 1. The cider of 
the normal subgroup must be a divisor of the order of tbe group of the 
rotadons of the dodecahedron G.e,. 60) (see Lagrange's theorem. §1.8). It 
is easy to verify (see 158) that this is possible only if the normal subgroup 
contains only 1 or contains all the classes. 

161. Since the group G is not commutative, the commutant K(G^ ^ 
{e). Since K(G) is a normal subgroup of G (see 116) U follows from the 
hypothesis of the problem that K(G) s G. Therefore in the sequertce 
G.K(G). K 2 (G) ss K{K{G)), all groups coincide with G and this 
sequence cannot end with tbe unit group. Hence the group G is not 
soluble, 

162. Let the group G be soluUe. Tbus there exists an integer n such 
ibat the subgroup K^{G) = K{K . . . (>C (G) ) . . . ) is the unit group. If H 

is a subgroup of the group G then K(H) is contained in K(G}. K(K(H)l 
is contained in K(K(G)). etc.. Since the subgroup is contained 

in subgroup Kft{G) is tbe unit> Ky,{H) is also the unit 

subgroup. It follows that the subgroup H is soluble, 

163. Denote by K(C} tbe commutant in the group G and by Kr(G) 
the subgroup K[K . . .{K (G)) . . . ). Since ^ is a surjective homomorphism 

of the group G onto F, ^{K{G)) * K(^ (see 155), ^(#^2(0)) = Ki{F). 
and in general ^(fC«((?)) s Kr{F). Since the group G is soluble, for a 
certain ji the subgroup A^(G) be the unit group. But s 

thus K^{¥^ ^ algfi the unit group. Hence tbe group F 

is soluble. 

164. Answtr. Fx example, ^ ; (7 ^ where G is the group of the 
rotadons of the tetrahedron. 

165. Him. Consider tbe oarural bomomorplusm of tbe group G into 
the quotient group G/S (§1.13). Use later the result of Problem 163. 
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166. Let K(G) be the commutanl io the group G aod 

Kr{G)^ K{K . ..{K {C))...). 

r 

Consider the natural homoiDorphi^ ^ (see §1.13) of (be group G into the 
quotient group G/N. Thus (see 155) ^(iC(G)) = K{Gf!^, = 

Ki{G/N] and io geoetaJ ^{KAG)) * Kr{G/i^, Since by hypothesis the 
group G/N is 5 oluUe> for a certaio n subgroup Kn[G/N) is tbe unit 
group. i.e. K^iGJN) = (£}. Since 4>{KM) = K.{G/N) = {E], ihc 
subgroup Kn(G) is contaiiied in tbe oorroal subgroup N. Tbe group N 
being soluble, for a certain $ tbe subgroup K«(N) is the unit group. Since 
iirft(G) is cootained in the subgroup is contained in 

and it is thus the unit group. It follows that the group G is soluble, 

167. From Problem 146 we obtain (0 x F)/{G * {®«}) — {€} x F. 
Since the groups G x (e^} and {e} X F are isomorphic to the groups G 
and F, respectively, and they are therefore soluble, the group G x F (see 
166) is alg» soluble. 

168. Since tbe group G is soluble, in the sequence of commulaots 

K{Gjy A's(C), ., we will have, for a certain n, = {e}. Consider 

ihe sequence of groups G, KIG), This sequence of 

groups IS tbe sequence we seek, because every group (after the first one) is 
the commutant of tbe preceding group, and is therefore a oormal subgroup 
(see 116) of it Mceeover, all tbe quodwt groups Ki{G')}Ki^i(,0)i as well 
as G/KiGf are commutative (see 129); the group ~ {s}r ^ 
commutative. 

169. Since by hypothesis the quotient group is commutabve, 

the coiTunutant contained in C% (^ 130), It follows that the 

subgroup A 2 {Gi-i) is cootained io (G,], and in general the subgroup 

is cootained in for every r > 1 and 1 < i < n, 

Tbe subgroup AT,t_|(G(i) is cootained in the subgroup ((?]), which is 
contained in Kn-iifSi), up to £’(Gn)- ^ follows (bat tbe subgroup 
(G) is contained io ff(Ge). But AT(G«) = {e} because the group 
^ hypothesis conunutative. Hence 4 . 1 (C) — {e}i the group 
G is soluble. 

We can obtain the result of Problem 169 also by induction, going from 
C* to lawr to C,j_ 2 , dc. and using the result of Problem 166. 

170. By hypothesis tbe group G is soluble. This means that for a cec* 
lain 7 ) the subgroup fTn(C) is tbe unit group and therefore the subgroup 
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ATfi.|(G) is comjDulalive. Since Xn_i(G) is a normaJ subgroup of ihc 
group G (see 131). we mey consider ibe quobeot group (jg = G/Kft-i{G). 
We pove that the subgroup is commutative. Coasider the 

natural homomorphism (see §1.13) ^ ; G -4 (?j with kernel 
Since ^is surjective (see 1S5) i^K{G)] = K(Gi). Thus ^(A$(G)) = 
As(G,), etc.. CoDsequenliy webave = ^K,-i(G)) = (because 

J^^^i(^)isthe kernel ofthe bomomorphism Since Kn-i(G|) = 

= {ec,} the subgroup /^*_a(Gi) (see 117) is commu- 
tative. Denote by the quotient group As before, 

we can prove that the subgroup commutative. Put Ga = 

Gs/iC»-3(Ga), «c.. The group G^_i = G^.^/K{Gn-i) “ commutative 
(see 129), Tlie sequence ofgn?ups G,Gi,Gj,. . . ,Gft_i,wilh oormal sub- 
groups « .^^(G,-8),is the requested sequence. 

171. Let Go, Gi, . . . , Gn b^ a sequence of groups with the properties 
mentioned in Problem 170. We will prove that all the groups of the se- 
quence, in particular Go, ate soluble. We shall use the induction from n to 
0. The group Gn ts soluble, because by hypothesb it is commutative and 
therefore /f(G||) — {e}. Suppose that we have already proved that Ibe 
group Gf is also soluble. We will prove Ibal Ibe group Gt_i, too, is soluble. 
Ihe group G{-x contains by hypothesis a normal, commutative, and thus 
soluble, subgroup Ni-i, from which the quotient group G{_i/i^i_x — Gj is 
soluble by the Induction hypothesis. Hence the group Gi.i ia also soluble 
by virtue of the result of Problem 166. In conchislon we can state that all 
the groups in the sequence Go.Gi, ... , G^ ^ soluble, and. In particular. 
Go is soluble. 

172. Any permutation of order n can be written io the form 

(I 2 ... n\ 
ii *2 .. if, )' 



where the are all distinct and values from 1 to n. In particular, 
i) may take any one of the the n values. Later can lake any one of tbe 
temaining r» 1 values, and so on. It follows that the number of distinct 
permutations of degree TV Is equal to n ' (n — 1) * • . > * 2 ' 1 — n! 






to 



/ 1 2 3 4 
1 3 2 4 
M 2 3 4 
(3214 
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ie.. ob'^bo. (RfcaU that in the product o6 the permuladoo fy is carried 
out fust, and q later.) 

174. Suppose that Ibe element tx is sent to tg. t] etc.. Let 

tr be the first reluming element If we suppose that s tn, where 
2 < A < r — 1 , then we obtain that two disdncl elements. ij,.| and | , 
are sent by the permutation to the same element, which is acootradictioo. 
It follows tbal ir = ti and one obtains a cycle. Slartiog with an arbitrary 
element, not belonging to this cycle, one constructs ibe second cycle, etc.. 
It is easy to see that every permutation is the product of independent 
cycles. 

Suppose now a given permutation be Ibe product of independent cy* 
cles. If one of the cycles s&>ds the element bj and the elements ii 
and ig do not appear in other cycles, then all products of cycles sertd 
to tj. Hence tbe element tg. wbich follows in the cycle containing 
tx, is uniquely defined by tbe given permutation. Therefore all cycles 
are uniquely defined. Note tbal if tbe cycles are not independent the 
decomposition into cycles may not be unique. For example. 

(I I {I I = 

175. Him. Verify this equality 

(tih . • im) * (him) ■ (nw-i) « ' (ilia) • (ilia)- 



176. HifU. Let ( < j. Verify the equality 

+ + -2.;- nO-U) 

-0*-2.i-l)(;-3,;-2)....-(i + l,. + 2).(i.i + l). 

177. The pairs corresponding to inversions are (3,2), (3.1). (2.1), 
(5.4). (5.1), (4,1). Answer. 6. 

178. If tbe numbers i and j are interchanged and fti.lS},. . . are 
the numbers berwera i and j, Ibe property of being or not being an 
inversion changes into the opposite for the pairs of the following numbers: 
(».;)» r « 1,2, . . ,a, i.e., for 2s -i* 1 pairs. Since the 
number 2s 4* 1 the parity of tbe number of inversions does change. 

179. Answer. Tbe permutadon is even (6 inversions). 
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180. Suic« 




the lo\ver iw of the product s obtained from the lower row of the iiutial 
permutation interchanging □ umbers and By virtue of the result of 
Problem 178 the permutation obtained and tbe ioitiaJ permutation have 
differentpaiities, 

181. Every permutation splits into a product of transpositioos (see 
]74» 175), Suppose a permutation obe decomposed into a product of m 
transpositic«)s: a = fit * O; • . . . ' 0^. We can write a s e • oi • os • . . . Oni 
f being tbe identity permutation. Since the permutation ^ is even and ts 
multiplied rn tunes by a transposition, one obtains (see ISO) that if is 
even a is an even permutation, and ifm is a an odd permutation. 

182. See the hint to Solution 175. Answer, a) even; b) odd; c) even 
for Th odd, odd for m ^ven. 

183. Him. Decompose tbe given permutations into products of trans> 
positions (see 181). Count the number of transpositions m these pro- 
ducts, 

184. If the permutations should have different panties, then (see 183) 
the permutation o^z* ^ = e should be odd, which is not true. 

185. For example. 

:)■ 

:)■ 

186. If a is an even penrujlation then is abo even, indepen- 

dently of tbe parity of the permutation g. Hence ^ is a normal subgroup 
of the group Let 6 ^ an odd permutation. We prove that the coset 
hAn contains all tbe odd permutations. Let cbe an odd permutation. 
Thus 6~*cis even. It fbUotiVS that the permutabon c — belongs to 

tbe coset ^/4n. 'Therefore the group 5a i^ decomposed, by tbe subgroup 
A^^, into two cosets: that of all tbe even permutations and that of all tbe 
odd penruitalions. 
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197. Mmwr, Sioce ibe group ^ decomposed by ibe subgroup 
into two cosets (having the same number of elemeots). ibe number of Ibe 
elements of ibe group i^ equal to (see 17^ 

n! 1 2 ... n 
2 2 ’ 

188. Tbe group contains 2 elemenb and is therefore isomorphic 
to the commutative group Z 2 . The groups ^ and are isomor^diic to 
tbe group of symiDetries of the triangle and to tbe group of synunetries 
of the tetrahedron, respectively. Both these groups are soluble (see 156). 

189. EnuiDecale the vertices of tbe dodecahedron as shown in Figure 
43, Ibe tetrahedra are, for examine, those with the vertices chosen in 
the following way V (1, 8, 14. 16). (2, 9, 15, 17), (3. 10. 11, 18). (4, 6. 12, 
19X(5.7, 13,20). 

*Tbe iosciiptioa of tbe five Ke^lei cubes Ibe belpi us to dad 

tbe five teOuhedra. 




Tbe edges of tbe cubes ire (be diagonals of (be dodecabedfoo hcea. Bveiy pair of 
oj^toshe vertices of tbe dodscabedron is a pair of two ^iposale vertices of two Kepler 
cubes. Each cube has due only one pair of venices m cooudoo with any one of 
tbe o(bers (TVo Kepler cubes — black and while — baviog rwo opposite vertices 
ID nmin"“i are diowu in tbe tiguie). hi cube one cao insciibe two teOabedra 
(see Eroblems 126 and 127) Since each lelrebedroii is by four venices of 

tbe cube, and any rwo Kepler cubes have ooly 2 verticos is < «minMui sQ teoahedra 
Id sen bed io tbe Kepler cubes are discmci So tbere are in all )0 tenbedre, two for 
every vertet of (be dotkeabedroo Any rwo of aucb leirabedra erdier have no v e rtices 
in comiDOD, o( ibey bave only one vertex io coarmoo. Indeed, if (wo vertices 
to rwo tetrahedra, tbe edge of such j mniwg them diould be (he diagooal of 

a face of two diff e r e nt cubes, but we know that any rwo cubes have io conuDon only 
uppoaae vatices. There are two poadUe cbcices of S tetrahedra, wilboul coarmon 
venices, tbe dodecabedioo indeed, when we ctooac ooe of Ibem, we have to 
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190. The penrujlanoiis of degree 5 may be represeoted as product of 
iodependent cycles only in the following ways: a) b) (hhis); 

c) (hh)(»ai4)j ^ «> (»i*8ts)(u^)i ^ Applying ibe re- 

sults of Problems 182 and 183 we obtain that in the cases (a). (b)> and 
(c) the permutations are eveo> whereas in the cases (d). (e) and (f) the 
permutaboQS are odd. 



191. Suppose that the normal subgroup N in the group As con* 
tains a permutation h of the type (a) (see 1S*0), Without loss of gen* 
erality we may suppose that h s (1 2 3 4 5). We prove that any 
permutation of the type (a) belongs to M If in the row 

there is an even number of inversions then the permuta* 

non a ^ ^ ^ ^ ^ even. Hence by tbe definition of a 

^ ^ »s *4 *a / 

normal subgroup A' contains tbe permutation If 

in the row t),i 3 ^tj^i 4 ,ts tbere is an odd number of inversions then in 
the row tj, i&, tj there is an even number of inversioas (because 
the order of elements b reversed in three pairs). In this case the per* 

3 
S 



mutation 



= f ' 2 3 4 5 U 

V »j U *8 H »a / 



even. Hence N contains the 



cejeci the four letr^iedra haviog a vertex m frmnvn iA>7tb the cho&en tenbedrco 
lie ceoiaiiiiag tetrahedia se 6ve Amoogst them four lecAedia have disiouit seu 
ofve«tic««, whereas the lemaiomg leiiahedfoii has coe vertex io commoo with each of 
the four disiouii lettabedra. Ibe choke of the fiisl tetrahedron thus fnces the choice 
of tbe others, so tbere are m afl only two chokes (Translator’s noft) 
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pennuUUon ghs ' = logetber wiib ti the penDuladon 

(p%-‘)2 s (iiHtjnu). 

Suppose nov- that the normal subgroup N cootams a permutation 

A B (1 2 3) of tbe type (b) (see 190) and that is an arbitrary 

permutatioD, Choose the elements and ts» different from in 

the set Either in the row or in the row 

isf Hi i&i it ibere will be an even number of inversions. Consequently 

. /1^345\ /12345 

one or ine permutations or 

V *1 H H H H y V H H H H ** , 

is even. Denoting this permutation by p we obtain that in all the cases 
N contains the permutation ghg“* = 

If ibe normal subgroup contains a permutation of the type (c) (see 
190)> for example, the permutation A ^ (1 2) (3 4), then it also 
all permutations of ibe type (c). Indeed, in this case one of 

». ?12345\ /12345\. 

the permutations or is eveiL 

V »i »2 H *s / \ H »t H H H / 

Let ibis permutation be denoted byp. Thus N contains the permutation 

ghg^' = (niaKijit). 



192. We will count tbe number of permutations of each one of types 
(a), (b) and (c) (see 190). 

a) TTiere exist 5 • 4 • 3 • 2 • 1 s 120 sequences of 5 nuinbers 1. 2. 3. 4. 5, 
Since every permutation of the type (a) can be written in five equivalent 
ways (depending upon tbe choice of tbe first element) tbe number of 
permutations of tbe type (a) is 120/5 s 24. 

b) By the same reasoning as in the case (a) one obtains that the 
number of permutations of tbe type (b) is equal to 5 > 4 • 3/3 s 20. 

c) A permutation of tbe type (c) can be written in 8 different ways 
(one can choose tj in 4 ways and afterwards in two ways). Hence the 
number of permutations of type cis equal to 5 * 4 • 3 > 2/8 s 15. 

Every normal subgroup // contains tbe unit element. Moreover, from 
the result of Problem 191 it follows that a normal subgroup of the group 
As either contains all the permutations of a given type (see 190) or it 
contains n<me of them. The order of a normal subgroup must divide tbe 
order of tbe group A$ (60), But adding to the number 1 tbe numbers 
24> 20> and 15 one obtains a divisor of 60 only in two cases: when one 
adds nothing and when one adds all the three numbers. The first case 
correspoods to tbe unit subgroup, the second one to ibe whole group A$. 



193. Such a subgroup a, for example, the subgroup containing all 
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permulations of type 

/I 2 34 Se... n\ 

wilb an even Dumber of ioversions in ibe row t(. 
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3.2 Problems of Chapter 2 



194. a) Annver. No, because tbe ioteger numbers do nol form a 
group under addition (cf., 17). 

b) An^er. No. the ioiegers numbers without zero do not 

form a group under multiplication (aU numbers, except 1 and -1, bave 
no inverse), 

c) Anjiver. Yes, Use the result of Problem 57. 

Solution. Since tbe real numbers form a commutative group under 
addition, and without zero abo a commutative group under muJtipIica* 
don, it suffices to verify that the set of rational numbers form a subgroup 
of the group of real numbers under addition, and without zero also under 
muJtiphcatioD, One obtains easily using tbe result of Problem 57, 
Indeed: 1) if a b sre rational then a -p b a * b ^ rational as 
well; 2) 0 and 1 are ratic^ial; 3) if a is a rational number, then —a and 
]/a(for a ^ D) are also rational. The distributivity is obviously satisfied. 
Consequently rational numbers form a field. 

d) Answer. Yes, Use the result of Problem 57. 

Solution. If fi + — 0, where n and rj are rational numbers 

and ]*3 ^ 0, then it is not possible that = ~ri/f2, because is not 
a rational number. Hiis means that if rx -f s rg and bein g 
rational numbers, then ri b » 0. All numbers ofibeform n + T^t/2, 
for different pairs (n , rg}, sie different, because if ri +r^\/2 s rj + 
then {r, - r,) + (rg - u)y/2 ■ 0 and ri = r$, a r^. Let us now prove 
that ^ numbers oftbefbnn r|+rgv^i^bere fg and are rational, form 
a field. To do this, we prove that tbe numbers of the form T\ ^ fgv^form 
a subgroup under addition in tbe set of the real numbers, and under 
multiplication without zero. Using tbe resuh of Problem 57 we obtain; 
l)iffl = and & = ra-r4v/2, then n+b= (fj +rs) + (r2 4-r4)v^ 

and s (rgrj + + (r,r4 + 2) 0 and 1 belong to the set 

considered, because 0*0+0 V5and 1 » 1 + 0' 3)if a = rj +rav'5, 
then -a* (-ri) + (-rj)v'2and(fbrr, +r,v^^0) 

a* ' B ^ _ ri - r;v^ _ fi 

** (n+nV^Kri-raV?) ^ -2r| 

rf-2r| 

Since tbe discributivity is satisfied by aH real numbers the considered set 
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is afield. 

195. We have oO + oO = d(0 + G) = oO. Since a field is a group 
under addidoo> ooe can add — (]0 to bo^ merobers of the equations. One 
obtains Ca = o. Since tbe muJtiphcatioo in the field is commutative ooe 
aho has aO = 0. 

196. 1) ai + (-a)b ■ (a + (-a))& ■ 06 ■ (cf., 196) ■ 0, It follows 
that (— o)6 B — (o6). In tbe same way one proves thata(— 6) = —air, 3) 
(-a)(-6) = (cf.. tbe point ( 1 )) = -(o(-6)) = -(-(«6)) = (cf., 20) = ab. 

197. If a6 s 0 and a 0, then there exists an element a~\ tbe 
inverse of tbe elemoit a. 'Hius a*’(z6 = a*‘0 = (ct^ 196) = 0. But 
a' ‘a6 B 1 > 6 B 6. Hence 6 s 0. 

198. A/LfK^r. See Table 14 
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IS^. Let rt be a noD*prijne number, in., n = ninj> rt) < n and 
ns < n. Thus modulo n we bave Oiiis = 0, but ni ^ C and ^ 0. Since 
this is not possible in a field (cf., 197), for coopiime n tbe remainders 
with tbe operations modulo ri do not form a field. 

Observe now the following property. Lei x and y be two integers 
and r| and f2 tbe remainders of their division by n, X = +rj 

and j = fcjn + rj. Thus x + y ^ (ISi + it 2 )n + (ri + rj) and ly = 
( h| k%n )n rj rj , We obtain that the numbers x +y and t\ +rj, 

as well as xy acd rirj, divided by fi, tbe same remainder. In other 
words, we obtain tbe same result either if we first take tbe remainders of 
the divisioo of x and y by n afterwards tbeir sum (or their product) 
modulo rt, or if we first the sum (ca tbe product) of the integers x and 

y, as usual, and later on we take tbe remainder of tbe division by n of this 
sum (or of this product). In this way. to calculate a certain expression 
with the operations modulo rt one may take the remainders of tbe divisioo 
by T% not after each operation, but, after havin g made the calculations as 
usual with integers, lake only at the end tbe remainder of the divisioo 
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by n of tbe number obtained. Lei us use property. Under addiboo 
modulo n tbe remainders form a comimitative group (see 40). Since for all 
integers Ui Ctbe numbers (o+b)cand oc+6c3^ and consequently 

the remainders of their division by n are also equal, the equality (a 4* 
= ac^ be holds modulo n, i.e.> distribuiivity is satisfied. In 
the same way one verifies tbe associativity and the commutativity 
the multiplication modulo n: (ed)c ^ a(6c) and a& ~ bo< Tbe unit 
element for the multiplication is 1. It remains to prove that for n prime 
every remainder a different ^m 0 has an inverse, i.e.. that there exbis a 
remainder 2 ; such that 02 s 1 modulo n. 

Lei 0 < tt < n. Consider the numbers a . 0, c * 1 , . . . , 0 > (n - 1) (under 
(be usual multiplication). The difference between two of these numbers 
afc — oi = a(A — 1) is not divisible by n, because n is prime and a < n 
and 0 < |h — 1| < n. As a consequence all these rt numbers divided by 
n give distinct remainders, and thus all tbe remainders possible. Ibis 
means that one cf these numbers divided by n gives as remainder 1, i.e., 
for a certain remainder x one has oz = 1 modulo q. Hence for ri prime 
all tbe properties of fields are satisfied. 

200. Since a — & s a -k {*•6) it follows that (a — fr)c ^ (a + (~^))( ~ 
ac+ {-b)c = (cf., 196) = ou + (-^) = oc~ be, 

201. Subtract from 

F(z)«5,(z) 0(z) + ff,(z) 

tbe equabty 

r(z) = 5j(x).Q(z) + Hs(x), 

One obtains 



0 - (5,(z) - Si(x))Q{x) + (fli(j) - Ra(x)), 



so 



{5i(r) - ft(x))g(x) = fliix) - (3.1) 

If^i (x)— 5s(z) ^ Q, tbe degree of the polynomial in the left member of tbe 
equabty (3,1) is not lower than the degree of the polynomial Q(z). But 
the degree of the polynomial in tbe right member is strictly lower than 
tbe degree of the polynomial Q{x). From this contradiction it follows 
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oecessarily that S, (jf) - $^{x) « 0 , and conseqiienlJy j) = ft, (i) = 0 , 

Le., S\{x) = ^(3r)and fti(i) = ft 2 (j). 

202 . Tbis group is tbe direct product of tbe group of the real numbers 
(under additioo) by itself (cf., 69 and 73 ). The unit element (zero) is the 
pair (0,0). 

203 . Let e, = sj = (c,d), = (e, /). '^lus Zi-Zi~iac- 

bd,od be) ^ ■ zt ^ {ca ~ db,cb da). But ac - = ca - dft and 

arf+ 6r*c6+ da. Hence z, = 25-21. Moreover we have ( 2 i S*) sa ■ 
(qc- W, ad + 6c) ■{e,/)s (ace - We-odT- 6c/,cc/ - + ode + ice) 

and 2, • (zj • ^) = (fl, &) • (ce - df.cf + de) s {ace - - be/ - We, ac/ -f- 

(kie -f 6« - bdf), i.e., (zi • 25) • • («8 • 23). 

204 . Let z = (a, 6) ^ ( 0 , 0 ) and let the required complex number 
be =» (^,y). 'TTius 2 « 2~‘ « 2“* *2 = (02 — 6y,fiy + &i). To have 
2 • z~' = (1,0), tbe two foUowiog equaDons must be satisfied: 

{ 02 - 
te + ay ■ 0. 

This system of equations has exactly ooe soludon; 

o h 

for which 0’ + ^ Q because (a. ft} ( 0 , 0 ), Hence 



205 . Let 2x = Ss = (c,rf), 25 = («J). Thus (z, + 2j) • 23 » 

(0+ c, ft+ d) • (^. /) = (d«+ce -bf-<lf, o/+ c/ +&? +de) and z, sg + 25 • 23 * 

(oe-6/,a/+6e) + (ce-d/,c/+dc) = (ae-ft/+c8-4,a/+6e+c/+de), 
from which it results that (2, + sj) - ^ s 2, > ^ • Z3. 

206 . We have a + « a (b, 0 ) + (ft, 0 )( 0 , 1 ) » (a, 0 ) + ( 0 , 6) * (0, 6). 

207 . Answer, (c + <ft) - (e + ft*) * (c - a) + (d - 6)*- 

208 . 



x + yi = 



c+dt {c + di)(a-ft*) (flc + M) + (od - hc)i 



o4H (d + ftt)(a 
<tc + bd ad — be 






+ 6 * 



- ft») 0* + ft^ 

(since q + fti560, 0^ +ftV0). 
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209. Anrwer a) = -i;b) = l;c) i* = 



1 , 

t, 

- 1 , 



if n B 4k, 
jfn = 4fe + l, 
ifn = 4fe+2, 
if n B 4fc + 3. 



210. Hint. The equatioo (x -I- = (x^ * V^) ^ <= b, where b is 

a real nuiobei. is equivaleot to the system of equations 



r 

\ 2*y*0. 

Answer, a) e s il; b) x s ±j; c) r = ±a; d) j = ±ai. 

211. Let Si B a + 1&, ^ B e + di. Thus 

a) + S3 * (fl + W) + (c + df) s (fl + c) + (b + d)* = (q + c)-(b + 

d)» = (tt-bO + {c-*)*7T+^. 

b) (ai-22)+z** Si. By virtue of (a) 2i- » (x, - jj) + Sj a* Ui -2s)+ 
Zi. It foUows that 2 | — s^ B 2T — 

c) St^s (q + W)(c 4- (fi) = (flc - W) + (be + fld)» = (oc-bd) -(tc+ 

chfit g (a ~ - di)ja 2i ?g. 

d) = {{zi/zi) ‘ Zi) = (because of (c)) (si/a^} Hence (si/zj) = 

212. From the result of Problem 211 we obtains 



P{z) = OfiS~ + ais’*-' + ,.. + fl„_is + a, 

= SST* + + . . . + o„_Ts + 

( fij s a, because all tbe a,a are real numbers) 
= Oo^ + a>2*“‘+ +Ob-i2+0r *-P(3). 



213. Since the field M contains all tbe real numbers and tbe element 
then it contains all possible elements of tbe form bio, where a, b are 
arbitrary real numbers. Let denote tbe set of all elements of the field 
My represented in tbe form q 4 Thus by virtue of the commutative, 
associative, and distributive properties of addition and multiplicatira in 
M we obtain for the elements of M'l 



(q + big) + (c + ifio) = (a + c) + (bio + <^o) = (o + c) + (b + d)io, (3.2) 
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(o + 6io) * (c ^ (f>o) = oc + ai^io + 6cto + 

(nnce ^ « -1) = (oc - M) + (ad *h bc)io. (3.3) 

Let C be the field of complex oimibecs. Consider the mapping 
tbe field C into the field M sucb that 

^0 + &i) B a + 6»o. 

Compaiing formulae (3.2) and (3,3) with formulae (2.4) and (2.S) of §2.2 
we obtain that ^ is a boiDoroorphism of C into M with respect to tbe 
additioQ and with respect to the multiplication. Since ^[C) = M', M' ls 
a subgroup (cf., 150) of M with respect to the addidoo and with respect 
to the muiDphcadon. As the operations of addidoo and multiplication 
possess tbe properties of commutadvity, associativity^ and distiibutivity 
in Af. tbis obviously also holds io M', Hence M' is a field. 

Ifu + friy = then (6- rf)*Q = c-a. Moreover, if^-d ^ 0, then 

s o)/(6 — d) is a real number, but canoot be true because tbe 
square of any number is never equal to -1 . Consequeotly ( • d — 0i 
thus also c — d = 0. Hence b = d and ct = c. Consequently the elements 
of the form o + 6lo are different for different pairs (a, b). It follows that 
tbe mapping ^ defined above is a bijecdve mapping of the field C onto 
tbe field Moreover, since ^ is a homomorphism, ^ is an isomorphism 
of the field C in the field M', t,e,. the field M' is isomorphic to tbe field 
of complex numbers, 

214, Let the polynomial considered be reducible, ie.; 

*" + + ...+Or, 

= (boST + + ... + &«)' (csar* + + . . . + dfc), 

where n]<n, ih<ft,a}ltbe^S CfS are real numbers and ^ 0. 

^ 0. j td place of X itt tbe first member of this equadon. Since 
A/ is a field one can the brackets, carrying out tbe product as 

usual. We obtain in this way the inidal polynomial, in whkb x i^ replaced 
byi,i.e.; 

= (Agy* + + .. .+ M • (Ccj* + fi;*'* + ••• + ca). 

By hypothesis 



J** + au*-‘ + + . . . + o„ * 0, 
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and thus (cf., 197) at least one of the two polynomiab above within 
brackets is equal to zero. By dividiog this polynomial by its leading 
coefficient (6n or cq) we obtain a vanishing expression of the type of (2.6)» 
having a degree lower than n. We thus obtain a coolradictioo of n being 
the lowest degree for which an expression of the type of (2,6) vanishes. 
Therefore the claim that the polynomial considered is reducible is not 
true. 

215. As we had proved, in the case (a) the element j of the field M 
satisfies the equatioc: 

f + pj + qsO 

where p and q are some real numbers, and ^ pz + q is not reducible 
over the field of real numbers. We have 

If •. g > 0^ then — q » for some real number o, Thus 

x2+pr + «=(s; + ^)*-a*= + ^ + a)(* + ^-n), 

ie., the polynomial +px + q should be reducible over the field of the 
real numbers. It follows that ^ i.e,, ^ ^ for a certain 

non'Zero real real number b, oince in the field M y +pj ^ q m O^in M 
we have 

+ + j = and + = = 

Ccosequently 




Hence the element 

** 6 ^ 36 ’ 

belonging to M, is the element sought, 

216. Answer. The sole field satisfying the required properties is (up to 
isomorphism) the field whose elements are fractions, having polynomiab 
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ID j as nuiDeraiors and deoonuDalocs, with the usual operations oo these 
fractious. 

217. Answer A: 2 + 2i>B: -1 + 3i,C: -2- t. 

218. Answer, a) The synuneny wiib respect to the origio of the 
coocdioates (or> equivalently, the rolation by 180^ around the origui of 
the coordinates), b) the dilation of the plane by 2 (fixing the origin of 
the coordinates), c) the reflection with respect to tbe x axis. 

219. Hint. Use tbe property of the triangles AiBiCi 3^ AgdsCa 
being equal (Figure 44). 




FIGURE 44 



220. By hypothesis s, * ly + ij,, Sj - X, + life, * z. + ty*< 
Consequently tbe equati<m is equivalent to the two equations: 



y*i * ife -t- Vii* 



(3.4) 



Oo tbe other band, if s u+tithen (cf,, Figure 45) s (by d^nition) 
xc~Xa~{xc~ xd) + {xd - Xa) * Zy + z„ and similarly s + y,. 
Thus the equation u s u + ti ia eqinvalent to tbe equations (3.4), 
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FIGURE 45 Figure 46 

221. By defimtioo Xjg ~ xb • ^ Vji " Vb ^ I/a 

222. Equation comes from Pythagoras* theorem (Figure 

46). Equations z • z s (a+ in) = (P + ^ are easily veriTied, 

223. See Figure 47, Hi/u. The inequalities stated by the problem 
follow ^m the property that in atriangle the length of any side is smaller 
than the sum and longer than the di^rence of the lengths of the two other 
sides. 

i24- Se e Figure 4 &. \g, + g,|» + |g, - x,|* = fcf., 222 ) * (n * 
%)(ri +2 b) + (zi-*2)(*i - *2) = (2i + 2i)(?i+2i) + (zi“a%)(yi - ^ * 
2zi zi + 2ziZi * 2 |zi I * + 2\zi |*. 





Figure 47 



Figure 48 



225. Annver. a) >/2(cQ6(iT/4)+*8m(ff/4));b)2(cos(7ir/fi)-l-i8in(7ir/6)); 
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c) 3(c«(5T /2) +i am(w/2)) ; d) 5(c<« ir+i ao fr) ; e) n/o(cc* v+i an , where 
<fi = arctau 2. 

226. We have: 2,25 s nrsKcns Vi • cos ^ - sin ^ • an <^) + ifsin ^ > 
CC 0 ^ + 009^1 * any^^)] = (by the trigonomethc formulae of the sum) 
= rir 2 (cos(i^i-l'^)+taln(^i +V^)) The second equanon m the problem 
is equivaleot to the equation 

Si = S3 > — (c 08 (»?i - ^ 1 ) + ian{^i - v?a)), 

Cs 

which follows directly from the first equality. 

227. Hint. Use the result of Problem 226. 

228. 1 - a 2(J - ft) = 2(cc6(-ir/3) +iflin(-?r/3)). So. 

(1 - = [2(cos(-<t/ 3) + fao(-iT/3)))'” = (cf., «7) = 2‘“® . 

(c«(-100»r/3) + :an(-l00ir/3)l « 2'® - (o»(2ir/3) + taD(2ir/3)). H 

follows that 

(1-V3i)'® 2ir . 2ir 1 V5. 

Aru^r. -1 -K J^i, 

229. If z = 0 then also w a 0 (cf>» 197). If ; ^ 0 then also w ^ 0. 
In this case let ur a ^(coe ^ + 1 bid Thus by de Moivre's formula (cf., 

227) 



nr" = ^(cosn^ + isiim?^) = r(c<*^ + isln^). 

It follows that pT = r and nip ^ ifi + 2fk, where k is any integer. 
Therefore 

ur = </?( 4*«aa^ ). (3.5) 

U ki hi 9 In, where f is an integer number, then the quantities + 
27^}/naDd (^+24rh3)/ndifterby 2 irl,and the values of ttr expressed by 
formula (3.5) coincide. Formula (3,5) thus gives n dishoct values of w, 
obtained by giving to the parameter k the values h a 0 , 1 , . .. ,n ~ 1 . 

230. Hint. Put the expressions under the square root into trigono' 
metric form, afterwards use formula (3.5) of the solution of Problem 229. 
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Answer, a) ~i; b) 4 s/%, — >/%(here \/3is ibe real posi* 

live tool); c) c«(25* 4 «Tn) 4 »Bjo(25* 4 0O*»i),'^berc n = 0, 1,2,5; d) 
^(c<b( 15”4 l2fl‘'rt)4iMl»” + l20"n)),wbere n = 0,1,2 (here ^is 
tbe real positive tool), 

231. Hint. See fonouJa (3.5) of the solution of Problem 229; 1 = 
I(co6 0 4tsin0)i 4 = C06(2irA/n)4i8i»(2»fc/n) (cf., 227). 

232. Hint U s zq md ^ = zo, Ibeo (sj/ai)" = ^/z^=l. 

Answer. z, • «„, 2, • sj,. , 2i*€;-‘(cf.. 231). 

233. By virtue of the result of 221 Z 4 ■ v-bere O b the origio of 
tbe courdmates. Answer, a) tbe distance of Die point i from the origin 
of tbe coordmatea; b) the angle between tbe positive side of the axis Ox 
and tbe cay Oz\ c) tbe distance between the points Z{ and (because 
ZD - sa- iri (cf„ 221); d) tbe angle between rays Ozz a«l Ozi (cf.. 
226). 

234. See 233. Answer, a), b) The ciicle of radius 1 (and R) witb 
centre at tbe origin of tbe coordinates; c) the circle of radius R and centre 
at tbe point 2^; d) the Hi<r of radius R with centre Zq together with i& 
bounding elide: e) the straight line perpeodiculax to tbe segment joining 
points 2] and and passing through its middle point; f) tbe negative 
side of tbe real axis; g) tbe bisector of the fiisi quadrant of the plane: h) 
tbe ray defining the angle <p wiib the positive side of tbe axis Ox, 

235. See 229 and 232, Answer. In the vertices of a regular n-goci 
with centre at tbe origin of tbe coordinates. 

236. Let a point zq an arbitrary real number £ > 0 be given. 

Choose ^ s ] (independently of zq and of s}. Thus for every z , satisfying 
tbe condition 20I < li inequality |/(z) s 0 < f 

IS satisfied. Consequently tbe function /(z) s 12 is continuous for every 
value of the argument z. (For S one may lake an arbitrary positive real 
number). 

237. Let a poiiil Zq and an arbitrary real number £ > 0 be given. 
Choose f s f (independently of a«). Thus for every z satisfying the 
condition |z — 2©| < d the inequality \f{z) - /(«o)| = js-2oj <5 = ?is 
satisfied, ie., we wUlhave |/(z)— /(2 q)I <£. Consequently Ibe function of 
complex argument f{z) s a is continuous for every value of the argument. 
Considering only the real values of the argument z v/e obtain that the 
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fuociion of real argument f[x) b x is also coqdquous for all values of the 
argujneot. 

23S. Let a point xq and an arbitrary real number $ > Q be chosen. If 
^15 an arbitrary real positive number and |z— then |/(.2)~/(2()| = 

|z^ ~ 4 f * |U-2o)(2 + i|)| = (cf., 22fi) = |z-2(,| Iz + zal < S\z + Zi,\. 
But |4r + ac| = j(x-a„) + 235| < (cf,, 223) < |a - + I2cel < 5 + 2|soj 

So for j; — £0! < ^ we obtain 

(/(2)-/(so)l<^'(^ + 2|ao|). 

Now choose a value S satisfying the inequality 

r(a + 2|2j»j)<£. 

If £0 s 0 put (5 B (talking the positive root of g). If 0 
then ccaisider the two real positive numbers |£o| and e/(3|so|) and choose 
as S the smallest of these two numbers. Ibus inequalities S < |2o| and 
6 < s/(3|aj|) will hold. It follows that 

^'(^ + 2|2bl)<|j|j‘(N + 2|3bl)-5- 

Hence if |£ — £d| < where ($ takes the value we had chosen, then |/(a) — 
/(zo)| < Therefore the function of complex aipimeni f{z) b is 
continuous for all values of the argument, 

239. a) Lei an arbitrary real number g > 0 he given. We have 
|h(£)-A(?o)l = ](/(^) + «(«))- (/(So) + 9(*9»j 

* l(/(s)-/(so))-^(fl(s)-9(s»))l 

(Cf., 223) < |/(£) - /(£o)| + |$(s) - 9{zo)\- 

CoQsidet e/2 instead off. Thus by virtue of the cootiouity of the funcdon 
f[z) at the point sq, one can cboose a real number > 0 such that for 
every ^satisfying |£ — scj < dj, the inequality |/(?) - /(ac)] < c/2 bolds. 
In the same w^, by virtue of tbe continuity of tbe function g[z) at the 
point iff, we can choose a real number ^ > I) such that for every z 
satisfying |£ - Jo| < 6%. inequality [^(3) - ^(za)| < | holds. Take 
as S the smallest of <$| and 6^, Thus for every z satisfying tbe condition 
Ixf-Sol < 5 both inequahlies: j/(2)-y(zo)| < c/2 and |^(r)-j(zo)| <e/2 
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bold. So for evety oujober z satisfying ibe cooditioo |z 2o| < ^, we wiL 
have 

m - h{z,)\ < \f{z) - /(S6)| + \9{Z) - 9{h)\ < I + 1 = 

|A(t)-fc(*))l 5 Hence ihe funclioo h{s) = /(a)+ff(2)isconliaooo8 
ai tbe point 

b) if A(2) = f{z) - g{z) then 

\h{z)-h{z,)\ = ](/(*)- 5(a)) -(/(ao)-5(^))| 

= i(/W-/(a»)) + <-(j7(a)-5(ao)»| 

(cf., 233) < |/(a) - f(z^)\ + I - II • |5(a) -9{zo)\ 

= \f(z) - /(a®) I + 15(a) - 5 (2^)1 

We thus obtained tbe same inequality 

|A(2) - Mac)| < |/(a) - /(*d)I + |5(a) 

as in the case (a)» and therefore Ibe problein is sdved as in tbe preceding 
case. 

c) Let a real number g > 0 be given. We have 

|ft(a)-Mac)( = \msiz)-f{z^)diz^)\ 

= l/(2)fW - /(a)5(2b) + /(a)5<2«) - /(2b)s(*3)| 
(of.. 233) < |/(a)(5(a) -5(a®))l + |5(so)(/(a) - /(a®))| 

(of., 226 ) - |/(a)| . \g{z) - g{zc)\ + |a(so)| |/(a) - /(a,)|. 

Now choose a real number d > 0 such that for every z satisfying the 
condinon |a — 2o| < j both terms of ihe sum obtained are smaller than 
e/2. 

1) If /{zq) ^ 0, then consider Ibe number C| ^ 1/(29)! > 0. Since the 
function /(2)is continuous at the point 29, for some real number > 0 
tbe condition |z - ;^1 < 3' involves |/(s) - /(sd)| < gi s 
for |a — 2 b| < <5'we will have 

1 /( 2 ) I = )/(s)-/(**) + /(a9)| 

(cf. 223) < m - Hh)\ + |/(Z9)| < |/(2s)| + j/(2»)| 

* 2|/(sb)|. 
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|/WI< 2 |/W 1 . 

CoQsidec the reaJ number = f /(4 * 1/(29)!)' functioo is 

coDtiouous ai the pomt z^,, for some teal number S'* > Q the cooditioo 

\z-Zo\< ^"iovolves 1/(2) - /(a<,)| < e, = e/( 4 . 1/(29)!). “ 5 , 

the smaHesi of the numbers 5 ^ aod S“ . Tbus for every 2 satisfying tbe 
condition |a — ao| < both inequalities 

I /(«) I < 2 |/{«o) I and \g{z) - 5(29) | < ^ 

will hold, Coosequently we shall have 

l/Wll 9 W-s-WI<|. 

If /( 2 ))) = 0 then we follow another argument. Consider as gj tbe 
Dumber g| s 1 , Thus for some real number 1$' > 0 tbe condidoo js — 
2o| < d' involves |/(«} - /(sq)| < * l, and since /[zq) sfiwe obtain 

1/(2)! < 1 . Take as tbe number = f/ 2 . Thus for some real number 
d'' > 0 condition |a - ao| < 6 " involves |p(a) - g{zQ)\ < €9 = €j% 
If as d] we take the smallest of tbe numbers 6 ' and i" , then for every 2 
satisfying the condition j; — ^ol < ^1 both inequalities 

|/(2)|<1 and |j(a)-5(2o)|<^ 
will bold> and consequenUy we shall have 

2 ) if jf(zo) ^ U consider g| = g /(2 * 19(29)1). One tbus finds a real 
Dumber $2 > 0 such that for every z the condition |a ~ 2 q| < ^ will 
involve 

and consequently the inequality 

l 9 (*o)M/( 2 )-/(ab)l<| 
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will bold. If i?{2o) = 0 then as 6; one cao take an arbitiary positive real 
nuiobei. because in this case for every ; one bas 

Now cboose as tbe rmniiDum of Ibe c umbers and (${. lb us for 

every z satisfying the cooditioo ~ so| < 6 both inequaLdes 

\M\-\3{z)-s{zo)\<1 

and 

l?(2fl}M/(2) -/(*»)! <1 

will hold and consequently we shall have 

|A(t}-ft(^)l<| + 5 = e. 

Hence tbe function h{t) = /(z) * p(z) is continuous at the point Zg. 

240 . a) Lei an arbitrary real number c > 0 be given. One has 



(cf.,226) 



1 ^ ^ 






gist,) 




qU)9{^} 



|-U(g)-J<3o))l l3W-g(^o)l 



Consider tbe number = |j}(zg )|/2 > 0 . Since the function ^(2] is 
continuous at tbe point Zfj then for some real number d| > 0 there will 
follow \g(z) - p(ag)| < ?i * jjfzd) 1/2 from the condition |s - So| < 6 \. 
We thus obtain that for every z satisfying tbe condition |z — 2o| < the 
following inequality holds: 



= ls(^o)-(s(29>-?W)[ 

(cf., 223) > |p(zo)| - \g{H) - 9{z)\ > k(«,)| - 

2 ’ 

Consider Ibe number £3 = > 0 . There exists a real number 

$2 > 0 such that tbe condition |z - zq] < ^ involves » p(2^)| <€% = 
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c|p(2fl)[*'^/2. Choose as $ the smallest of and ^2. foi every z 

satisfying the condition |z • 2^| < j the following inequalities will hold: 

aitd consequenUy we will have 



IW2)-M^)I 



|j(g)- j(Sc)l 
\si:)\'\gM\ 



2 

2 lp(z,)|^ 



In this way thefunclioo h(z) = 1/^(2) is continuous at the point 2o> 
b) Since tbe tunciions /(z) and ^(z) are continuous at the point Zoi st 
tbe point zq the function l/g(z} b continuous (cf,. (a))» and consequently 
the function h(z) = f{z)/§{z] — f{z) • (l/^(z)) b continuous as well (cf,, 
239(b)). 

241. Let an arbitrary real number ^ > 0 be given. Since the function 

J^z) b continuous at the point zi , there exists a real number ^| > 0 such 
that the condition involves J/(s}— /(si)| < Nowccnsider 

the number > 0. Since the function p(x) is continuous at tbe point 

there exists a real number J such that from |z *- zti| < (5 it follows 
1^(2:) 5(20)^ < ^it > l9(‘^) ~ ^1- ^ i nequality 

- /(z,H < e does hold, i.e., we obtain |/(ff(z» - /(j(2a))| < e. 
Consequently for every 2 satisfying tbe condition |s ~ < 5 we have 

|h(z) ~ A(2 d)| < c, zstd therefore thefunclioo A(z) w /(g(2)] b continuous 
at the point Z|. 

242. Lei a point zq a real number ^ > 0 given. For the 

function /(x) = sin(2) we find|/(x)-/(X|))j = | sln(x)— sm(xj)| » (by a 
trigonometric formula) |28in((2' - 2o)/2)cos((2 + = 2 • (m({i - 

xo)/2)H®e((x+xa)/2)| < |gift((x-2i)/2)Maiace |cos((x+xo)/2)j < 1). 

For /(z) * c4Dr(z) we find [/(x) - /(i©) | « | cos (i) - Ci«(xo ) I * 0>y » 
trigonometric formula) [-2Hn((x-io)/2)sin((i-l-T9)/2)| »2[an((z- 

iCo)/2)|>|8iD((z + Zo)/2)| < 2|ain(z-io)/2|, (once | sin(z + 2o)/^l < !)• 

In this way in both cases we obtain 



Now choose d > 0 such a way that for every x satisfying [x — Xo| < i5 
the inequality |siQ((z - Zo)/2)| < r/2 be satisfied. 
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lTf/2 > 1 iheo Ibe ineqiulity |aiii((i - xq)/2)| < s/2 hdds for aU x 
aod thus 6 can be cboseo arbitiaiily. If s/2 < 1 coosider oo tbe plane 
with coordinates x and i/ a circle of radius 1 with centre at the of 

tbe coordinates and draw the strai ght lines y = s/2 and p s — s/2 (Hguxe 
49). For tbe angles a aod & shown in tbe Hguxe we obtain glna ~ s/2, 
ATi& = -e/2. Hence 0 » -o. 




Figure 49 

Choose 6 9 2a. Tbusfrom \x - Xu\ < jit follows that |(£ '*7o)/2| < 
5/2 , ie,. -a < (r - Xq)/2 < ft. Hence »n(-a) < sin((z - xa)/2) < an a, 

i.e., -s/2<da((l-Io)/2) <£/2aod |an((x -®o)/2)l < f/2* 'nius 

Consequently tbe functions /(x) = b1ii(£) and /(j) = cos(7) are continu* 
ous for all the real values of the aigiiment x. 

243. Let a point xq and an arbitrary positive real number s be given. 
We have to cboose a real number 6 > 0 such that for every x satisfying 
the inequality j (and, of course, z > 0) inequahty 

|</r-^|<s (16) 

holds. This last inequality is equivalent to tbe inequalities 

-s< ^ - ^<s 

and 



V55 - s < 0 ^ < -i-s. 



(3.7) 
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Since tbe fuDciion is strictly iocreasijig (for 7 > 0) inequalities 
(3,7) are equivalent when > d to tbe inequalities 

<x < i^ + ey*. 

We therefore have 






(3.8) 



In this case, talcing as 5 iite smallest of numbers xq ~ ;)" and 

( {/j® — c)" — Xfl we obtain that (3,8) follows from the condition [i — | < 
i, and these inequalities also involve the inequality (3,6). If in (3,7) 
< 0, then the inequality on the left is always satisfied (for x^O), 
and (3.7) is equivalent to the inequality 






which involves 



I- j*< + -lo. (3-9) 

In this case it suffices to take 

^»(^ + er-Xo, 

and for every x satisfying the condibon the inequality (3,9) 

together with the inequalities (3,7) and (3.6) will be satisfied. 



244. Answer, a) See Figure SO, Hint, ^(f) = 0; b). c) See Figure SO, 
x{t) = 0;<1) See Figure 5C^ z{t) = i, y(<) -x. 




Figure 50 



FIGURE 51 
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e) See Figure 51; j(t) = f, j,«) a t, s * y^; 0. g) a turn (the 
case (f)) and a double turn (tbe case (g)). both couotercloctwise. along 
a circle of radius R, with initial point z = 72 + (Hgurc 52), Tfmf, (f) 
|i(t)| = fl, arg 2(0 * 2«, and i) arg3(f) = 4irti h) tbe semi-circle of 
radius R (Figure S3); i) See Figure 54, 




Figure 52 





Figure 53 



Figure 54 



245. See Hgure 55. By simiiarity ooe obtainst = ^ 

£b)/(^ “ ^)' ^'heo tbe point z moves along the segment from tbe 
positioo 2 o — Oo + the posiDoo s <]| + 6|i the parameter varies 
from 0 to 1 . Tbus» for example, one can take t s (j • Opj /(ai — oo) = 
(V - &a)/(^ - 6®). obtaining z » «« + (a, - y a + (&i - 
z(j) = (Ofl + (ill - (K))<) + (^ + (6i - H is easy to verify that this 

formula describes tbe initial segment for any positioo of the points and 
2 l, so, in particular, for = Oj orfot s 



246. Since + zj^ = zb (of>> 221 ) it fdluws that: the case (a) 
corr e sponds to the dispixemeot of tbe curve by tbe vector corresponding 
to the coir^ilex number 2 q (Figure 56). 
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FiouKE 56 Figure 57 




FIGURE 58 




If 2 , = 2 o' 2 ) and 2 a s^,ar| 2 i s?3i lben(cf„ 226)1 = |2chl^il 

and arg > TlieTefore die case (b) corresponds to a ttilatinn 

of the curve Ci by a factor a, fixing the ongio of the coordinates (Figure 
57); the case (c) corresponds to a rotation of the curve Cj by tbe angle 
<fify m arg 2o sjoiuxl the ongin of tbe coordinates (Figure 58); tbe case (d) 
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corresponds to a diladoa by suoultaoeous with a rotation by tbe aagle 
^ as arg to (Figure 59). 

247. When { varies cootiDuously fcoio 0 to I, 1 — { varies coatmuously 
from 1 to 0, Tbe fuDctioo 2g(t) s ai(l — t) thus describes tbe saioe 
geometrical curve as C. but orieoted in tbe opposite way, 

248. When t varies continuously from 0 to 1^2, 2t varies continuously 

from 0 to 1. When l varies contmuously from W to 1> — 1 vanes 

continuously from 0 to 1. Hence tbe function Za(t) given by tbe problem 
describes the curve which is obtained by drawing first the curve Ci and 
then the curve C 2 - The condition Z|(l) = Zs(0) guarantees the continuity 
of the obtained curve. 

249. Artswer, jTt + 2ih, jfe * 0,±1,±2>. .. . 

250. Answer, a) jrfc b) 2t + irt; c) -4ir + fff ; d) 2irfc + nf. 

251. Rdt every { we have ,p(t) ~ v^(t) = 2itfc, where the values of k 
may be distinct for all t. We thus write - yp'(f) = 27rfc(f). It follows 
that fc(l) = (^(j) - ^(C))/(2ir). Since tbe functions (p{t) and ^(<) are 
continuous for 0 < f ^ 1, tbe function is also contmuous for 0 < t < 1 
(cf., 239> 240). But since tbe function takes only integer values it b 
continuous only if it b a constant, ie,, if = k, where k some given 
integer which does not depend on (. Therefore [^(f) — ^(f))/(37r) = A 
and v>(<) - ^(f) = 2 jtA. 

252. Let ^(f) and be two functions describing the continuous 

variation ofargzff) and ^(0) s s yig. Thus (cf,. 251) = 

2irk, where * b a given integer. But ^(0) - 9j'(0) = 0, hence A ■ 0. 
Consequently <p{t) — ^(f) S 0 and = ^(f) 

253. Let ^'(0 ^ functions describing the continuous 

variation ofargz(f}. Thus (cf,, 251) = 2;rA, where ibb a given 

integer. In particular, <^(0) ~ ^(0) « 2wit~ Consequently ^(t) “ ^(f) — 

^0) - 9 ^( 0 ] and Pit) - pid) = ^(f) - ^( 0 ). 

254. a) One can lake = tef. Answer. ^(I) — c^(0) = ir (see Figure 
53); b) p{t) = 2iU. Answer 2ir (see Figure 52); c) p(t) = 4lrt. Answer. 
4t; d) Answer j/2 (see Figure 60) 

255. Answer a) 3ff/2; b) -jr/2 

256. Answer a) 1; b) -2; c) 2; d) 0. 
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257. Suppose ooe has chosen as the iaitial poiDi oo au onenied coo 
tinuous closed curve C ibe point A in ooe case and the point B in another 
case (Figure 61). If the variation of the argujoent along C in the segment 
AS (according to the orientation of the curve C) is equal to ^ and in the 
segment BA it is equal to then the variaQ<m of the argument along 
the entire curve C is evidently equal (o + v?. 




Figure 61 

258. a),b).c) = .So’r)(t) ^|(|) is a function describing the 

continuous variation of argS|(f), tbeo the function ^(f) b ^ 
where ^ s aigro, describes the continuous variation of Blg 23 (f) (cf., 
226, 239), It follows tbat - ^(0) s 

Answer, fe tiiDes. Tliis result obviously depends on the result of 
Problem 246. 

d) If argz B ^ then ugS b — ^ (cf,» 218(b)). Therefore if is 
a function which describes the continuous variation of arg 2 i{f)) then the 
function describes the continuous variation of argS 2 (t). 

It follows tbat - ^(0) » -(y>i(l) - ^(0)), 
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Answer —k tiioes. 

259. Answer a) 1; b) 0; c) 1; d) 2. 

260. If ^i(t) and ^(t) aiv two fuDctions which describe the 

cootioiious vanatioo of the axgiunent along the curves C\ and C}, dien 
as a fimction describing the contiDuous variation of the argumeDi 
along C oo can take: in the case (a) 1^ the case (b) 

(p[t) = (cf>» 226, 239). It follows that v>(l)-V?{0) * (^i(l)± 

V^(l))-(Vi(0)±«^(0)) =s (vi(l) -Vl( 0))± (^(l)-^(0» « 

Answer a) b) 

261. Hint ty 9 (i) = (usede Moivre's formula; cf., 227): 

a) tKo(i) = if®(co8it< + tan irt) (a senu'drcle of radius B’); 

b) ujo(f)« B®(cc 62 xt + t sin 2irt) (a circle of radius B®); 

c) Wq (f) — (ccs ist + i sin (a circle of radius , twice covered). 

262. Him. Use the result of Problem 260(a). Answer, a) 2^; b) 3v>; 

c) n<p. 

263. Let ?(t) be the parajoethc equation of the curve C and 2i(t) = 

z(t) z^. By hypothesis the variahoo of argZ|(f) is equal to 2^1c. The 
parametric equation of the curve f{C) >8 tUo(*) * (^(0 ~ * [*i (OI* 

The variatioo oftbe argument of is thus equal to 2frkn (cf., 262(c)). 
Hence the curve f{C) turns around the point ui ^ 0 tunes. Answer 
kn tunes. 

264. By hypothesis the variatioo of the argument of z(f) is equal to 
2nk|, of the argument of z(() ~ ] to 2ni^, of the argument ofz({) - s to 
2 ttAs and of the argument of s(t) + 1 to . By the result of Problem 
260(a) one obtains; 

a) uTott) B z(t) • ( 2 ( 1 ) - 1), Tbe variation of the argument of too(^) 

is equal to 2iri;i + 2ffW = 2Tr(ki + fcj). Answer The curve /(C) turns 
around tbe point tu = 0 4* kj tunes, 

b) ti^)(0 = (s(J) -i)(s(l) +»). Answer fcj + J 14 times. 

c) = |(z(f)]^ ' [( 2 ^^) + Answer 4(,fcj + times. 

d) u? a (a-l)[^ + l)s (z-l)(z + i)(z-c), Answer, (t, + *ia + A4) 
tunes. 
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267. If |z| s iheo (cf.. 26S) |/(«) - c,| < {»b|/ 10. CoDsequenlJy 
the curve eodrely in the ofcedius lanl/lQ^ith centre at 
the point s (Figure 62), It is evident that the curve does not tum 
at aH around Ibe point w s 0. Therefore = 0 




Figure 62 




172 



Problems of Chapter 2 



Lei us aov- prove that v{R^) = n. give first a noi strictly exact, 
but nice, prvof called *lhe lady with ber little dog'. Frud the result of 
Problem 266 we obtaio that if j;| ■ R^, then 

l/W-ao^'l = +...+a.| = |z'{^ + ... + ^) 

10 

^ M kr |aol flg 

10 19 * 

Note that |o*| • a ft. Thus j/(x) - QqZ*\ < ft/lOfot jzj = ftj. 
When z covers once the circle of radius ftj the point u; = (the 
'lady') covers Ibe circle of radius ft n tunes. Since \f{z) — Oc^\ < ft/10 
the point w = /(z) (‘tbe httle dog') caruiot remain farther Iban ft/10 
from the lady. But thus if the lady turns n times around the point u a 0 
along a circle of radius ft. ber dog is also obliged to go n times around 
tbe point u; a U (Figure 63), It follows Ibat i/(fts) = n. 




Figure 63 

A more exact proof of the equality ^'(fts) = Ti can be obtained in the 
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following way. If |i| » Iheo (cf., 266) |(/(x)/z'*) - ool < |o«l/10. 
So we obuio, as well as m the proof of the equality = 0, that 

wheo the poioi covers the circle Ca, the vanatioo of the argiuneot 
of vanishes. The vanation of the argumeot of z is equal to 2r, 

and consequently the vanation of the aipioient of is equal to (cf. > 

262). Since /(«) s 260) the vanacon of the argument 

of f{z) is equal to 2m, i.e.> the curve /(Cj^) turns n times around the 
point u; s 0. Hence u{Rf] s n. 

An^eri/{R^) s 0 and i/{R^) = n. 

268. Divide the polynomial P{z) * Ooz" + . . . + + o* = 0 

by the binomial z — Sd with remaioder (for example, by the Euclidean 
algorithm; cf,» §2.1), The remainder will be some complex number r, and 
the quotient will be some polyoomial Q(s). We thus have the equation 

F(a) = Q(a)«(2-ao)+r, 

Replacing s by zq we obtain 

P(2«) * 0{ie) ' (io - 2o) + r = 0 + r = r. 

But F(2 q) = 0 since by bypothesb zq is a root of the polynomial P{z). 
So from the equality P{zo) s r we obtain that r » 0. Hence P[z) = 

269. Let P(a) * ooz" + . . . + o*_i2 -f o, * 0. By the fundamental 
theorem of algebra of complex numbers the equation F(z) * 0 bas a root 

By Bezout's theorem (cf > 268) P(z) = which it b 

easy to see that Q(,r) has the form Q(z) * + . . . + &n-i. If 

n—l > I then the equation s Obas a root z^from which Q(z) * (z~ 

Z3)R(z) and * ooa®"* + Therefore F(z) * (z - zi){z — za)i?(2). 

Continuing this procedure we obtain at the rtth step a quotient which b 
a complex cooslaoi> obviously equal to oq. The final result is thus the 
required decomposition. 

270. Denotin g by P(s) the polynomial + . . . + On-i^ + «« we 
obtain ( cf > 21 2) P{z) = i>(z) By bypothesb P(2o) * 0. It follows that 
F(?o) = P(3b) * 5 = 0,i.e., ^ b a root of the equation P{z) s 0 

271. Let P(z) * fldZ« + .., + On- iz + o, = 0. Since all the 0,0 are 

real numbers and 2 q is a root of the equation P{z) s 0, Sq is a root 
of the equation P(s) = 0 270). 
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Since zq is oot a real nuoibec, zo zq. Since Z(j and z^are roots of 
tbe equation P[z) ■ 0, m tbe deconiposinon (cf,. 269) P(z) = 0^(2 — 
2 |)( 2 — ag)-.. .'(x-z*) we must find the factors and (z-^. We 

can write: r{ 2 ) = (2 - zc)(z - 2o)Q(z) » ( 2 ^ “ (^C + + 2 q^) * 

In this way tbe polyoomial P{^z) is divisible by the polynomial of second 
degree ^ “ [zq^'!^z+ za^ whose coefficients are real (cf,. the solution 
of Problem 211). 

272. Let 7 ^( 2 ) be tbe given polynomial. If tbe degree of the poly* 
normal P{z) is higher than 2 then the equation P(z) = 0 by tbe 
fimdujDental Theorem of algebra of complex numbers, a root zq. If zo is 
a real number we divide P(z) by z - z®. We obtain P{z) * (z - 2e)Q(2) 
(cf., 268). If zq is not a real number the polyoomial P{z] is diviable by 
a polynomial of second degree with real coefficients (cf,. 271). In both 
cases the quotieoi is a polyoomial, with real coefficients, which results, 
for example, from the Euclidean algorithm (cf,. §2.1). This quotient is 
again divisible by some polyDoimal of tbe first or second degree with real 
coefficients, etc,. This procedure ei>ds when the quotient obtained has 
first or second degree. So we have obtained tbe required decomposition, 

273. z5-z<-2zs+2z®+r-l s (z-l)(z^-2z»+l) s (z-l)(z«-l)3 « 

(a — l3*(z + 1)*. Answer. 1 is a root of order 3. -1 is a root of order 2, 

274. Compare tbe coeffideots of the terms of the same degree in tbe 
two members of tbe given equalities. Lei 

P(z) B Oqz" ^ ftiz'"* + ... +On-|2 + Onr 
Q(2) * + 6iz*-‘ + . . . + lu.ii + 

Thus 

P'(z) » ot,nz^~^ + fli(n- l)z*"^ + -.. + an_i» 

it is easy to see that in the case (a), for every t; the coefficients of z* in 
the two members of ibe equably are equal to [On-L-a + 6n-i-a)(^ 1}> 

and that in the case (b) tbe coefficients of in Ibe two members are 
equal to co*_i_k(^; + 1). 

c) For brevity let us use the summation symbol Tbe symbol 
(respectively, means that one has to ccosider the expression 

wliich lies on the right cd this symbol for i = Q, 1,2, . . . , n (respectively. 




Sotiaions 



175 



for an sucb ihai s r) sod (o add all the expressions so obtained. 
By this notaDun we write 

p(«) = <?(*) = 

Let Abe aay ialegec such that 0 <A<n + m*-l. We aie looking for 
the coefficient of io the product P(s)‘Q(*). Since (n— + j) = 
A + 1 if and only if{+j b n+m— A — I, tbecoeffideotofa*'^*! expanding 
and coUectiog the tenos of degree A + 1 in the polynomial P{z) • Q{i), 
is equal to C^****l'^*i^y the coefficient of 2* io the 

polynomial [P{z) ■ Q{^)'k equal to E,+5«.+m-fc-ifl*^(* + !)• 
io tbe way we obtain that the coefficient of 2^ in tbe polyoomial 
P'(z) • ^(2) is equal to - 1 ). and in tbe polynomial 

> (^ia) is equal to o<fv(m - j). Hence tbe coefficient 

of 2* in the polynomial P(z} *(?(2) + P(a) • Q'(z) is equal to 

^ + 0 (b^(fc + l), 

because (n — i)-l-(tn— /) = A+1. Ibe expressioo obtained coioades with 
the coefficieut of 2* in the polyncxnial (P(a) *0(a)y. 

275 . Forn = 1 the claim is true because b 1 b I«(2— cq)^. ^ 

also holds for n - 2' {{z-znYy = (2*-2si)r+4y *« 22-2r<^ = 8(2-4)) = 

2(2 — Suppose that it bolds for n = A, Ae,. that ((2 — Zq)^)' b 

M? - 4 ))*“'. We prove that it also holds for n s A + 1 . We obtain 

{{z - = Hz - 4))‘ • (4 - ^))' = (Cf., 27m) » (U - • (-* - 

aB) + U-2oy*U-iflV - {k + l)[z-HiY. 

So if out claim is true for n = A then rt is also true for n = A + 1 . Since 
it holds for n = 1 and n = 2 it bolds for all integers n > 1 . 

276 . By hypothesis P(2) s [2 — 43)* * <Q( 4 )i v/here the polyoomial 
Q(2) is not divisible by 2 — zg, It follows that P*(2) = (cf., 274 (b)) 

= {{z - z,)^y‘Q{z) + (z - a,}* .(?( 2 ) b (d, 275) = fe(s- aD)‘-'Q(a) + 

(z - ecjWa) = (r - *o)‘-H-t( 3 (r) + (2 - Zo}Q'(?)). The polynomial 
within the last brackets is not divisible by 2 — 4). because otherwise the 
polynomial < 3 (z) should have been divisible by z — Consequently the 
polynomial P^(z)is divisible by (z— and is ool divisible by (z— *5)*. 

277 . Answer, a) ±l;b) ±i;c) ±(V 2 / 2 +*v^/ 2 ); d)±(>/B/ 2 +iv^/ 2 ) 
(here 1^2 sod y/^ are the positive values of tbe square toots). 
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27ft. Hk contijiijous linage uoder the mapping ^ of the upper 
(respectively, lower) semi-nrcle slartiog at the point ti^ ^ 1 is the arc AS 
(respectively, the arc AC) (Figuie 64), Tbe curve AS ends at point t, 
curve AC at point -i, 

Answer, a) u?(-1) ~ i; b) tu(-l) = — i. 




A 




S 0 


C 


D 





Figure 65 



279. Fa 0 < t < J, ivo{t) may take two values: u^(*} = 

(the value of the square root is considered positive). Also for ^ < t < 1 
ujo({) may take two values; ujo( 0 — ±V2f - 1. For t » 5 , takes a 
unique value; tLi(|) = 0 . 

Answer (see Hgure 65). a) H>e continuous images are represented by 
the broken lines AOB and AOC, b) the continuous images aie represented 
by tbe broken lines DOB and DOC. 

2ft0. Let Ci be the continuous image of tbe curve C under the map* 
ping n) — y/z. and let the variation of tbe argument along the curve Cj 
be equal to tp\. Thus tbe curve C is the image of the curve C\ under tbe 
mapping z = and (cf,, 262(a)) « 2 ^i. Tberefbre ^ * ^/ 2 , 

Answer, 'pf'2- 

2ftl. Let w — •fi and tLio(f) ibe contiruious image of the giveo curve. 
S i n ce t = coa(n/2) + iein^/2), %/» (and tn/l)) may take two values: 
CQ6 (t/ 4) + igin(ir/4) = V2/2 + tV^/2 and «w(&ir/4) + Jsin(.5ir/4) = 
— V 2 / 2 — In accmd vdtb tbe condition u>d(Q) ” —1 one may take 

aigt^j(O) *7T, 

a) the variation of tbe argument along the giv^ segment is, evidently, 
x/2. Consequently (cf., 2ft0). the variation of tbe argument along the 
curve tUd(f) will be equal to ir/4and of tbe argument of Wd( 1] equal to 
»+ jr/4 57 t/4. 

Answer, = -%/2/2 - 
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b) 2(1) = cos(-3irt/2)) +«Bin(“2fft/2)).In ordetfor aig2(t)*o ^“0* 

cooDJiuously ooe may chcose Tbe varialioo of (be ar> 

giuoeiU aloog (he curve will (bus be ^2) — ^(]) = — 3ie/2. Hence (he 
variation of (be argument along curve U(](f) (cf., 280) b equal to —Zlt/4 
and (be argujoent of u)o(l} to «r -|- (-^/4) s ir/4. 

Answer. Vf = V5/2 + i'A/2. 

c) ^(f) = Sirt/2. The variation of the argument along the gives curve 
is: ^(1) “ ^(0 ) = 5}t/ 2. *Tbe vanadon of the argument aJoog curve tOo(f) 
is equal to 5ir/4. The arguoient of 103 is equal to ir + (57/4) = &ir/4 

Answer. >/{ = v^/2 + *v'2/2. 

282. Let u = let Uo(^) b^ continuous image of the given curve 

with uto(O) = 1. We have todefine vo(l). We may take &rgutD(0) = 0. 

a) ibe variation of arg 2^(0*^ equal to 2ir. Therefore the variation of 
argW|(f) is equal to it (cf.> 280). and a^wo(l) » 0 + ir « fr. 

Answer. y/\ — —1 . 

b) 2(1) *coe(-4irl)+isin(-4jt). Tbe variation of argx(f) is equal to 
-47. The variation of arg is equal to -27, and argu^(l) = 0—27 = 
-27. 

Answer. >/T * 1. 

c) the given curve is a circle of unit radius, whose centre is moved to 
the point 2 = 2 (cf,. 246(a)). This curve cfc»es not turn at all around the 
point 2 s 0| therefore tbe variation ofarga(^) vanishes. It follows that 
tbe variation of nrg tCo(f) ^ equal to zero. 

Answer. = 1, 

283. Let Wc(f) be the continuous image of the curve C under tbe 
mapping w = y/z. Since 2(2) = 2(C), either Vo(l) = vo(0] or tuo(l) = 
— u^(0) In order to have u*q( 1) “ ttio(0), h is necessary and sufficient 
Omt u*o(f) be equal to 2rk, where k is any integer. To obtain this 
the variation ofarg2(t) must be equal to 47^ (cf., 280). i.e., the curve C 
must turn 2k times around the point 2 = Q. 

284. Lei L\ and be tbe continuous images of the curves Oi und 

C<i under the mapping = y/z. If ^e curves Li and start from the 
same point u^o (Figure 66) then Ibe curve is a contmuous image 

of the curve Cj'^C^. Tbe ends of tbe curve (points A and B) will 

coincide if and only if tbe curve turns around tbe point 2^0^ 

even number of nmes (cf,. 283), 
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Figure 66 

285. Let C be a curve out tiaversiog tbe cut and jouuog the points 2 ^ 
and 2 |. Suppose that by cboo:>ing two distinct values at tbe point 2 q and 
defuuQg tbe fuoctioo ^ by cooliouity along the curve C we obtain the 
same value at tbe point Consider thus the curve tbe curve C 

oriented in tbe opposite way. We obtain that the value at tbe initial point 
of (a) is tbe same in both cases, but the values at the final point (sf)), 
defined by continuity, are different. This is not possible by virtue of tbe 
uniqueness of the continuous image, because the curve C does not pass 
through the point 2 s 0. follows that our claim that =2 ^ is not 
true. 




Figure 67 Figure 68 



286. Let 2 be an arbitrary point outside the cut. and let Ci be a 
coonnuous curve starting fiom z' sad ending at z without crossing the 
cut. Let us draw another curve Q|. not crossing the cut, going from the 
point to the point z' (Figure 67), By hypothesis we have chosen tbe 
value u/ Vi'. means that if we choose = v/q and we define 
v/y by continuity along the curve CV obtain exactly w'. But 
thus tbe value of defined by continuity along the curve C\ according 
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(o ibe cooditioD V? — v/ coipcides> as we easily see. with tbe value of 
defined by continuity aloog the curve C7C1 aixording to tbe condition 
B u^. Heoce Ibe value of y/z for every z outside the cut is equal to 

297. Lei C| ^ 3 continuous curve joining tbe points and zi aod not 
crossing the cut (Hgure 68). Let = ,Jz{ be tbe value of Ibe function 
y/z dc6ncd by continuity along tbe curve Ci according to tbe condition 
= uiQ. Since tbe curve C\ does not pass through the cut the values 
tuo and ti/i co n espo n d to tbe same branch of the function y/z. The curve 
turns once around tbe point ^ = 0. The values u>i and Uj are thus 
different (cf.> 283). Since ufo correspond to the same branch of 

the function y/z, tuo and correspond to different branches. 

288. If 2 d C, then tbe circle with centre at tbe point Zi, and with 
a sufficiently small radius does not turn at all around the point z ^ 
Q, Therefore the variatico of aigt0o(f) vanishes, and consequently the 
variation ofajgu^(f) is zero, ie., the value d y/jdoes not change. The 
variation of argz(f] along a circle with centre at tbe point z b 0 is equal 
to 2ir. In this case tbe variation ofargu>i)(t) is equal to 7 , The value of 
y/z durin g a turn around the point 2=0 Ihus changes into the opposite 
value. 



289 . Tbe curve a ( f ) is tbe image of the curve uiq (t)under tbe mapping 
s Consequently if is tbe variation of the argument along the 
curve V — d^i(cf,, 262 (b)). from which tfii b 9 / 8 . 



290. If Z 0 0, then the circle with centre at the point zt and with 
a sufficiently small radius does out turn at all around the point z = 0 . 
Consequently tbe variation of&rgz(f) alrag this circle vanishes. But thus 
the variation ofarg tUo(t) vanishes (cf,. 289). ie., the value of function 
ui s ^ does not vary. This means that none of tbe poinb z ^ 0 is a 
branch point, 

Tbe variatira of &rg z{t) 3 circle wiib centre at the point z = 0 
is equal to 2tr, Thus the variation of aig ui« (t) i^ equal to 2ir /3. The value 
of tbe function tv = ^ after a simple ium around tbe point z = 0 turns 
out to be multiplied by s C06(2ff/3) + tsiD(2K/3}, i.e., the point z = 0 
is a branch point of tbe function 
Answer. ? b 0. 



291. Lei 2 ( 2 ] be a cc^tinuous curve, not cros s ing the cut and joining 
the point z s 1 to the given point. Lei uio{t] ^ continuous image of 
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this curve under the mapping u — ai>d lei &rg t£i| s ^ be chosen. If 

the vacation of ug 2 (t) is equal to then tbe variatioo of is 

equal to tpjZ (cf.> 289), Coosequeotly &rgWo(l) = ^ + ^/3. Ooe may 
choose ^ = Ofor tbe branch ipfj = 2ir/3fot the branch /2(2)|3iid 

^ = -2ff/3 for the branch /^(z), 

a) V5© = 0 , «? = ir/ 2 , argtw)(l) » WO- 

Answer. /j(i) = co&(jr/$) + irtn(ir/6) = n/5/2 + </ 2 , 

b) vb » 2jr/3, p * »/ 2 , argtW](l) * 

Answer, /^(j) = C06(3ir/6) + ifflD(5ir/6) = -\/S/2 + i/2. 

c) ifio^O,ip = 0, argujo(l) * 0, 

Ans\ver. /i(8) = 2. 

d) V’d " -2ir/3 ^ = 0, argtft)(l) = -2 ji/3. 

Ans\i^r. fs{8) = 2(c4M(2x/ 3) - t rio(2i/3)) a -1 - i>/5. 

«) ^ = ip = -»/ 2 , aign«(l) = -37 t/6. 

Answer. /|(— i) ss cog(5»/6) - sfiiD(&r/6) a -\/5/2 - i/2 

292. As for the function w — \fx, one paoves that after making tbe 
cut from the point a = 0 to infinity, for example along the negative side 
of tbe real axis, tbe fimction turns out to be decomposed into three 
siogle*va]ued continuous branches. During a simple counterclockwise turn 
around the point ? s 0, &rgtr varies by 2^/3, during a double turn by 
4fr/3, 2 nd only after a triple turn around the point 2=0 value 

of the function ffz come back to its initial value, Hk scheme of tbe 
Riemarm surface of the function ^fz has thus the form shown in Figure 
69, The Riemaon surface is represented in Figure 70^, 




Figure 69 

293. Suppose first that the curve C dcies not pass through tbe point 
2=0. Let be a function which describes the contiiujous variation of 
^ 2 (t) (cf., Hieorem 6, §2,7), and let r(t) = |2’(f)|. Thus ip{t] and r(f) 

^Tb laiow (be meaniog c€ the of figure see (be sectioa: Drawings of 

Riemano suffues. 
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Figure 70 



are coqdjiuous functioos and 

Let f>[t) be tbe positive real value of Thus is a continuous 

fuociion (cf., 243.) and tbe n cootiouous curves with pajametiic equa> 
Doos 

* = 0 , 1 ,... ,n- 1 , 

are the coqdquous images oftbe curve z(() under the mqipiDg = {/z 

(cf,. 229). Since urt(0) on these curves all values of one of 

these curves will begin at tbe point wq. 

If tbe curve C passes through the point 2 = 0. points at 

which z(t) s 0 divide tbe curve C into segments. In this case we have, as 
before, a continuous image for every segment of the curve, and we take 
thus as the initial segment the image which starts from the point u^g. If 
2 (f) s Othen ^( 2 ( 2 )) s Q also. Hence the images obtained can be joined 
in one unique continuous curve, which is tbe required curve. 

294. See solution 280 and 289. Anstver. ip/ji. 

295. See solution 290. Answer. 2 » 0. 

29b. ui»(f), for every %, is one of tbe values of ^s(t). All the values 
of y^foragiven ^are Wt) *€5,. • 
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232). Since (be value of ^ at the initiaJ point of the curve can be 
cbosea in n different ways, we have exactly n continuous curves, uoage^ 
of the curve a(() under the mapping ui = ^ (the uniqueness may be 
lust only at the point 2 s 0, but the curve 2 ( 2 ) does not pas through 
point). 

A/tswer. The n continuous images aie tbe curves WQ(t), 

2$t7. Let 2 ( 2 ) be an arbitrary curve joining the point 1 to an arbitrary 
point without crossing tbe cut. From the solution of Problem 296, we 
obtain tbal if tbe value of the function at the initial point of this curve is 
multiplied by f* then tbe values at the final point, defined by continuity, 
turns out to be multiplied by f*. Hence fi{2) — fn{z) • fjj. 

An^er. /.(s) = /o(i) • 

298. Solving Problem 297 we have found that tbe n branches of 
the function are related each other in thi^ way: fi{z) = ^ 

(i s 0, 1, . , . ,n • 1). The unique branch point of the function fs the 
point 2 = 0. During a simple turn around this point tbe argument of tbe 
function changes by (^'t 294), i.e., tbe value of tbe function 
varies by c,|. Consequently tbe scheme of tbe Riemann surface of the 
function has the form shown in Figure 71 (tbe Riemann surface for 
n B 6 is shown in Figure 119). 




FlGtJRfi 71 



2S*9. During a turn around the point z “ i, Big{z — 1) varies by 2ir 
and it does not change during any otbei turn around the other points 
(along sufficiently small circles). During a (um around tbe point z = 1 
arg — 1 thus changes by 7 and it remains constant during any other 
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tuTQ ajoimd (be other points. Consequently the sole branch point is 2 s I, 
turning around which the value of the funcdoo y/$ — 1 hurts out to be 
multiplied by -1. As for the function -/z, one proves that after have 
made an arbitrary cut from ibe point 2 s 1 (o infinity tbe image plane 
rums out to be decomposed into two single*valued continuous branches of 
the function vT—T. scheme of tbe Riemann sur&ce of the function 
— I is shown in Hguie 72. 




Figure 72 

300. See ibe solution 299. The sole branch point is tbe point 
(because g ^ i = z “ {^))t htrrung round which tbe function i 

turns out to be multiplied by e*.' The scheme of (be Riemann surface of 
the function + $ is shown in Figure 73. 




Figure ?3 



301. /iifU. Consider the mapping w = ss the composition of 

two mappings: r = f(z) and w = ^ (cf., 293), 

302. The mapping ui(?) = ^ /(2)caD be imagined as the composition 
of two mappings; 

r = /(i) and n> = v^. 



If C is a continuous curve on tbe z plene then on the r plane there is only 
one image = f{C) l^s curve. Since f[z) is a continuous function. 
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C' is a contumous curve. If the curve C" with equatioD u>o(f] one of 
the cootioiious images of the curve C* uodec the mapping U'(r) = 
then the curves with the equations Wj(t) = iQ)(t)€^ (t = 1^2,.., ,n - 
1 ) are, as well, continuous images of the curve C under the mapping 
= ^ (cf., 296). and. consequently, they are continuous images of 
the curve C under the mapping w(2) = V/W Thus if the value of the 
function u(r) = ^ mitial point is mulnplied by ^ the value 

at the final poioi of the curve C, defined by continuity, will be multiplied 
by Th erefor e if tvo(a) is a continuous suigle*valued branch of the 
fuDctioo then all continuous single'vaJued branches are obtained 

by multiplying tU 4 (z) by <* (f =s 1,2, . . . ,n - 1). 

Ansiver. W|{r) = iu,(z) • 105(2) = twi(2) = 

303. a) During a turn around ibe point 2 s 0 or 2 s t, firg2(2 — t) 
varies by 2ff (cf., 260). a nd varies by ir (cf., 280), ie,. 

tbe value of the function — t) is multiplied by -1 . To separate the 
single*vaiued continuous branches of the function y/z{z — ») it suffices to 
make two cuts respectively from tbe point z mQ and from tbe point z = i 
to infinity (ibe proof is the same as for tbe function uj = y/t^. The scheme 
of the function y/${z — f) is shown in Figure 74 (the Ricmann surface b 
shown in Hguie 12Cti). 

b) See Figure 75 (the Riemann surface is shown in Figure 120b). Hint. 

S*+la(z-i)(2 + t). 

I 

i 

FIGURB74 FlGUR£75 




304. See 303. a) Since j ^ during a turn around 

each of the poinb 2 ^ 1 and 2 = — 1 , the value of the function ^a* — 1 
is multiplied by <3 = C 062 ir/ 3 +tslD2T/3. scheme sought b shown 
in Figure 76 (the Riemann surface b shovm in Figure 121). 

b) After a turn around the point z s 0 the value of Ibe function 
turns out to be multiplied by ^ 3 . During a turn around the 
point s = 1 arg (2 - 1)^2 varies by and arg ^{2 — 1)*2 varies by 4ir/3, 
i,e., the value of ibe function ^(z— l)* 2 b multiplied by e|. Tbe scheme 
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sough! 15 shown in Figure 77 (the Riemann surface is shown in Figure 

122 ). 

c) See Figure 78, Him. 2* + l» (e-*)(e + »). 




Figure 76 





Figure 77 Figure 78 

305. The single'vaJued continuous branches of the function y/^, de- 
fined on the entile i plane, are tA)(z) = z, When ooe passes 

through the point z = 0, jrg z^ changes by 47T and arg\/i^hy 2ir^ ie.. the 
value of the function does no! change. The scbeiDe sought consists 
of two disjoints sheets. 

306. The probleiD is solved in the same way as Problem 304. a) 
See Figure 79. Him. + 2 * (z - $y2)(s + iv5), b) See Figure 
80 (the Riemann surface is shown in Figure 123). c) See Figure 81. 
d) See Figure 82 (the Riemann surface is shown in Figure 124). Hint 

— l}*(z + 1)* * U “ 1)*(2 + 1)‘ e) See Figure 83 (the Riemann 
surface is shown in Figure 125). Hint - 1 = (2 - i)(j - ej)(a - e|). 





Figure 79 



Figure 80 
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FIGURE 81 



FIGURE 82 




Figure 83 



307. See Hgure 84. Hiru. During a (um around the pojpl z s Q, 
arg 2 varies by 2t, aif 1 /z by —'2it (d.. 260(b)) and arg y/TJz by -rr, 
ie.> (be value of (he fuoc(ion -JXfz is iDultipUed by - 1 , 




a i 

Figure 84 Figure 85 



308. a) See Hguxe 85. b) Dunog a (uco around (be poln( z s 1 , 
— ])/(z + 1 )) varies by 2 r, duiiog a turn arouod (he point 

3 = -1 by — 2 t (cf., 2 60). Coosequen dy arouod the point z s 1 the 
value of thefuoctioQ ^{z — 1)/(2+ 1) is multiplied by ( 3 , and around 
the point z s — 1 by Tbe required scheme is shown in Figure 
86 . c) See Figure 87 (the Riemann surface is shown io Figure 126), 

309. Let a value u*o » v( 2 ^] be chosen at tbe poiot 20 be 
another poiot. IfCi 3^6 0<2 bvo arbitrary continuous curves joining zo 
and Z| without crossing the cuts (Figure 88 ), then evidently tbe curve C| 
can be coonouously deformed into tbe curve C 2 >vi(bout passing through 
the branch points. Since the funcdoo xv{2) possesses the monodromy 
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0 I -i 



FIGURE 87 



property^ the values of u^( 2 x), defioed by continuity along the curves 
and Cj, coincide. Consequently the value ui(zi) is uniquely defined 
continuity along an arbitrary curve joining zq and zi without crossing 
cut. 




310. See Hgure 89, Suppose that on moving along AS one moves 
from the ith branch to tbe jlh branch. We want to laiow at which branch 
we will arrive starting from the fth branch and traversing the cut along 
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CD. 

SiDce the fiuicdun has a finite Qumbec of branch points then 
one can choose the curves AS and CD sufricieotly short and the curves 
CA and BD sufficiently close to the cut> ui such a way that in the region 
bounded by the curve CABDC there are no branch points of the function 
u(a). In this case one can evidently transform the curve CABD into tbe 
curve CD without passing through any branch point. Since the function 
possesses the monodromy property, tbe function te(z] at tbe point 
D is uniquely defined by continuity along the curves CD and CABD. 
Starting from the ttb branch and covering tbe curve CABD, moving fust 
on the ith branch, one passes later to the jch branch, moving finally on 
it. In this way, along tbe curve CABD and therefore also along tbe curve 
CD, one moves from the ith branch to the ^th branch, exactly as along 
the curve AB. 




311. a) Hint ^ = -24 (» = 0, 1,2); = ±{l + »). Answer. 

(Here V? b tbe positive value of tbe square root) — 1 + 1 , — 3 ~ i, 3 + 

(V5+l)», 2 + (l->/3)i, -(>/3 + l);b) ±{l/2 + i).±i^-. c) 

±(l+i),0;d)±(l + 0;«) 4iy0. 

312. Hint It suffices to prove that the functioos h(s) s $ and h(a) s 

(2 possess tbe properties stated by tbe problem, and that if the functioos 
J{z) and q(z) possess these properties then tbe functions f{z) — s{i), 
/( 2 )'P(z),/(z)/ff(z), (/(r)]", nis an integer) also possess 

these properties. 

Solution. 1) If h{z) = z Iben uj^ b A(zq) b Tbe curve sought is 
the curve with tbe parametric equation — z(f), where z(f) b tbe 

parametric equation of tbe curve C 

2) If h{z) = 0 Iben uiq ^ a and tbe required curve is the curve with 
tbe equation wo(<) = n (degenerated to a point), 

3) Suppose that b(z) ss J{z) ^ p(z) and that the statement of the 
problem is true for tbe functions and ^(z). By tbe definition of the 
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8UJD of multi'valije J fimctions we have uio — uig + Wg i where utq is ooe of 
the values d J{Zq) and is one of the values of 9 ( 20 )' ^ioce for the 

fuDctiona y (s) aod ^(s) the staiemeni of the problem holds, there eust 
two coatinuous images C* = ^ — 5{^)i siaiting respecDvely 

from the points Wg and Ug . If u'(f) and w*(t) are the patajoelric equations 
of the curves C and C then tbefunclioo u;o(0 “ 
is continuous, being the sum of continuous functions) is tbe parametnc 
equation of the required curve because uo(0) = u/(0)^w"(0) s s 

u^. In anidenncaJ way ooe considers tbe case in which h(r) = S{z)—g{z), 
h{z) = f{z) * 5 ( 2 ), h{z) = f{z)J 9 (z] (in ttus last case tbe continuous 
function sought is u^t) ~ because by hypothesis tbe curve 

C does not pass through tbe points at which the function h{z) is not 
defined, and consequently ^ 0. 



4) Suppose that A(a) s ^f{z) aod that for f{z] tbe statement of the 
problem is true. By the definition oftbefuccdoo ^/(s)we baveu^ = 
where Tg is one of tbe values of /(zo) Tbe mapping h(r) ^ ^/(i)can be 
ccnsidered as the composition of two mappings, r = f{z) and w = 
Since for the function f[z) the statement of tbe problem holds, there 
exists at least ooe continuous image C' of tbe curve C under the mapping 
T — f{z) beginning at tbe point tq. By virtue of the result of Problem 
293, there exists at least one continuous image C'’ of the curve O' under 
the mapping w = beginning at the point The curve is ibe 
curve required. 



313. At the point zg, chosen arbitrarily, tbe function ft(z) takes ruTt 
values: ft,^(2g) * /.(zg) + t » 1... . ; « I,-. . ,m. Since 

the sum of continuous functions is a continuous function, the singl^valued 
continuous branches of the function h{z) are the ntn following functions: 
^(^)* A(^) +«(*), . ,n;j » I, ,m. 



314. a) See Figure 90, Hint. Use tbe schemes of tbe Ricmann surfaces 
of tbe functions y/J and yjz~\ (cf,, 288, 299). b) See Figure 91. Hint. 
Ct. 304, 307. c) See Figure 92, Hint Cf,. 288, 292, d) See Rguie 
93 (tbe Riemann surface is shown in Rguie 127), Him. Draw first Ibe 
scberoes of the Riemann surfaces of the functions y/z^ — 1 and — 1. 




Sotunons 



191 



316. a) Let /i(2) = ~/o(z) be the single*valued coqqjiijous 

brancbes of the fimcdoo ^/z. The scheioe of the Riemaiio surface of Ibe 
fuocdon h(z) = >/z + \/z, built by tbe formal method, is shown io Hguie 
94, The branches h^ i{z) = /c(r)+/i(z) = 0 and ^ 1 ^( 2 ) = fi{z)+/„{z] = 
0 coincide. To obtain tbe correct scheme of the Riemano surface of the 
function h{z] ■ ^/z^ y/z we therefore have to identify the branches ho,\ 
and scheme is shown in Figure 95. 




Figure 94 Figure 95 



b) Let Jo{z) and /i(z) ^ ^ tbe single^valued coobnuous 

branches of the function y/z. Tbus [/o(z))* = 2 and [/ol^)]^ = 2 * 
Consequently ftjz'l is one of tbe ain^e-valiied continuous brancbes of 
the function The brancbes of this function are: Po(z) = 

g, {z) si- f^{z). gi{z) = -fo{z), ^ 5 ( 2 ) = -i ■ /ojz). Tbe scheme of the 
Rjemami surface of tbe function h(s) s y/z + V 2 ^, built by the formal 
method, is shown in Figure 96. The correct scheme (Hgure 97) b obtained 
by identifying the coincident branches 2 ( 2 ) = Q and 




Figure 96 Figure 97 



c) Let /o(z) be one of the single*valued continuous branches of the 
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fuDcdoD Thus Ibe branches are /q(«), /,(^) = f^[z) ■ ( 9 , Mi) = 
ff,{z) ~ The scberoe of the Riemaiui surface of ibe functioo h[z) = 
+ ^fz, buiJi by the formaJ loeibod, is shown in Figure 98. To obtain 
the correct scheme (Figure 99) one has to identify the following coincident 
branches: hc,i(e) and ^ 2 ( 2 ) and ^,^( 2 ), hi, 2 («) and /i 4 ,x(a). 




FIGURE 99 FIGURE 100 



317. a) Let /g(z) and /|(s] = ~/o(f) ^ single>vaJued codqduous 
branches of the funcdoo .Jz, Thus [/q( 2 )]* = z = 2 *. The 

8ingle*valued continuous branches of the functioo ^(z) = are ibere* 

»(?) - /o(z). Pi (2) = « • /a (2), *(2) = -U{^> Ps(2) = * iM 

One builds the scheme of tbe Riemann surface of the function A{a) = 
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iy/z— the formal method, afterwards one ideobfies the fbUowiDg 

comcideot braDches; ^ 0 , 1 ( 2 ) = = 0 Tbe remaioing branches are 

diatiocc it suffices to calculate then values at the point 2=1. The 
correct scberoe is shown in Figure 100. 

b) Let ff,{z) and /i(z) = ~/o(z) be ibe single^valued contiouous 
branches of the function y/T^. and let ^( 2 ), = % ■ g^{z], ^( 2 ) = 

—^( 2 ), ^(z) = ~t * Pg(z) be the single*vaJued coobouous branches of 
the function g(z) = We build the scheme of the Riemann siu^ce of 
the function h{z) = y/z — 1 * ^ by the fo rmal method (Figure 101) and 
we identify the coincident branches: ha,o(z) ~ h| j(a), 
f^[z) = Ai,o(?)i ^ 4 ( 2 ) = ^ remaining branches are all dis* 

bnct; it suffices to their values at the point z — 2. 'Ibe correct 

scheme shown in Figure 102. 
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c) See Figure 10^, The solubon is similai to the solution of the case 
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*0,3=*!, I 
^oa=^i.o 
^0,1 =*U 
^ 0 . 0 ®^ 1.2 

Figure 103 

d) *Tl>e fuociion f[z) = y/z + y/z bas 3 dogle^vaiued coqqduous 
branches; /„(s) s 0, /i(g] and fi{z) = (cf., solution 316(a)), 

The function g|z) = ^z{z ^ 1) has 3 sin^'VaJued continuous brancbes 
as well: ^(s), ffi{z) - «3 • 9i{z) - 4 io{2)« The branches fmaiz). 

and ^9(2] coincide: hu(z) = ^,i(z) = = 0. The remain* 

ing branches are all dbtmcl: it suffices to calculate tbeir values at tbe 
point z = 2. The correct scheme is shown in Figure 104 (the Riemann 
surface is shown in Figure 128X 





31S. A/tswer, The single^valued continuous branches are the func- 
tions A,(z) s [/i(2))*‘» where i = 1.2 ,. . . 

319. a) If Mzl h[z) = i . /c(z), JM = -m. Mz) - -t • Mz) 

are tbe sin^*vaJiied continuous branches of tbe function f{z) s then 
[/^(a)P = [/8(z)P and (/i(r)]* = l/s(s)|*. Tlie correct scheme is shown in 
Figure 32 (§19), 

b) Cf., 316(a). If /o s 0, Mz) and /j(z) « -/j(z] are tbe single- 
valued continuous branches of the function f[z) = y/z+^, then [/j [2)]^ = 




Solutions 



195 



The conect scbeioe b showD in Figure 105. 



FIGURE 105 

c) If ( 2 ) b one of ibe single^ valued coDtmuoua branches of the func* 
lion /(s) = y/I < then Ibe branches are; /a(a). /i(s) = /g(a) > fj, 

h[z) = /eU) h{^) = -/oW. U{ 2 ) = -/c(^) • es, /«(*) = -/«(«) <|. 

TTierefore [/p(,)]3 = and = [/,(z)|» = [A(r))». 

The required b shown in Figure 32 (§2,9). 

320. Suppose that the point zp is not a branch point of the fimcdoo 
/(z). llujs> by one turn around the point zg along a circle of radius 
sufficiently small, ibe value of /(z) does nol change. 

Suppose all values of / (zp) be different from 0, Thus the continuous 
images under the oiappiog ^ = f^z) of circles with centre at zg and 
with radii sufficiently small are do^ continuous curves lying close to 
the point u = /(zi)' Since all values of /(zp) are different from 0, all 
these curves— images avoid the point w = 0 for circles with sufficiently 
small radii. It follows that arg/[a) does not change. But thus also the 
value of the function ^f{z) does not change. Hence tbe only possible 
branch poinb of tbe function ^f{z) are the brai>ch points of ibe function 
and tbe points where one of tbe values of /(z) vanishes. 

Asiswtr. The branch points of /(a) and tbe points where one of the 
values of f(z) vanishes. 

321. Since p(z) b a continuous function on Ibe plane with tbe cuts 
described, [g(a)f' b also a conliiuious function. Since for every z b 
oi»e cf tbe values of ^f{z), ( 5 ( 2 )]* b, for every z.one of Ibe values of the 
functioo/(z). Consequently (p(z)]" is a single*valued continuous branch 
of tbe funciioo /(z) according to the cbcsen cuts. 

322. Cf.. 302. Answer g[z], g{s) ■ j(a) >4^.. , ,g{z) 

323. Hint. Since ii^(<)b a continuous curve, wtCf) is also a continuous 

curve; moreover. |uii(f)|^ = (uig (<)]’* = |ufc (<)!*, consequendy 

|u;k(f)|" ^ equal to one of the vah^s d 

324. Hint From tbe result of Problem 323 it fdlows that if tbe value 
of the function ^/(z) at the iniri?! point of the curve C b multipUed by 
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iheo the value of the fuociion y/J{g) at the final point of the curve 
C b also multiplied by 

325. Let /f(z} and = ~/o(r) be the singt^valued conimuous 

branches of the function auch that /o(l) = 1 and /^(l) = —I. Thus 

— 1 and /i( 2 ) — 1 are ibe single valued cootinuous branches of the 
function y/z — 1. Each one of these values corresponds to two branches of 
the function \/^ — 1. If y'i — 1 * 0 then y/z = 1 and a * 1. Therefore 
besides the point a s Q only the point a s 1 can be a branch point. The 
branch point can be coly in the pack (of two sheets) corresponding oo the 
branch /ti(z) ™ 1 (because one must have vT ^ 1). We have 

A(a) + 1 " Mz)^l ’/aW + l 

By one turn around tbe point z = 1 the argument of the denominator does 
not change, because /q(T) + 1=2^0. 'IT>e argument of tbe nuRierator> 
by one turn aroun d ^ poin t 2 * 1 , varies by 2ff. Tbus arg( fail) ~ 11 
varies by 2ff; arg varies by it, and thus tbe value of v//g(a) - 1 

changes. By one turn around tbe point z s Othe vahie of the function 
changes, therefore horn the pack of two sheets, corresponding to 
one moves to tbe pack of two sheets corresponding to /i(z} — 1, and 
vice versa. By a double rum around the point z ■ 0 final value of 
the function y/z onncides with tbe initial value and arg(>/z ~ 1} (Ices 
not change (because ^/J — 1 ^ Q). By a double turn around the point 
2=0 one comes back onto the first sheet. Combining together tbe results 
obtained we are ab le to build tbe scheme of the Riemann surface of the 
function y/y/z — I, shown in Hgure 106. 




0 1 
Figure 106 



326. Hus problem is solved in tbe way as Problem 325; a) cf., 
Figure 107; b) cf,. Figure 108. Hint. If /q(z) is a single*vahied continuous 
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braDch of the fuociion aod /^(l) = 1^ then 



/o(z) - J » 



/o’-» 






2-1 

PM+Ms)-H' 
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FIGURB 108 



327. Since s* + 1 = (^ - i)(a + »), the value of s/F+1 changes 
as a consequence of one ruro around the point z = i aod of one iucn 
round z — — t, these points are the branch points of the function 

</z^ + 1 — 2. The scheme in both cases (a) and (b) is shown in Figure 75 
(Solution 303). 

If - 2 s 0 ibeo 2 ? + l = 4andzs ±y/z (V5 “ posinve 

value oftbe root). Let = 0»i>^>» io this case wehadcboseo </4 ~ 2. 

We are loddng for the value of /o(~“V^' point z s >/3 to the 

point z = ~\/3 by a continuous curve not crossing the cuts. 

In tbe case (a) one can take» for exam|^. the segment joining the 
points z = \/3 and z = v^— 3. It is easy to see that on moving along 
segment arg(z + i) = argU- (-»)) increases by 2x/3, whereas arg (2 -*) 
decreases by 2ir/S. Therefore arg(z^ — 1) does not change and ccaise* 
quenlly tbe value of — 2 does not change. In this way in the case 

(a) /o(-V^ = /o(>/5)*0. 

In the case (b) on moving along an arbitrary curve joining the points 
z = and z = %/^ and not crossing tbe cuts> arg(z -f t) increases by 
2 jt/ 3, and arg(z - i) inaeases by 4ir/3 So arg (z^ + 1 ) increases by 2r 
and arg y/z^ + 1 increases by n: the value of ^ l changes into the 
opposite. Therefore in the case(b) = — 2 ~ 2 = ^ 0, whereas 
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328. Let and Cifz) be tbe siogle-valued corUumous branches of 
the fuQctioo g(j) = + 1, such lhal fti(x) — 2 * (cf,. solutioo 

327) and ^ ( 2 ) -2 = f ( 2 ). In Ibe case(a) ooe bas = a(-V 3) = 2 
(cf.. solutioo 327) and 

. 0 - V3) 

+ 2 p»(z) + 2 i>e(s) + 2 

By ooe tum around tbe points 2 = y/Z and z ~ —y/Z the arguroeot of tbe 
denominator does not cbange because 9ci(v^^2 — 9o(~'V3)-l*2 s 4 ^ 0, 
whereas tbe aipimeni of ibe denominator increases by 27 t. There fore 
arg(sc(a) - 2) increases by and arg \/s^{t) - 2 increases by ir: then 
tbe value of y/ f^[z\ changes, Coosequeotly tbe branch points at z s y/% 
and z = ~\/3 ^ ^ same pack of sheets. In tbe same way one proves 
that in the case (b) these branch points lie on different packs. It remain 
to calculate bow the passages amongst tbe sheets by turning around the 
points 2 = 1 and 2 s -t match each other. 




The continuous image under the mapping ui = y/^~+T of tbe circle 
Ca of radius R = 1.1. with centre at tbe point 2 s 0, is the curve shown 
in Figure 109 (consider the mappings tp * s^, u* * + 1, Uf » + 1)* 

Hiis curve does not turn around tbe point 2*2. Therefore by turning 
along the cixcle CA.tteither aig(VJ* + 1—2) nor the value of the function 
^( 2 ) = 2 changes. Coosequendy turning around tbe point 

2 = t. and later around the point 2 = — t, we must come back onto Ibe 
same sheet (cf,> Remark 1 §2.10). The required schemes are shown in 
Figure 110 and in Figure 111. 
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Figure 110 



Figure 111 



329. Hiru. In tbe opposite case> covehog tbe iovene curve C ’ , 
should lose tbe uniqueness. 

2 $ 4 
4 i 2 
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331. Hint. Use the result of Problem 57: 
and (3) are obYTously satisfied. 



s g ■ Q cooditioQS (1) 



332. Answer, a) The cyclic group b) tbe cyclic group 2a » c) the 
cyclic group Z„,d) Zs,*) Z4. 

333. Him. Fw tbe functioo ^/z + >/2 — 1 given in Problem 314(a) 
we obtain that a turn around the point z s C involves a permutation of 
tbe fust indices m tbe branches hij{z), and that a turn around the point 
2 s 1 inv^ves a permutation of tbe sectmd indices. Hence tbe group we 
seek is the direct product of groups Zg X Z? (cf,, §1.7), 

For tbe function \ — \ given in Problem 314(d) let 

be the permutation of the sheets which corresponds to one turn around 
the point 2^1. and ^ the permutation of the sheets which corresponds 
to one turn around tbe point 2 s —1. Thus ^ permutes cyclically the 
first indices of tbe branches htj(r), whereas permutes cyclically 

the second indices. Since = (p, ^ subgroup generated by the 

permutations and p2 coincides with tbe subgroup generated by tbe 
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peTTDUlatioos and ^ 1 ( 73 Therefore (be required grvup is the direct 
product Zt X Z4. 

In (be other cases Problem 333 is solved in a si milar 

Annver. 1, a) the direct product (§1.7) Z 2 x Zj; b) x SS (cf., 

77);c)ZaxZ3SrZ8;d)Z,xZ.. 2. a) Z?,b) Z^.c) Z^.d) Z, xZ,S Z«. 
3. a)Z9,b) {e},c)Z«. 

334. If the penmitation exchanges tbe two packs of d>eets> and the 
penDuladoD changes tbe positions of the sheets in the same pack, then 
It is easy to see that tbe permutation pipspf’ changes the positions of 
the sheets of tbe other pack. So the permutation group of both schemes 
contains a permutation which exchanges tbe packs, a permutation which 
permutes tbe sheets in one pack and a permutation which permutes the 
sheets in the other pack. 

Our group, generated by these permutations, contains only the permu* 
tations such that every pack is sent to itself or to tbe other pack, whereas 
tbe sheets in each pack arc arbitrarily permuted. Numbering the branches 
of one bunch (or. equivalently, the sheets of one pack) by tbe numbers 1 
and 3. and those of the other bunch by 2 and 4, one obtains that every 
permutation of the group so defined curresponds to a symmetry of the 
square with vertices 1.2, 3. 4 and, conversely, to every symmetry of »hi< 
square there corresponds a permutation of the permutation group of the 
scheme just defined. Therefore our group is isomorphic in both cases to 
tbe group of symmetries of tbe square. 



335. Let frt , uij, , . - , tti, be all values of and let zj, . . , be the 
branch points of tbe function u;( 2 }. Numbering tbe sheets of tbe scheme 
of the Riemann surface of tbe functic^ ^(> 2 ) bi such a way that for every 
i = I. . . . , n (be value w ur(zo) corresponds to the tth sheet, we obtain 
that to every permutation of tbe values uj, there naturally corresponds 
a permutatic^ of the sheets. We prove that under this correspondence 



tbe groups and ^ coioade. Let a permutation g of the group G\ 
produced by a turn along a continuous curve C. starting and ending 
ai tbe point 2 ^. Suppose that the curve C crosses the cuts (according 
to which tbe Rie mann surface has been built), drawn from the points 
-^ij. -£||, ■ ■ ■ ,Ziff ^ ^ point Zj there correspemds a permutation 
It is easy to see that to the curve C there corresponds a permutation 
of the sheets (together with a permutation of tbe values equal to 
PfeT ' ^ ~ Si' .'^bere = 1 fbe cut is traversed counterclockwise, 
^ cr. = -1 if lb e cut is traversed clockwise (cf,. Remark 1 in §2.10). 
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li follows iba( p = • . . . ' 9 *o (?«. Inversely, if the 

eteineni p = j*"", ■ . . , > is given in Ihe group C?)(bere = ±D*, Ibeo 
one easily defines a curve C wbicb produces (he same permutadoo of the 
vahies ti/| in the group G\ . Bx example, in Figure 112 one sees a curve 
which correspoods to the permutadoo 



( 


% 






C3^ 



FK30RE112 



336. Let zq be a branch point of the function h{z) and suppose that to 
one turn around point there correspond ibe permuladons and dj 
of the schemes of the functions f[z) and 9(3). (If a branch point 

for one of the functions f^z) or (7(3), then the permutation corresponding 
to or to (fg is the identity permutation.) If the branches h,^(3) of 
the function h(3) are numbered by two indices t, j as we described in 
Proposition (a) ofTlieorem 8 (§2.11), then after arum around the point 
2o the fust and second indices turn out (o be independently perrrujled 
Cnteorem 8, Proposition (b)). Moreover, tbe perrrujtadoD of the first 
indices is equal to di and that of tbe second to dj So to one turn round (be 
branch point there corresponds a permutation of the sheets of the scheme 
of tbe Riemann surface of tbe function f&(z), which can be considered as 
a pair of permutations [di, dg). Since d) and are elements respectively 
of tbe groups F and G, then the pair (di.ds) is an element of tbe direct 
product F X G. Tbese pairs, corresponding to all branch points of tbe 
function h(z), generate a certain subgroup of the group F x G. 

’ll follow* frocD the defimaoB of (be peimuiatioo group of a given Th^m^ io | 2 12 
ihal every elemeol of this group can be pul into (be lodicaied form 
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337. Tbe scbeiDe buUi by the formal inetbod may contain some sets 
of sheets on which the branches coiodiie. (We have seen (Theorem 8 
(c)) that io this case we have to identify the sheets io everyone of these 
sets in order to obtain the correct scheme of the Riemaon surface of the 
fuDchoo h(s).) By virtue of the uniqueness, by one turn round an arM* 
trary branch point we move tbe sheets of one set to the sheets of a 
different set of tbe scheme built by the formal method. Consequently any 
permutadoDS d of the sheets of the scheme built by tbe formal method, 
correspochiing to one turn round a branch point, permutes the sets with* 
out destroying them. If the permutations and permute the sets 
without destroying them, then also the permutation d}dQ obviously per* 
mules tbe sets without destroying them. Therefore aU the permutadoos 
di of tbe sheets of a scheme built by the formal method, belonging to 
group ^ 1 , permute the sets without destroying them. Let us put into 
correspondence with every permutation dt a perrrujtalion of the sets. 
If to tbe penrujtation of sheets d| there correspoTKis tbe sets permutadoo 

and. to the permutation d;, the sets permutadoo dj, then it easy to 
see that to the permutation there corresponds the sets permutation 
This means that the mapping we have defmed of tbe group Hi on 
the permutation group of the sets of sheets is a homomorphism. 

Since to every set (considering the sets containing only one sheet as 
well) there corresponds a sheet of the correct scheme of the Ri^ 

maim surface of tbe function k{z) (Theorem 8 (c)), and the passages 
amongst the sheets of tbe original scheme are transformed exactly into 
passages amongst tbe sets of sheets, the homomorphism we have defined 
is a sufjective homomorphism of the group ff] onto the group 

338. Cf.. 336 and 337. By hypothesis the groups F and G (cf., 
336) are soluble. Bui thus tbe group F x (7 is also soluble (cf,, 167), 
Since tbe group H\ (^ permutadoo group of the sheets of the scheme 
built by tbe formal method) can be considered as a subgroup of the group 
FxG (cf.. 336), then the group Hi is also soluble (cf,, 162). Since there 
exists a sufjecdve bomomorphism of the group //( onto the group H^ (tbe 
permutation group of the correct scheme of tbe function hfa) (cf,. 337)), 
it follows that tbe group Hi is soluble (cf., 163). 

339. Hint. Cf.. Theorem 9, §211, If F and H are the monodromy 
groups for tbe schemes of thefdnctioos /( 2 )and H( 2 ),tben as io Problem 
337 one pioves the existence of a suijecdve bomomorphism of the group 
F onto the group H. Afterwards one uses tbe result of Problem 163. 
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340. To every sheet of the scheme of the Riemaiuj surface of the 
functioii /(r) there correspoods a pack of u sheets in the scheme of the 
Riemaon surface of the funcdoo a ^/{z] (Proposition (a) of Tb^ 
orem 10. §2.11), Tbe permutations of the scheme of the function h(z), 
which correspond io the turns around the branch points of the function 

permute the packs wilboui destroying them (Proposition (b) of The* 
orem 10), But thus all permutations of the group H also permute tbe 
packs, without destroying them. Therefore to every permutation d of tbe 
group H there correspcods a permutation if of the packs. Moreover, if 
to the permutation d\ there corresponds the packs permutation (fj and 
to tbe permutation tbe packs permutation then to tbe permuia* 
lion d\di there corresporKis tbe packs permutation We obtain a 

homomorphism of tbe group H into tbe permutation group of tbe packs. 
The permutation of tbe packs, obtained by a turn around an arbitrary 
point zq, corresponds to tbe permutation of tbe sheets by a turn around 
the point in the scheme of tbe Riemann surface of tbe function /(z) 
(Proposidoo (c) of Theorem 10). Consequently tbe group of tbe permu* 
rations of the packs, gerteraled by tbe group H, coincides with the group 
F (more precisely, it is isomorphic to F). 

Tbe abovededned homomorphism is thus a surjective homomorphism 
of tbe group H onto tbe group F. 

341. The kernel of tbe homomorphism, built in the solutioo of Pro- 
blem 340. consists in those permutations of the group H which transform 
each pack into itself. Let d\ and di be two permutations of such a type. 
If tbe sheets of tbe packs are numbered in this way: 

then both permutations (fj and permute cyclically tbe sheets of every 
pack (cf,. Proposition (d) ofTheorem 10). Consider an arbitrary pack. If 
d| cyclically displaces tbe sheets of this pack by I sheets, and displaces 
them by k sheets, then both permutations dids and d^di displace the 
sheets of tbe given pack by A + 1 sheets. In this way tbe permutations ditk 
and didi permute identically the sheets in every pack, i.e,, didt = d^di. 

342. If ^ is the homomorphism defuied in the sohiti<m of Problem 
340 and kermis its kernel, then tbe quotient group H^ket<^is isomorphic 
to the group F (Theorem 3, §1.13). Since the group k£r ^ is commutative 
(cf.. 341) and the group F is soluble by hypothesis, the group H is soluble 
as well (cf., 166). 

343. Let r*(ur) » + 60ifl - z. If tOo is a multiple toot 

of the equation (tu) — 0 is a root of the equation P;(u;) « 0, 
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2W 

where the derivative of polynonuaJ Pg(iu) with respect to ur 

(ef. 276). We have /^(uf) s Uw* ~ 75ty* + 80 » + 4) * 

15(tc - 2)(tu “ I)(w+ l)[u -t-S) Since the equahoo ^(w) s Q has four 
roots of order 1> s -2« -1, l»2» on^y the values u^s — can 
be iDuInple roots of the equatioo P«(w) 0 (of order 2). Putting these 

values in the equation 

3iu^ - 28tu® + 60it? - 2" = 0, 

ooe obtains that they can be roots of order rwo if z takes the values. 
-16> -38, 38, 16, respectively. 

AnTtver. Tbe roots of order two are the values; wq — for z — —16, 

tua = -1 for a a -38, tuo = lfof3 = 38, u>» = 2fora = l6. 

344. Let p,(tc) = 3tu* - 26tti* + 60u; -z. Set s = 2 ti and consider the 
siDgle*vaIued loappiog of the tC plane onto tbe complex r plane defined 
by T s P^(ui). In the plane let C be a circle of radius r with centre 
at tbe point uiq (Figure 113) and C' the image of tbe circle C under 
the mapping r = Pj^,(to). Decompose the polynomial Pft,(ty) = 3tp^ — 
+ 6Gw — 2o into monomials cf first degree (cf,, 269), We obtain 
PeB(tti) = 3(w ® 3 )(ui - - Ws), where all values 

uit are roots the equation P^(u;] s Q. By a counterclockwise turn 
along tbe circle C, tbe argument of the factor (ut — tu,) does not change 
if lies outside the disc A bounded by C. and increases by 2ir if 
lies inside disc. Therefore, going counterclockwise along tbe circle C, 
the argument of the function P(^(tc) increases by 2rrm, where m is the 
number of roots (taldng into account their multiplicities) of tbe equation 
Pa^(v) w 0 which lie inside O. Consequently the curve C, the image of 
the circle C under the mapping r = Pei)(^)r around the point r s 0 
m times (Figure 1 14), 




Figure 113 



Figure 114 
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SiDce by hypothesis the point the centre of the circle C. is a root 
of the equation PM s 0, iheo m > 1. There thus exists a value 
p > 0 such that the of radius equal to p with centre at Ibe point 
r = 0 has no intersection with the curve C* (Figure 114). Consider now a 
different complex number 2^ and consider another mapping r ■ P^(w). 
Let (7* he the image of tbe circle C under tbe mapping r s oimce 

P^(«i^ s — 25in® + 60ui “ ■*0 = " 25tti*+ 0Oto - sq + (sq - * 

+ (io “ ■*i)r *he curve C" is obtained ^m the curve O’ displa^g 
it by ibe vector 2 q - ^ ' If the length of the vector 2^ — is 

smaller than then the curve C is displaced with respect to by so 
small an amount that along C one turns around the point r = 0 as many 
times as along O'- (Equivalently, one may imagine, conversely, that the 
point T s 0 be displaced instead of ibe curve, see Figure 114). Since the 
curve C* turns m times around the point f = 0, the curve C" turn 
m times around the point r s 0 as well. Following the same reasoning 
as before, we obtain that inside tbe £> there are m > 1 toots of tbe 
equation P2^(w) = 0 (taldng into account their multiplicities). 



345. Let be an arbitrary point, different from 2 s ±3$ and z s 
±16. ^tis have 5 different images of the point z under tbe mapping 
v){z}. Let these images be wi, toa^ W4, W&. If a continuous curve C 
starts from ibe point then at every point u>i (t s ], . . . ,5} at kast 
a continuous image of the curve C under the mapping ui(s) starts. If 
two continuous images of the curve C were starting from the point u>i, 
then the curve C should have at least six cootimious images. This is 
not possiUe because an equation of degree S cannot have more than five 
roots. Consequently tbe point Zq is imt a point of noc>uniqueness of the 
funcdoo «i(r). 

Consider now 5 with a certain radius r with 

centres at tbe points Cboose r su^icieotly small so that these 
be disjoint. By virtue of tbe result of Problem 344 there ensts a disc 
Pq, with centre at the point zq, sucb ibai for every point 2^ inside this 
HiBr there exists at least (and consequently only) one image in each one 
of the discs Di, Di,Di,D4,D^^ tbe w plane. If Cis a contiiuK^us curve 
which lies entirely in the all images of its points lie in the 

Di (i = 1, . . • , 5). But thus a continuous image of tbe curve C under the 
mapping w(2) cannot jump from one to aimtber. and each one of tbe 
images ofClies entirely in one oftbe discs (i = 1,. . . ,5). If the curve 
C, which lies entirely in the Hi^r begins and ends at tbe point 2^ then 
the end points of its continuous image C” are images of tbe point 2^ under 
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tbe mapping t4i(z). Since the curve O' entirely in one of the discs Di 
(is 1, . . . and in this disc there is only one image of the point 2 ^, 
tbe curve C' begins and ends at a unique point 

So if C is a dosed curve lying entirely inside the Dq then the 
value of tbe function m( 2 :) at the final point of the curve C. defined by 
continuity, coincides with the value at the initial point. In particular, 
this bokls for all circles with centre at and radius smaller than p. 
Consequently the point zjj is not a branch point of the function tv(z). 

346. From tbe result of Problem 343 it folk>ws that for r * 2^ b 38 

equanon (2,8) has four roots: ui(, n^, of which one (for example, 

nij) has order 2. and tbe others are suT^4e, Suppose that tbe point is 
close to the point 2 q. Thus from the solution of Problem 344. we obtain 
that near tbe point there are two images of the poini ^ under the 
mapping w[z) and near the point wj, and there is a sole image of 
the poini z^. Let C be a circular curve of small mdius. with centre zq, 
starting and ending at z^. As in tbe solution of Problem 345 we obtain 
that tbe continuous images of tbe cixcle C under the mapping u;( 2 ;). which 
start from the points wj, and ^nd at the initial point, whereas 
the continuous images which start fiom one of the images of tbe point Zg, 
neat tbe point u)], may end on the other image of the point which 
neat the point ui] as well. Consequently at tbe point zq only two sheeb 
can meet, whilst there are no passages between the other three sheets. 

347. Let us draw a continuous curve O ’ ^m the point ug to tbe 

point ui|. not crossing the images under «r(z} of tbe points z = ±36 and 
z = ±16. It is possible to draw it. because tbe points z = ±38 and 
z = ±16 have a finite number of Now let C be the image of 

the curve C under the mapping *(tp) * + 60w. Since 2(ic) 

is a continuous function and C' a continuous curve. C is a continuous 
curve as well. Since z and to are related, under the mapping z(tu), by tbe 
relation 3ii;^ — 25ur^ + QOu? — z s 0, '^^hich coincides with that given by 
the mapping w(z), the curve C* ia itself a continuous image of the curve 
C under the mapping to (r). Since the curve does not pass through the 
images of the points z s ±38 and z = ±16, ibe curve C does not pass 
through the points z = ±38 and z b ±16, The initial and final puinb of 
the curve C are 2(tUo) » Zg and z(tOi) b Z\. Consequently C is the curve 
we sought. 

348. By virtue of tbe result of Problem 347 one can move from an 
arbitrary sheet of the Riemann surface of tbe function tti( 2 ) to any other, 
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iDoving a)oDg a curve which does oo< pass through the points 2 s ±33 
and z — ±1$, Moreover, every passage from one sheet to another, whilst 
crossing a cut, coincides with the passage indicated on the scheme at that 
branch point fr ora which cut starts (cf., note 1 §2.10). Consequently 
the connecb<ra of the sheets at the branch points rausi be made so as 
to obtain a connected scheme. Since points different from z a ±38 3^ 
z s ±16 are not branch points (cf,, 345), and at each one of the points 
2 = ±38 stid z ^ ±16 C4ily two sheets can join (cf,. 346), in order to 
obtain a connected scheme we must put ooe arrow in correspondence with 
each one of tbe points z ^ ±3S and z = ±16, of these four points 

are branch points. All the distinct connected schemes are shown in Figure 
115. Any connected scheme of the Riemann surface of the function xp{z) 
matches orte of these three schemes after a permutation of the sheets and 
of the branch points (here we do not claim that ah these three schemes 
can be realized). 




Figure 1 15 



349. We prove that tbe permutabon group of the scheme for all the 
three schemes shown in Figure 115 contains ah the elementary irans* 
positions (cf., §1.15), ie., the transposition (1,2), (2,3). (3.4), (4,5). 

tbe first scheme this is evident because these traDsposidons cone* 
spond to the branch points. In the second and in the third scheme 
one of the branch points corresponds to tbe transposition (1,2). The 
transposibons (2, 3) and (3, 4) are obtained in both cases as tbe prod* 
ucis (2.3) S (1.2) . (1, 3) . (1, 2) and OA) » d, 3) • (1,4) « (1, 3). TTie 
transposition (4, 5) is obtained for ibe second scheme as ibe product 
(4, 5) B (1, 4) * (1. 5) * (1, 4) and for the third scheme it simply coincides 
with one of the branch points. 

Consequently tbe required group contains, in ah cases, all elementary 
transposibons, and consequently (Tlieorem4, §1.15) it coincides with Ibe 
entire group of the permutations of degree 5, 5$ 
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350. From the resuJi of Problem 349 we obtain that the cnooodromy 
group of the function ur(s) is the group 5e of all permutations of degre e 
5. which is oot soluble (cf.> 'Theorem S, 1,15). On the other hand if 
thefunctioo u^(s) were representable by radicals, then the currespooding 
moDodroroy group should be soluble (cf.. Theorem 11, 2.13), Roro the 
contradiction so obtained rt follows that the function w(s) is not repre* 
seotable by radicals. 

351. Hint. If such a formula existed then, taking in it the values 

(30 s 3, B -25, flj « 60, = Oand a, = 2 , we would obtain that 

the function (cf., 350) is representable by radicals. 

352. The function ( 2 ) expressing the roots of equation (2.9) in 
terms of the parameter 2 , possesses a Riemann surface which c«iaists of 
a separated sheet, 00 which ti;i(2) s 0, ^nd of 5 sheeb which represent 
the scberoe of the function w( 2 ) expressing the roob of the equation 

3ur* - + 60w - j * 0 

in terms of the parameter z. Hence the monodromy group corresponding 
to the function tui ( 2 ) coincides with the monodromy group of the scheme 
of the fursction to ( 2 ), i.e., with group 5g ^ degree 5 permutations, 
which is oot soluble (cf,. 349). On the other hand if the function n;i(2} 
were represented by radicals then the corresponding monodromy group 
would be s^uble (cf,, Tbeorem 11, 2.13), From the contradiction so 
obtained it follows that thefunctioo tiPi( 2 ) ts not representable by radicals 
and that the general equation of degree n, for n > 5, >2 not solvable by 
radicals. 
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Drawings of Riemann surfaces 

Tbe Ricmaoji siu^ice of a complex fimciioo tv(z), as has been defined 
in fhi< book> is a coDection of differeol c^nes of the 2 plane (the sheeb) 
suitably joined each other along some cuts, in such a way that tbe function 
w, defined on these sheets, becomes a single^valued continuous funclioo. 
However, the Riemann surface of a function ui = f[z\ sometimes 
can be realized by a suitable projection of ib graph, whi^ hves in , 
Rza example, the Riemann surface of the function y/z in Figure 27 is 
bomeomorphic to tbe surface shown in Figure 116, which is the graph of 
tbe real part oly/2, i.e,, tbe projection of the graph of this function onto 
the three'HiimensioGaJ space with coordinates (7 s fi(z), y s 9^(s) , u = 




Figure 116 



The drawings of Riemann surfaces in *bi< Appendix are not obtained 
as projecdons of graphs, but they are 'artificial' surfaces constructed by 
tbe method just explained in §2.10, 

Here I explain bow to ‘read' these drawings. The different sheets are 
joined in such a way that tbe passage from one sheet to another when one 
traverses a cut is realized by a smooth curve 00 the surface. Tlie drawing 
notations are the following: 

• Distinct grey colours indicate dbdnct sheeb. 
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• Ramification poiob are iodicaied by smaU white discs. 

• The cuts are b)acL 

» A dashed verticaJ surface indicates a connection between two non* 
adjacrai sheets (i,e,» between which there are other sheets); it al* 
ways corresponds to a cut, 

• At every cut 2 sheets meet; going along a smooth curve on the 
surface one moves ^m one sheet to another (see Figure 117). 




FlCUTtE 1 17 



• The self'iDierseciion lines of the sur&ce which are not cuts are 
white. By a transversaJ crossing of a line of »bi< type along a smooth 
curve lying on the surface one remains on the same sheet (see Figure 

118X 




FIGURE 118 



The following Riemann surfaces are considered in Problems 29^-317. 
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a) yjs{z - i), b) Vz* + 1 






Figure 120 



(g2- 1)9(2 +1)« 
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Appendix by A. Khovanskii: 
Solvability of equations by 
explicit formulae 
(Liouville’s theory, 
differential Galois theory, 
and topological obstructions) 



This Appendix is dedicated to the study of the solvabihty of differential 
equations by explicit formulae. This is a quite old problem: the first idea 
for solving it dales back to Abel. Today one knows three approaches to 
solving this problem. The first belongs to LiouviUe; the second approach 
considers the problem from the point of view of Galois theory: it is related 
to the names of Picard, Vessiot, Kolchin, and others; the third approach, 
topological, was first introduced in the case of functions of one variable 
in my thesis. I am lofuiitely grateful to my research director V. I, Arnold 
who aroused my interest in this subject. 

I had always believed that the topological qrproach cannot be com* 
pletely applied to the case of many variables. Only recently I discovered 
that IS not true and that in the multi*dimensional case one can obtain 
absolutely analogous results [25)«(27]. 

This Appendix contains tbe subject of my lectures to the Matbemati* 
cal Society of Moscow and to the students of the ficole Normale Sup^eute 
at the Independent University of Moscow (October 1994). 

The section, esteeming tbe functions of many variables, was added 
for this Appendix in autumn 2002. 

I would like to thunk T.V. Belokrinitska for her help during tbe editing 
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of this Appendix and F. Aicardi for the tmnslatioD into English. 

A.l Explicit solvability of equations 

Some diffeceotiaJ equations possess ‘explicit solutkxis'. If it is the case 
the solution gives itself the answer to the problem of solvability. But in 
general all attempts to find expLdt solutions of equations turn out to be 
m vain. One thus tries to prove that for some class of equations explicit 
solutions do not exist. We must now define correctly what this means 
(otherwise, it will not be clear what we reaUy wish to prove). We choose 
the following way; we distinguish some classes of functions, and we say 
that an equation is explicitly solvable if its solution belongs to csie of 
ibese classes. To different of functions there correspond different 

notions of solvabibty. 

To defuie a class of functions we give a list of basic fitnerions and a 
list of allowed operarions. 

The class of functions is thus defined as the set of all functions which 
are obtained from the basic functions by means of the allowed operatiuns. 

Example 1 . The class of the functions representable by radicals. 

The list of basic functions: constanb and the identity function (whose 
value is equal to that of the independent variable). 

The list of the allowed operations: the arithmetic operatic^s (addition, 
subtraction, multiplication, division) and the root extractions n = 
2,3>.,< of a given functio n /. 

The function *^3is an example ofafunction 

representable by radicals. 

The famous problem of tbe solvability of tbe algebraic equations by 
radicals is related to class. Consider the algebraic equation 

V" + r, ' + . . . + « 0 .( A.IO) 

in which fi(x) are rational fuoctioiis of one vanable. Tbe complete answer 
to the problem of tbe solvability of the equation (A. 10) by radicals consists 
in the Galcas theory (see §A,8), 

Note that already in tbe simplest dass, that in Example 1, we en> 
counter some difficulties, the functions we deal with are multi*vaiued. 

Let us see exactly, for example, wbat is the sum of two multi*valued 
analytic functions /(£) and Consider an arbitrary point a, one of tbe 

germs of tbe function f{x) at tbe point a and cne of tbe germs of tbe 
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fuDcdoo at the same poiDt a. We say that thefuDcdoD defined 
by the germ / 4 +p«i ia represeolable as the sum of tbefuDcUons f{x) and 
g{x). This sum is> however, oo< defiDed io a unique. Fcr exanqrie, one 
easily sees that there are exactly two fuoctioiis representable as the sum 
y/x + oaniely, /i * 2y/x and = 0. 

The closure of a class of muJti*va!ued functions wiib respect to tbe 
addition is a class which contains, together with any two functions, all 
functions representable by their sum. One can say the same for aH tbe 
operations on the multi-valued functions that we shall encounter in this 
chapter. 

Example 2, Eleminiary fitnerions. Basic elementary functions ate 
those functions which one learrts at school and which are usually repre- 
sented on the keyboard of caJculators, Their list is the following: the 
constant function, the identity function (associating with every value x 
of the argument the value x itself), the nth roots ^x, the exponential 
Avp 2 , the logarithm In x , tbe trigonometricalfunctions: an z, cos x, tan z, 
ar p^ T, arocosz, airtaj z, Tbe allowed operations are: the arithmetic 
operations, tbe compositi<m. 

Elementary functions are expsessed by formulae, for instance; 

/(z) « arctan(exp(ein s) +coex). 

From tbe begiruiing of tbe study of analysis we learn that tbe integra- 
tion of elementary functions is very fat horn being an easy task, LiouvUJe 
proved, in fact, that the indefinite integrals of elemratary functions are 
not, in general, elementary functions. 

Example 3, Functions reprtsoruable by qiukJraiurrs. Tbe basic func* 
nons in this class are tbe basic elementary functions. Tbe allowed opera* 
tions are the arithmetic operations, tbe composition and tbe integration, 
A class is said to be closed with respect to integration if it also contains 
together wiib every function / afunclion p such that rf ^ f. 

For example, the function 




is represerdable by quadratures. But, as LiouvilJe had proved, this func* 
tion is not elementary. 

Examples 2 and 3 can be modified. We shall say that a class of 
functions is closed with respect to tbe solutions of the algebraic equations 
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if iogetbei with every setof fuoctioiis /i,. . . ,/a^ alsocontaiDS afimcdon 
y satisfying the equadoo 

Example 4. If io the deftoitico of the class of elementary funcdons 
we add the operadoo of soludoo of algebraic equadoos, we obtain the 
class of the generalized eletneniary fftncrions. 

Example 5. The class of functions representable by generalized 
quadratures contains the funcdons obtained from the class of funcdons 
representable by quadratures by adding the operadoo of solution of alg^ 
braic equadoos, 

A. 2 Liou Villens theory 

The first exact proofs of the noo'solvability of some equations neither by 
quadratures nor by elementary fuociioos were obtained by Liouville in 
ibe middle of the ?QX century. Here we briefly expound his results, 

Tbe reader can fmd a wider exposidon of the Liouville method and 
of the works on analogous subjects by Cbebychev, Mordukai>Bollovsla. 
Ostrovski, and Ritt in book (1]. 

Fust of all Liouville showed that the classes of funcdons in Examples 
2-5 can be constructed in a very simple way. Indeed, the set of basic 
elementary functions s e e ms to be very large. Moreover, in tbe definidon 
of this one encounters some algebraic dif^culdes owed to the com* 
posidon operadon. Liouville at first proved that one can reduce a great 
deal tbe lists of basic funcdons, in one half of the cases leaving io it only 
the constants, and in tbe remaining cases leaving only the constants and 
the idendty fuocdon. Secondly, be paoved that in the list of the allowed 
operations the composidon is superfluous. One can defuie all the neces* 
saiy opetadoos using only arithmetic operations and differeodadon. This 
fact plays an essendal role for tbe algebraixadon of the problem of the 
differendal fields numerabiliiy. 

Let us formulate the corresponding definidons in differendal algebra. 

A field of functions F is called a differential field if it is closed with 
respect to the differendadon, ie., if q ^ F ibeo ^ ^ F. One can 
consider the abstract differendal fields, ie,, the field io which one can 
define a supplementary differendadon operadoo, sadsfying the Leibniz 
identity (o • 6)' s c' • * + 0 • V. 
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Suppose thal a differentia] field F contains another smaller differeodal 
field F$ C F. An element y € /* is said to be algebraic over ibe field 

if y satisfies an algebraic equation of tbe type 

+ + ‘ +rt«=0, 

where tbe coefficients belong to tbe field Fq, Id particular, an element 
y is said to be radical over the field if y* € Fo. An eleroenl y is said 
to be integral over the field Fp if y' € F(^. An element y is said to be 
logarithmic over the field Fo if where a € Fq. Ad element y is 

said to be exponential integral over tbe field Fq if y* = ay, a € Fq. An 
element y is said to exponential over the field Fo if = a'y. 

77ie ej7ension afield Fq by means of an element y, denoted by 
F 9 {y}, is called the minimal differential field containing Fq y. 
field Fo{y} consists of tbe rational functions in y^y', . . . . . with 

coefficients in F^, 

• 1) An element y is said to be representable by radicals over the field 
F(> if there exists a sequence F® C Fj C • • • C Fj, such that every 
extension Fi C F,^i is obtained by adding cne radical to tbe field 
Fi^ atid the field Fo{y} is contained in F^. A sequence of this type 
is called a tower. 

By this method ooe also defines other types of representabUity of 
an element y over afield Fq. Tbe towers in these definitions are 
buih by means of ibe corresponding types of extensions Fi C F<«i: 

• 2) An element y is said elementary over the field Fo when one can 
add logarithmic and exponential elements. 

• 3) An element y is said to be representable by quadratures over the 
field Fq when adding integrals and exponential integrals is allowed. 

• 4) An element y is called a generalized elementary element over the 
field Ft, wben ooe can add algebraic, exponential, and logarithmic 
elements. 

e 5) An element y is said to be representable by generalized quadra- 
tures over the field Fo when one can add algebraic, integral and 
exponential integral elements. 




226 



Appendix by Kfwvansidi 



THEOREM 1. (LiouvUle) A function is elemtniary (a generalize el- 
ememary fitnction) if and oniy ^ U is an eUmentary (generalized ele- 
meniaryi element over the field of rarional functions A function is 
representable by quadratures (representable by generalize quadratures) if 
and only tfit is representable by quadratures (representable by generalized 
quadratures) over the field of con^dex numbers C. 

For exaiDp{e> ii follows from TbeorerD 1 that the basic eleioentary 
fuDclioo f^t) = arctauz is represeotable by quadratures over the field 

Fq = C. Indeed. becomes clear from the equadoo 

x'sl. * 

To prove, for example, the part of Theorem 1 which concerns fuoc* 
dons representable by quadratures it suffices to verify first that there exist 
analogous representations for all the basic elementary functions, and, fur- 
thermore, that the of functions representable by quadratures over 
the field C is closed with respect to the compositioo. 

LiouviUe constructed a nice theory about the solvability of equations. 
Let us show two examines of his results. 

Theorem 2 (LfouviUe). 77t^ indefinite integral p(x) of the algebraic 
function i4(x) of one complex variable is representable by generalized ele- 
mentaryfiincfions if and only if it is representable in the form 

y(x)= = + 

* 

where the j4,(x), for i = 0, 1 , . . , ft, ore algebraic functions. 

A priori the integral of an algebraic function could be given by a very 
complicated formula. It could have tbe form 

y = exp(exp(exp(fxp(exp(x))))). 

Theorem 2 says that this does not happen. Either the integral of an 
algebraic function can be written in a simple w^, or in general it is not 
a generalized elementary function. 

Theorem 3 (LiouVILLE). The differential linear equation 

y' + P{i)l/ + 8 (xh* = 

where p^x) orui ore rational functions, is solvable by generalized 
quadratures if and only if its solution can be written in the form 
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whtre ft(l) « an algebraic function. 

A priori tbe soludoD of equatioo (A. 11) could be expressed by very 
compbcaied fonoulae. Theorem 3 says that this is oowbere tbe case. 
Either tbe equation has su^icieotly simple roots» or in general it cannot 
be solved by geoerah 2 ed quadialuxes. 

Liouville found a series of results of this type. The common idea is the 
following: simple equations have either simple solutions, or in general have 
no solutions in a given class (by quadratures, by elementary functions, 
etc,). 

The strategy of the proof in Liouville’ s theory is tbe following: (nove 
that if a equation has a solution which is represented by a ocnnpti' 
cated formula then this formula can be always simplified. 

Liouville, undoubtedly, was inspired by the results by Lagrange, Abel, 
and Galois on the noo*solvabdity by radicals of algebraic equations, Dif> 
ferently Itom tbe Galois theory, LiuovilJe’s theory does not involve tbe 
notion of the group of automorphisms. Liouville, however, uses, in order 
to simplify his formulae, ’infinitely small automorphisms’. 

Let us return to Tbeorem 2 on the integrability of algebraic functions. 
Tbe following corollary follows from this theorem. 

Corollary, integral of an algebraic function A is a generalized 

elemeruary function then the differential fi>rm A{x)dx has some unavoid' 
able singularities on the Riemann suifsce of ihe algebraic function A. 

It is wen known that on every algebraic curve with positive genus 
there exist non>singuJar differential forms (the so called abelian differen* 
tials of first type), it follows that algebraic functions whose Riemann 
surfaces have positive genus are not, m general, integrable by generalized 
elementary functions. 

This was already known by Abel, wbo discovered it as be was proving 
tbe non^solvability by radicals of a fiftb*degree generic equation. Observe 
also that tbe Abel pr^ of tbe non*sdvabiliry by radicals is based on topo* 
logical arguments, 1 do not know wbetber tbe topological properties of tbe 
Riemann surfaces of functions representable by generalized quadratures 
are different from those of tbe Riemann surfaces of generalized elementary 
functions. Indeed, I am unable to prove through topological arguments 
that the integral of an algebraic function is not an elementary function: 
each one of such integrals is by definition a function representable by 
generalized quadratures. However, if an algebraic function depends on 
a parameter its integral may depend on tbe parameter in an arbitrar* 
ily compheated manner. One can (nove that the integral of an algebraic 
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fitTKtion, asjuncrion ofom parameier, can be not represetuable by gentr’ 
alized quadratures, and cocaequeiitly can be not a generaiized eUnentory 
function of the parameter (cf,. example in |A.9), 

A. 3 Picard— Vessiot’s theorv 

V 

CoQsidei tbe linear differential equation 

+n(ar)si'"-'> + - • + f.(x)» = 0, (A.12) 

in which the r< (x) 8 3^ ralional functions of com|riex argument. 

Near a non*singular point xo there exbt n linearly independent solu- 
tions pi, .. . ,y« of equation (A.12). In this neighbourhood one can con- 
sider the functions field . .,Pn}r obtained by adding to tbe field 

of rational functions ^ all solutions p, and all their derivatives until 
order (n~ 1). (The derivatives of higher order are obtained from equation 
(All). 

Tbe field of functioos .tVn} a differential field. i«., U is 

closed with respect to tbe differentiation, as well as tbe field Clit of ra- 
tional functions. One calls autonorpMsm of the di^rential field F an 
automorphism of tbe field F, which also preserves the differentiation, 
i.e,, <t{g^ ss |ir(,9)j*. Consider an automorphism <r of tbe differential field 
I • > . 1/n} which fixes all elements of the field Tlie set of all au- 
tomorphisms of this type forms a group which is called the Galois group 
of equation (A. 12), Every automorphism o of the Galois group 
a solution of tbe equation to a solution of the equation. Hence to each 
one of such automorphisms there corresponds a bnear transform Jlf^of 
tbe space of solutions. The automorphism o is completely defined 
by the transform Mg, because the field !R{pi, . . , , jf,} ^ generated by the 
functioos In general, not every Hnpar transform of tbe space is 
an automorphism <r of tbe Galois group, Tbe reason is that the automor- 
phism ly preserves aH differential relations holding among tbe solutions, 
Tbe Galois group can be considered as a special group of linear trajisforms 
of tbe solutions. It turns out that this group is algebraic. 

So tbe Galois group of an equation is tbe al g ebraic group of linear 
transforms of the space of solutions that preserves all differential relations 
betweeen the solutions. 

Picard began to translate systematically the Galois theory in tbe case 
of Lnear differential equations. As in the ongmal Galob theory, one also 
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futdi heie an one to one conespoDdeoce (tbe Galois correspondtnct) be* 
tweeo tbe iniermediale differeotial field and the algebraic subgroups of 
the Ga)ois group. 

Picard aitd Vessiot pitived in 1910 tbal the solvability of an equation 
by quadratures and by generalized quadratures depends exclusively on its 
Galois group, 

PlCARIvVBSSlors THEOREM. A differeruiai equation is sotvabU by 
quadraiures if and only ^ia Galois group is soluble. A d^erential equa- 
tion is sotvabU by generalized quadratures ^ and only ^ the connected 
component of unity in its Galois group is soluble. 

Tbe reader can find (be basic results of the differential Galois theory 
ID the book (2]. Id P] be will fiDd a brief exposiboo of the actual slate of 
tbis tbeory together with a rich bibliography. 

Observe that from the Pican^Vessiot theorem it is out difficult to de* 
duce that if equatioo (A. 12) is solvable by generalized quadratures then 
II has a soludoo of the form yj = exp(/* 4i (f ) , di ) , where A i (i) an al* 
gebraic funcdon. If tbe equation bas ao explicit solution then ooe can 
decrease its order, taking as tbe new unloiowD function z = [y/l/i)'- 
funcdon z sanshes a differential equation havmg an explicit form and a 
lower order. If tbe mitial equation was solvable, tbe new equatioo for func* 
doo z is solvable. By tbe PKard-Vesaot tbeorcoi it must therefore 
bave a soludoo of tbe type Z) s exp / <43(f)dzr, where Az ^ algeteaic 
funcdon, etc,. We see in this way that if a linear equatioo is solvable by 
generalized quadratures, tbe formulae expressing the solutions are oot ex> 
ceediogly comphcated. Here tbe Picard-Vessiot approach ccanades with 
the Liouville approach. Moreover, tbe criterion of solvability by general* 
ized quadratures can be formulated without meDdoning tbe Galois group. 
Indeed, equation (A. 12) of order nis solvable by generalized quadratures 
if and only if bas a solution of tbe form yj s exp/* A(x)dZ; end the 
equaoon of order (n ~ 1) for the function z is solvable by generalized 
quadratures. 

This theorem was eouncialed and proved by Murdakai-Boltovsldi ex* 
aclly in this form, Murdakai and Bollovsidi obtained al tbe same tune 
this result io 1910 using the Liouville method, independenUy of the works 
of Picard and Vessiot The Mordukai^Bollovskii theorem is a generaliza* 
doo of tbe Liouville theorem (cf., Theorem 3 in the preceding section) to 
linear differeodal equadons of any ord e r. 
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A. 4 Topological obstructions for 

the representation of functions 
by quadratures 

'There exisb a third approach to the pcoblem of the representabiUty of 
a function by quadratures > (cf.» [4]-[10]). Coosidet the functions repre- 
seotable by quadratures as muJti'vaJued analytic functions of a coiTq>]ex 
variable. It turns out that there are some topological restrictions on the 
kind of disposinon oo the complex plane of the RieoianD surface of a 
function representable by quadratures. If the fuoclioo does oot satisfy 
these conditions, it cannot be represented by quadratures. 

This approach, besides the geometrical evidence, possesses the follow* 
ing advantage. The topological obstruchons are related to the character 
of the muld'valued function. They bold not only for functions repce* 
sentable by quadratures, but also for a wider of functions. This 
class is obtained by adding to tbe functions representable by quadratures 
all the oieromorphic functions and allowing the presence of such functions 
in all formulae. Hence the topc^ogical results on the oon*repcesentability 
by quadratures are stronger that those of algebraic nature. The reason 
of this is that the coir^iosition of two functions is not an algebraic oper* 
abon. In differential algebra, instead of the composition of two functions 
one considers the differential equation that they sabsfy. But, for instance, 
the Euler function T does not satisfy any algebraic differential equation; 
therefore it is useless to seek an equation satisfied, for example, from the 
function r( gyp z). Tbe unique known results on the non'tepresentability 
of functions by quadratures and, for instance, by tbe Euler functions [' 
are those obtained by our method. 

On the other band, by this method one cannot prove the non*represen* 
tabiiity by quadratures of an arbitrary meromorphic single*valued func* 
bon. 

Using the Galois differential theory (and, to be precise, its linear- 
algebraic part, related to tbe matrix algebraic groups and tbeix differential 
invariants) one can prove that the sole reason for the non*solvability by 
quadratures of tbe linear differential equations ofFuebs type (of,, §A. 11) 
is of topological nature. In other words, when there are no topological 
obstructions for the solvability by quadratures for a differential equation 
of Fuebs type this equation is solvable by quadratures. 

'Tbe topological obstructions for tbe representation of a function by 
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quadranires and by generalized quadiaiuies are the following: 

Fml> foDclions representable by generalized quadniures and. as a 
case> by quadranires can have at roost a countable set of singular 
points on the complex plane. (cf,» §A.5) (even though for Ibe simplest 
functions representable by quadranires the set of singular points may be 
everywhere dense!). 

Second, Ibe monodroroy group of a function representable by quadra* 
luxes IS necessarily soluble (cf.» §A.7) (whereas for the simplest functions 
representable by quadratures Ibe roonodioroy group may already contain 
a continuum of elements!). 

There also exist analogous topological restrictions on the disposinon 
of the Riemann surface for functions representable by generalized quadra* 
lures. However, these restiicnons cannot be simply formulated: in this 
case the roonodromy group is not considered as an abstract group, but 
as the group of permutations of the sheets of the Riemann surface. In 
other words, in the formulation of such restrictions not only the moo* 
odromy group intervenes, but also the monodronry pair of the function. 
The roonodioroy pair of a function consists of its monodroroy group and 
of a stationary subgroup for some germ (cf., §A.9). We shall see this 
geometrical approach to the problem of solvability roore precisely. 



A. 5 S- functions 

We define a class of functions which will be the object of this section. 

Dbfinttion. One calls i -function an analytic muln*valued function 
of a complex variable if the set of its singular points is at most countable. 

Let us make defimtion more precise. Two regular germs and 
gi, defined at poinb q and b on the Riemann sphere S^, are said to 
be equivaieot if the germ is obtained from Ibe germ by a regular 
continuation along some curve. Every germ equivalent to the germ f^ 
18 called a regular germ of the analync muin*valued function f geoemted 
by the germ 

A point 6 € 5^ is said to be singular for ihe germ if there exists a 
curve T [0, 1] ^ S*, y(0) = o, ^(l) » b, such that the gerro /, cannot 
be regularly continued along this curve, but for every t, 0 < f < 1, this 
gerro can be contmued along the shortened curve ~f [0, t] -* 5^. 1* is easy 
to see that the sets of singular points for equivalent germs corodde, 

A regular germ is called an S-germ if the set of its singular points is at 
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iDcsi couolable. An analytic iDuJti>valiied fimctioa is an S^fuoction 
if each ooe of its regular genus is an $-geriD. 

We proved the following theorem. 

Theorem on the closure op the class op §^ruKCTiON3(see 
TTia class § of all $~fus\cticns li closed widi respect to the 
fisUowmg ofterations: 

• /) di^rentiation, Le.. iff € 8, th^n f € 8; 

• 2> ifuegrarion. ie.. *^/ € 8, / f{x)dx € 8, 

• 3) composition, ie„ if f €, 8, then go f 

• 4f meromorphic operation, Le.. (f /, € S, i = 1, , . . » ri, F[xi ,. . . , T»} 
is a meromorphic function of n var/aW«anif / ■ F(/i, . . . ,/n)f 
then f e 

• 5) solution algebraic equations, ie.. 6 8, t ^ 1, . . .,n,and 

/" + /,/*•* + • ' + /„*0,rA^n/€S; 

• 6) solution of linear dtfferenrial equations, i,e,, g 8> i — 

l.....n,and fW + + . . . + - 0, / e S. 

Corollary, If the multi-valued function f can be obtained from 
single’valued$~functicn$by the operations of integration, differentiation, 
meromorphic operations, compositions, solutions of algebraic and linear 
differential equations, then the function f has at most a countable set 
singular points. In particular, a function having a non countable set of 
singular points is not representable by generalized quadratures, 

AM Monodromy group 

The monodromy group of an S-function / a set A of singular points 
is the group of all penDulatioos of the sheets of the Rieoiann surface of 
/ which are visited when one moves around the points of set A 

*Mon piecuely, the mercmorphic operatiffn defowd by Ibe BMmDorpbic fUsctioo 
I • • >S«) into coneapoodcoce with tbc fuoclioas fi, • • i ^ function 
F\fi , . , /b). Tbe aritiuDcQc operanoos aod tbe exponeolial are eaanipka of meio- 
morptaic c^Kjadoos, corresponding to tbc fUoctioQi f*! (f, k) ~ ^ ^ ^ s) — S'g, 
Fsir.y) = xfy and F*;*) ** arpr. 
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Mote precisety, lei be the set of all genus of the ^foDCtiOQ / ai tbe 
poiot a, no( bekogiog to tbe set ^ of siogubr points. Consider a clceed 
curve 7 in 5^ \ beglnoing al the polni a. The cootinuaboo of every 
germ of the set along the curve 7 leads to a germ of the set Fg^. 

Consequuitly to every curve 'f there corresponds a mapping of set Fg 
into itself, and to homotopic curves in 5^ ^ ,4 there corresponds tbe same 
mapping. To the composition of curves there corresponds the mapping 
composition. Oi>e bas thus defined an homomorphism r of the fundamen* 
lal group of the set 5^\^in the group S(J^«)ofthebijective mappings of 
the set Ft itself. One calb monodromy group of the S-functlOD / the 
image of tbe fundamental group ffj \ 4, d) ibe group S(Fq) under 
the homomorphism t. 

We show some results which are useful in the study of functions rep^ 
resentable by quadratures as functions of one complex variable. 

Example. Consider the function 11 ^( 2 ] = bi(l - 2 ^), where a > 0 is 
an irrational number. The function v is an elementary function given by 
a very simple formula. However, its Riemann surface is very complicated. 
The set A of its singular points consists of the points 0,oo and of the 
points ajs * where k is any integer. Since o is irrational the 

points Alt are densely distributed on tbe unitary circle. It is not difficult 
to prove that the fundamental group m and the monodromy group 

of the function to are continuous. One can prove that tbe image under 
the homomorphism r of tbe fundamental group \ {X U of tbe 
complement of A U d, where ^ ^ Ot is an arbitrary point on the unit 
circle, is a proper subgroup of the monodromy group of the function w. 
(Ibat tbe elimination of a single point can produce a radical change in 
the monodromy group makes all proofs essentially difficult). 



A. 7 Obstructions for the representability 
of functions by quadratures 

We have pioved the following theorerrt 

Theorem ([6],[8],(10]), Ths class of all S'/unefrons having a soluble 
monodromy group is closed wish respect to she composition, the meromor- 
phic operasions, she inlegrafion and the differentiation 
We thus obtain the following corollary. 
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R£SULT ON QUADRaTUR£S. The monodromy group of a function 
f representable by quadratures u soluble. Moreover, also the monodromy 
group of every function f ufkick is obtained from single^valued %~fwctWTa 
by means of compositions, meromorphic operations, integration and <fif' 
ferentiarion is soluble. 

We see now tbe application of this result to al g ebraic equatlc^s, 

A. 8 Solvability of algebraic equations 

Consider the algebraic equation 

y* + r,v’‘ * (A.i3) 

where the r<£ are rational fuociions of complex variaUe x. 

Near to a oon*singulat point £q there are all solutions > tj^of 
tbe equation (A. 13). In this neighbourhood ooe can consider tbe field of 
all functions • 1 3h>} obtained by adding to tbe field ^ all 

solubons yi. 

Consider the automorphisms ^ of the field . . . , which fix ev« 
ery element of tber field D^.The totality of these automorphisms forms a 
group which is called the Galois group of the equation (A. 13). Every auto* 
morphism ^ofthe Galuis group transforms a solution ofthe equation into 
a solution of tbe equation; consequently to every automorphism <7 there 
corresponds a permutation of the solutions. Tbe automorphism <7 is 
comfrietely defined by the permutation because the field 
is generated by the functions p,. In general, not all permutations of the 
solutions can be continued to an automorphism (j ofthe Galois group: the 
reason is that tbe automorphisms ty preserve all relations existing among 
the solutions. 

The Galois group of an equation is thus the permutation group of tbe 
solutions that preserves all relations among tbe solutions. 

Every permulatic^ S-y ^ Ibe set of solutions can be cratinued, as an 
automorphism of the monodromy group, to an automorphism ofthe entire 

field ® {yi , j**} . Indeed, with functions ih m • • 1 along the curve -f , 

every element of the field S{vi, . . . continued tnercmorphicalJy. 

This continuation gives the required automorphism, because dunng tbe 
continuation tbe arithmetic operations are preserved and every rational 
function returns to its preceding value because of the uniqueness. 

In this way tbe monodromy group of tbe equation is contained in tbe 
Galois group: in fact, tbe Galois group coincides with the monodromy 
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group. Indeed, the fuocdoos of the field that are fixed 

under the achoo ofthe monodromy group are ibe smg]e*^ued functions. 
These fuociiozia are algebraic, but every algebraic smgle>valued function 
is a radonal function. Therefore ibe monodrorny group and tbe Galois 
group have the same field of invananta, and thus by tbe Galois theory 
they coincide. 

According to Galois theory, the equation (A. 13) is solvable by radicals 
over tbe field of rational functions if and only if rts Galois group is soluble 
over this field. In other words, tbe Galas theory proves Ibe following 
theorems: 

1) An algebraic fimetion y *fhose ftutnodromy group is soluble is rep- 
resentable by radicals. 

2) An algebraic fimetion y whose monodromy group is not soluble is 
not representable by radicals. 

Our theorem makes tbe result (2) stronger 

An algebraic fitnerion y whose monodromy group is not soluble cannot 
be represented through single-valued%. functions ^ means ofmeromorphic 
operations, con^>ositions, integrations, and differentiations. 

If an algebraic equation is not solvable by radicals then it remains non 
solvable using the logarithms, tbe exponeonab, and the other roerumor* 
phic functions on tbe complex plane. A stronger version of this statement 
in given in §A.1S. 



A. 9 The monodromy pair 

The monodromy group of a function is not only an abstract group but is 
the group of transitive permutations of the sheeb of its Riemann surface. 
Algebraically thb ot^ect is given by a pair of groups, tbe permutation 
group and a subgroup of it, tbe stationary group of a certain element. 

One the monodromy pair erf an t-fisaction a pair of groups coc^ 

sisting of the monodromy group of thb function and ibe slatic^ary sub* 
group of a sheet of tbe Riemann surface. Tbe monodromy pair is defined 
correctly, i.e,, this pair of groups up to isomorphism dees not depend on 
the chace of tbe sheet 

Definition. The pair of groups [F, Fu] called an almost soluble 
pair erf groups if there exisb a sequence of subgroups 



r-r,2 **2r«, r^cFo, 
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such that for every i, 1 — 1 the group is a nomiai divisor 

of ibe group F„ and the quodeot group r(/r( 4 | is eithet commutative or 
Qnite. 

Aoy group F can be considered as the pair of groups [F, e], where t is 
the unit subgroup (the group cootaining only the unit element). We say 
that the group I' is almost soluble iitbe pair [F.eji^ almost soluble. 

Theorem ([6]>(S]>(10P. The class of all ^-functions having a mon- 
odromy pair almost soluble is closed with respect to the composirioni the 
meromorphic openuions, the integration, the differenriarion. and the so- 
lutio/is of algebraic equations. 

We thus obtain the following corollary. 

Result on generalized quadratures. The monodromy pair qf 
a ^unerfon f representable by generalized quadratures is almost soluble. 
Moreover, also the monodromy pair ^ every functiort f, which is ob- 
tained from single-valued ^-functions by means of the composition, the 
meromorphic operations, the integration, the differentiation and the solu- 
tions of algebraic equations is almost soluble. 

Let us DOW cortsider scoe exan^les of functions oot representable by 
generalized quadiarures. Suppose tbe Riemann surface of a function / be 
a universal covering of 5^ \ A, where is the Riemann s^ere and A is 
a finite set> containing at least three points. Tbus the function f cannot 
be expressed in terms cf Z-functiow by means of generalized quadratures, 
compositions, and meromorphic operations. Indeed, the monodromy pair 
of funedoD consists of a free non commutative group and its unit 
subgroup, Ooe easily sees that such a pair of groups is not almost soluble. 

Example, Consider the functron z whicb realizes the conformal 
transformation of tbe upper semi'plane into tbe triangle with vanishing 
angles, bounded by three arcs of circle. Tbe function z is Ibe inverse of 
the modular Picard function. Tbe Riemann surface of the function z is 
a umversal covering of the sphere without three poinb; consequently tbe 
function z cannot be expressed in terms of single'valued S^functions by 
means of generalized quadratures, compositions, and meromorphic oper> 
ations. 

Observe that the function z is strictly related to the eUipde integrals 



fC(k) = f 

Jo 



dx 



v/(l-I»)(l 






dx 



V(I-x=)(l-A^z>)' 
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Every one of rbe fimclioos /T(<b), and s(br) can be obtained 

from the others by quadratures. It f^ows that none of the integrals K[k) 
and can be expressed m terms of single'Valued S*ftiDCiiOQsby means 
of generalized quadratures^ cx>mpositions, and roeromorphic operations. 

Id tbe following section we will generalize the example above, finding 
all polygons, bounded by arcs of circles, to which the upper semi*plane 
can be sent by functions representable by generalized quadratures. 

A.IO Mapping of the semi-piane to a 

polygon bounded by arcs of circles 

A.10.1 Application of the symmetry' principle 

In the complex plane conader a polygon G bounded by arcs of circles. By 
Riemann's tbeorem, there exists a function sending the upper senh* 
plane to polygon the G. Ihis mapping was studied by Riemaiin, Schwarz, 
Chrisioffel, Klein, and others (cf., for exan^le, [11]). Let us recall some 
classical results which will be useful. 

Denote by ^ s the pre'image of tbe set of the vertices of the 
polygon G under the mappiiig fo,hy H(G) the group of conformal tians* 
formatioos of the sphere generaled by tbe inversions with respect to the 
sides of tbe polygon, and by UG) tbe subgroup ofbomographic mappings 
(the quodeni of two linear functions). UG) ^ ^ subgroup of mdex 2 of 
tbe group H(G). From the Riemann-Schwarz symmetry principle one 
obtains the following results. 

PROPOSmOK. 

• 1) 77u fiuKtion ]q can be meromorphicalty continued along any 
curve avoiding the set B. 

« 2) All gems efthe mub/'Valued Junctions f^ina non^singular point 
aiB are obtained by applying to a given germ /« the group UG) 
of homographic mappings. 

• S) The monodromy group of the fmetion Jq is isomorphic to the 
group UG). 

• 4) The singuiarities of the fi4nction Jq are of the following types at 

(he points bj. if at die vertex ^ die polygon G that corresponds 
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to the point hj the angle Is equal lo Qj ^ 0, iften the Junction Jq, 
diroHgh a homographic mm^rmarion, isput into the form f(y{z^ = 
Qj — and the function ip isholomorphic 

in a neighbourhood of the point bj. ^ the angle (x^ is equal to zero 
dien the function Jq l5 put by an homographic tran^ormation into 
the farm /o{^) ~ l^(^) ^ *‘^here die function <p isholomo^hic 

in a neighbourhood of bg. 

From our results it follows ibai if tbe function Jq is represeotable by 
generalized quadratures then the group L/G)) and the group H(G) are 
almost soluble. 



A. 10.2 Almost soluble groups of bomogruphic 
and conformal mappings 

Let ir be the epiioorphism of the group SL( 2) of matrices of order 2 with 
uml determinant onto tbe group of the bomographic mappings L. 

fa 6 \ az^b 

^ ' \c d) cz + d 

Since ketjT= Z^,the group! C land tbe group aPC St(2) 
are both almost soluble. The group p is a group of matiices; therefore 
P is almost soluble ^ and only if it has a normal subgroup p^ of finite 
index which admits a triangular farm, (This version of Lie’s tbeorem is 
true also m higher dimensions and plays an important role in differential 
Galois theory), Siixe tbe group P^ consists of matrices of order 2, the 
group Po can be put into triangular form in one of the three following 
cases: 



• 1 ) group Piybas only one one^mensioiiai eigenspace; 

• 2) group Pobas two one^dimensional eigenspaces: 

• 3) group Pobas a rv-o-dunensional eigenspace. 

Consider now tbe group of homographic mappings L = ff(P). Tbe group 
L of homograpbic mappings is almost soluble if and only it has a noc> 
mai subgroup Lo = ff(Pg) of finite index, and tbe set of invariant points 
consists of either a unique point, or two points, or of tbe whole Riemunn 
sphere. 
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Tbe group ofcooforma] mappiogs H contaios tbe group L of index 2 
(ci of index 1) coosistuig of the homogmphic mqrpmgs. Hence for the 
almost soluble group M of cooformaJ mappings an analogous proposition 
holds. 

Lemma. A group conformal mc^pings of the sphere is almost sol‘ 
uble if and onfy if il satires at least one cf Aese conditions: 

• 1) group has only one mvariani point; 

♦ 2) the groi^ has an invaiiani set consistifig ofnvo points; 

• Jl the group is finite. 

Tins lemma follows from the preceding propositions because the set of 
invariant points for a normal divisor is invariant under tbe acnon of the 
group. It is well known that a finite groi^ L of homographic mappings 
of the sphere is sent by a homograpkic tran^rmation of coordinates to a 
group of romrions. 

It is not di^icult to prove that if the product of two inversions with 
respect to two different circles corresponds under the stereographic pro* 
jectioo to a rotation of tbe spbere^tbeo these circles correspond to great 
orcks. Hence every finise group H of cotformal minings generated by 
the inversions wiA respect to some circles is sent by a homographic trans' 
frrmarion of coordinates to a group motions of the ^here, generated 
by reflections. 

All the finite groups of the motions of the sphere generated by r^ 
flections are well Imown. Tbey are exactly tbe symmetry groups of tbe 
following objects: 

♦ 1) the regular pyramid with a regular n-goQ as basb; 

• 2) the n-dibedron, i.e,, tbe solid made from two regular pyramids 
joining their bases; 

• 3) the letrabedroo; 

* 4) the cube or tbe oclahedrra; 

♦ 5) the dodecabedroD or tbe icosahedron. 
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AU ibese groups of syaunelries> except the group of the dodecahedroo- 
ico&abedion. are soluble, Tbe sphere whose ceotre couicides with the 
centre of gravity of the solid is cut by the symmetry planes of tbe s^id 
aloog a net of great circles. Lattices corre sp onduig to tbe stated solids 
are called tbe finite nets of great circles. H>e stereograpbic projectioos of 
these finite nets are shown in Figures 129-133, 






FIG. 131: Tbtrahedron-Tetrah£DRON 
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A . 1 0.3 The inte^rable case 

Lei us come back lo Ibe problem of tbe representabllity of the fuoclion 
fc ^ geoeraiized quadraiures. 

We consider now the different possible cases and we prove lhal the 
condition we have found is oot only necessary but also sufficient for Ibe 
repireseotabihly of the function fc by generalized quadraiures. 

F1R5T INTEGRABIUTY CASE. Tbe group H(G) bas an iovaiianl pioinl. 
This means lhal the cootmuadoos of the edges of Ibe polygon G intersect 
in a pKiini, Sending this point lo infinity by a bomographic transforma* 
tion> we obtain Ibe polygon ^ bounded by segments of straight lines (of.. 
Figure 134). 




FIGURE 134 



All raappnngs in have the form s ^ 02 4 &, All germs of tbe 
function / s at a non*singular point c 3te obtained by apiplying to 
a given germ j. liw group L{^, -4 <i7r + ^ fU * Tt/7c 

is invariant under tbe action of the group X(^. This means that the 
germ is the germ of a sing]e*valued function. A singular pmint of 
the function can be only a piole (cf,» the Propiositioo in |A,10,1). Tlnia 

the function Kg is rational. The equation J" jY s ^ is integrable by 
quadratures. This case of integrabihty is well Imown. The function / in 
this case is called tbe Chrisioffel^Schwarz integral 

SECOND INlEGRABIUTY C^SE. The invanant set of the group H(G} 
consists of two pioinb. This means that there are two points with the 
following propierties: for every side of the polygon G these points either 
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are obtained by an inversion with respect to side or bekmg to the 
continuatioo of this side. Sending ooe of these points to tbe origin and 
the other one to infinity by a bomographic transformation, we obtain the 
polygon ^ bounded by arcs of cucks witb centre at tbe point 0 and by 
segments of rays coming from the point 0 (cf., Figure 135). 




FIGURE 135 



All transformations of tbe group L^) are of the form z ^ 02, z ^ 
hfz. All genns of tbe function / s al a oon*singular point c are 
obtained by applying to a given germ ~f tbe transformations of the group 

L{G) 

/c “» »/.. -» V/.. 

Tbe germ R. s is invariant under tbe action of the group L(G) 

and it is the germ of die siogJe'valued function R. The only singularities 
of tbe function R are poles (cf., tbe Proposition in §A.10.1). Thus tbe 
function is rabonaJ. The equation R s (7* is integrable by 
quadratures. 

Third [NTECrability CA2E. Tbe group H(Gi is finite. This means 
that polygon G is sent by a homographic transformation to a polygon G 
whose sides lie on a finite net of great circles (see Hgutes 12^133). The 
group £/G) is finite, and as a consequence tbe function has a finite 
number of values. Since all singularities of the function are of 'jump' 

type ((cf., tbe Proposition in |A,10.1) the function /(; is an algebraic 
fuuctioiL 
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Let U 8 analyze the case io which the group H(Gi is fuute and soluble. 
This happens if and only if the polygon G is seat by a bomographic Sans> 
formadon to a polygon S whose sides lie on a net of great circles different 
from that of the dodecabedron>icosahedroo. In this case the group HG) 
is soluble, and the function /^m expressed in terms of rational functions 
by means of arithmetic operadons and of radicals (cf,, |A. 8 ), 
from our results a theorem follows: 

Theorem on the polygons bounded by op aacs of circles 

((6], (8], (10]). For an arbitrary polygon G not belonging to the three cases 
of integrability above, the fimetion not only u not representable by 
generalized quadratures, but if cannot be expressed in terms of single- 
valued Z’fwiciicndby means of generalized quadratures, compositions, and 
meromorphic ofteradons. 

A. 11 Topological obstructions for the 

solvability of differential equations 

A.11.1 The monodromy group of a linear 
differential equation and its relation 
with the Galois group 

Consider ibe linear differential equanon 

+ + + (A.U) 

where the rtsare radonal functions of the complex variable z, poles 
of the fuocdons r, and cc are called Ibe singular points of the equadon 
(A.14). 

Near a non*singular point xa soludons of the equadons form a 
space of dimension n. Consider now an arbitrary curve on the 
complex plane, beginning at xo ending at the point xi and avoiding 
the singular points Of. Tbe solunons of tbe equadon can be analytically 
condnued along the curve, remaining solutions of tbe equadon. Hence to 
every curve 7 there corresponds a linear mapping Mf of the space of 
the soludoQS at the point xt) in the space of tbe soludons at tbe point 
arj. 

If one changes the curve 7 , avoiding the singular points and leaving its 
ends fixed, the mapping M-j does not vary. Hence to a closed curve tbere 
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correspcods a linear ininsfonn of tbe yace itself. The lolaLly 

of these linp-ar iransfuTTDS of the space V** forms a group which is called 
the monodromy group ofth^ equation (A. 14), So tbe monodromy group 
of an equation ia the group of the linear transforms of the solutions which 
correspond to different turns aiouod the singular points. The monodromy 
group of an equation characterizes the property of its s^utiocs being 
multi* valued. 

Near a non'Singular point Xg there are n linearly independent solu* 
nons, JTi » . . . , of the equation (A14). In this neighbourhood one can 
consider the field of functions yi , . , . ^ obtained by adding to 

tbe field of rational functions all solutions and all tbeir derivatives. 

Every transformatioo of the riKinodtomy group of tbe space ofsolu* 

bonscao be continued to an automorphism of the entire field lR{yi, . . . 
Indeed, with functions . . . « curve y every element of tbe 
field can be analytically continued. This continuatira gives 

tbe requited auton>orphism. because during the continuadon the arith* 
metic operabons and tbe differentiation are preserved, and the rabonal 
functions come back to their inidal values because of their uniqueness. 

In this way tfi^ monodromy group of an equation is corttaimd in its 
Gaiois group. 

The field of the invariants of tbe monodromy group is a subfield of 
^{Vi » • • ' > Jfn} > consisting of the single'valued functions . Differently from 
tbe algebraic case, for differential equations the field of invariants under 
tbe acdon of the monodromy group can be bigger than tbe field of rabonal 
funcboDS, 

For example, for the differential equation (A. 14), in which all tbe crv 
efficients are polynomials, all solutions are single*vaJued. But of 

course the soluti<ms of such equations are not always polynomials, Tbe 
reason is that bete the solutions of differential equations may grow ex* 
ponentially in approaching tbe singular points. One knows an extension 
of the flM8 of linear differential equations for which there are no si milar 
comi^ations, i,e,, for which tbe solutions, whilst approaching the sin* 
gular poinb, grow at most as some power. Differential equadons which 
possess this property are called equations of Fuchs' type. 

Fur differential equations of Fuchs* type tbe Frobenius theorem holds. 

THEOREM 1. For the differential equations of Fuchs' type the sub- 
field of the di^rential field . . . , y*} that consists of single-valued 
functions coincides with the field of rational functions. 

According to tbe differential Galois theory, from the Frobenius tbe* 
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orem il follows that the algebraic closure of the monodromy group M 
(ie., the smallest algebraic group cootainmg Af) comcldes with the Ga- 
lois group. 

The differential GaJuis theory thus gives tbe following criterion of sciv* 
ability of differendaJ equations of Fuchs' type. 

THEC^tEM 2. A d^erenfiai equasion <rf Fuchs' type is solvable by 
<^uadrosures or by generalized •juadrarures if Us /ttonodro/iry group is, re- 
spectivety, soluble or almost solubU. 

The differentiaJ Galois theory provides at the same time two results; 

• I) if the monodromy group of a differential equation of Fuchs' type is 
soluble (almosl soluble) then this equation is solvable by quadratures 
(by generalized quadratures). 

e 2) if the monodromy group cfa differential equation of Fuchs' type 
is not soluble (abnost soluble) then this equation is not solvable by 
quadratures (by generalized quadratures). 

Our theorem mahes the result (2) stronger. Indeed, it is easy to see 
that for almost every solutioo of the differential equation (A. 14) tbe mon* 
odromy pair is [Af, e], where M is tbe monodromy group of the equation, 
and e its trivial subgroup. We thus have the following: 

THEOREM 3 ((6], [8]), If the monodromy group of the d^erential equa- 
tion (A. 14) is not soluble (almost soluble) then almost every solution cff 
this equation is not representable in terms iff single-valued ^-fsencHons by 
means of compositions, meromorphic operarionSi integrationSi differenti- 
ations, andsolutions of algebraic equations. 

Is tbe moDodromy group of a given linear differential equation soluble 
(almost soluble)? Tbis question turns out to be quite difficult. However, 
there eusts an interesting example in which the answer to this question 
is very simj^. 



A. 1 1 .2 Systems of di^erential equations of Fuchs* 
type with sniaJl coefllcients 

Consider a system of linear differential equatims of Fuchs type, ie., a 
system of the type 
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where £f = ^ > > f Vn ^ uaknown vectorial fuocdoo and A b an n x n 

matrix coosistiog of rationaJ fuoctioDS of the complex variable x, baviog 
the following form: 



where the Afi are constant matrices. 

If the matrices are at the saioe time pul into iriangulat form> then 
tbe sj'sleiD (A. IS), as every triangular system, is solvable by quadtanires. 
There are uodoubledly oon'iriangulat systems wfaicb aie solvable. How- 
ever, if the matrices are sufficieotly small, then such systems do not 
exist. More precisely, we have obtained the following results: 



THEOREM 4<(9]). A non-triangular system (AJ5) with matrices AiS 
sufficiently small, ||A<|| < <• ,«*.”), « snictly non-solvable. i.e.. 

it is not solvable even using all single-valued 8-/isnctums, compositions, 
meromorphic operations, integrations, differentiations, and soiutions of 
algebraic equations, 

Tbe proof of this theorem uses the Lappo-Danilevskij theory [12]. 



A. 12 Algebraic functions of several 
variables 

Up to now we have considered only sin^-valued functions. We are ready 
to make two observations concerning fuoctions of several variables, the 
proofs of which do not requite new notions and are obtained by tbe same 
method we used for sin^- valued fuoctioos. 

Consider tbe algebraic equation 

+ - + ^ = 0. (A.16) 

where the r^s ^ rational functions of k complex variables Xk- 

1) According to the Galois theory the equation (A.16). baviog a soluble 
monodromy group, is solvaHe by radicals. But if the monodronry group 
of the equation fA./6) is not solubie then not only is the equation not 
solvable by radicals, but it cannot be solved even by using radicals of entire 
functions of several variables, arithmetic operations and compositiotis. 
This statement can be considered as a varianoo of the Abel theorem 
about the non-solvability of algebraic equanoos of degree higher than 
four. (A stronger result is presented in §A.15). 




248 



Appendix by Khovanskii 



2) The equadon (A. 16) defines an algebraic fuDcdoo of k variables. 
What are tbe conditiozis for represendng a funclioo of k variables by 
algebraic fuDcdons of a smaller number of variaUes> using composidoiis 
and arithiDetic operations? The 13(h Hilbert problero consisb of this 
question^ If one excludes the remarkable results [13],[14] on this subject^, 

^ 7^ problem ol tbe in>iihkmi ikhi was formulated by Hilbert for classes of cotmou* 
ous fiiDcBoos. not for alge lgs^ fimcDoos A G. Vimshlaa c^isidered problem foe 
fUocboDS pcovcd the ooo-repRse inability of fUoctioas of n variables with 
cootmuous derivaDves up to orderp by fmtcoons ofb variables wiib cooduuous denva- 
Dves op 10 Older O’ bsviog a lower 'cotnpludty'. i e., to kjg < o/p [15] Afterwards be 
appt^ bis methtd to tbe study of coiiqrfeaily io tbe pr^lem of t^ulanzaUoos | 1 $ 1 . 

Viuiablua's results was pnned by Kolmogorov, develop lag bis Ibeory of 

r-entiopy clasts ct hiociioos, measunag their conqriudty as well this eotropy, 

expressed by Ibe logarithm of the number of^^Strem functions, grows, for decressiog 

e,isa/t)-'' (17), 

Tbe solulioa of ibe problem lo the Hilbert formulation tuned out to be the 

oppoane of that conyeemred ty Hilbert Id mself fCoUnogorov |18| was able to represent 
continuous funcaons of n variables by means of continuous fancdoiis of 3 variables. 
Arnold |19| represeolsd ibe functions d three vanables by ^Tv»an< of fniKdoos of rwo. 
god fioally Kolmogorov (20| r e pre s ented funchoos of two variables as tbe ccoqiouticai 
of functions ofa angle variable with the help ofibe sole adrfuirm (Tttutrlaior’s note.) 

*\ L Arnold (13| invented a complelely new ^iproKh to the proof of tbe noo- 
representabdity of an algebraic entire foacdon of several variablea as a ccanposihoo of 
algebraic entire ftmedoos of fewa vaoables This ^iproscb is based <b tbe srndy of 
tbe cobomology of ibe complenKoi of Ibe set of ibe biancbes of tbe funcuon, whicb 
ix«*g to Ibe srndy of Ibe cohomology of the biaid groups 

We muat remark Ibat here Ibe definiDon of representabUity cf an algebraic Rmciioo 
differs from tbe delinitioo. formulae for tbe solulions by rabcala 

of etjuaooos of dtgice 3 and 4 cannot be compleiely CMi^ered mere ccmqioafDoos: 
mulQ-v allied eJ^^l^esslClas by r^icala contain, wiib the retpiired roots, ‘psraae’ 
values also. Tbe new methods diow that paiaane values are unavoidable evoi 
equabcos of degre e 3 and 4 are not erricrly (i e.. wilboul pamsile values) solvable by 
radicals. 

In parCculai, Arnold proved (13J if n = 2* (f ^ 2) Ibe algebraic (unction X(z) 
of n complex vanables j = (zi » • • • i ZnJ defined by Ifae equadoo 

A"44iA'‘*’ + + 

u net strictly represoKable in any neigbtoufbood of tbe ongin as a compoanion of 
algebraic entire timcoona (division is not allowed) with fewer n ^ I vanables and 
of single-vahied holoroorphic fimciioos of any number of vanables V.Ya. i 
prowd Ibe proposihee for any n > S 

The work of Arnold bad a greet lesonaiKe ibe succeame of tbe co* 

bomologies with other coefilcienB of the geneialized braid groups allowed more and 
more extended results to be found. 

Tbe methods of the Ibeory of the ccbcsnologies of the btaid groups, elabcrated m 
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up to now tbere had been oo proof that there oust algebraic fimctioos of 
several variables wbicb are oot representable by algebraic fimctioos of a 
single variable. 

We know, however, tbe following result: 

THEOREM ([4], [5]), An etirire function y tfrwo variables (a, ^), defined 
by the equation 

4 fljf 6 = 0, 

cannot be expressed in tenns of entire functions of a single variable by 
means cf compositions! additions, and subtractions. 

Tbe reason is the following. To every singular point pof an algebraic 
function one can associate a iocaJ monodromy group, i.e., tbe group of 
tbe perroutalions of tbe sheets ol tbe Riemann surface wbicb is obtained 
by going around tbe singularities of the function along curves lying in an 
arbitrarily small neighbourhood of the point p. For algebraic functions of 
one variable this local group is commutative; as a consequence tbe local 
moiuxlromy group of an algebraic function which is expnssed by means 
ofsums and differences ofinteger functions must be soluble. But tbe local 
monodromy group of tbe fuoctioo 

jr^ + ny46*0, 

near the point (0.0) is the group 5(5) of all permutations of five elements, 
wbicb is oot soluble. This explains the statement of tbe theorem. 

Observe that if tbe operation of division is allowed, then tbe above 
argument no longer holds. Indeed, the division is an operatioo kilLng tbe 
continuity and its appheatioo destroys tbe kjcaliiy. In fact, the function 
y satisfying 

+ + 0 

can be expressed by means of division in terms of a function ^(x) of one 
variable, defmed by the equation 

/4p + ® *0, 

and of the function of cue variable /(a) = {/a. li ^ oot difficult to see 
that 

^ b) » 9{b/\f^) </a. 

tbe study of ccanpoaboos of algebnic func lions, were aflenvards afpbed by VbsIiov 
sod ^Tnalc [21),[22]f231 Id tbe problem of tudiog tbe tcpwlogically nfiesaary omnbei 
of ramijlcations lo die oiuDeric algohtbms for tbe approumate calcuLitioa of rods of 
polynomiata (^le numbei of mmifitalicHis is of ibe crde i of n *• poJyDomuil of 

degiM A),(7VoiWa^or's note.) 
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A. 13 Functions of several complex variables 

representable by quadratures and 
generalized quadratures 

The oiulD'dijneiisionaJ case is mure cumplicaled thao the one'duncnsioniil 
case. We have to reformuJate the basic definitioos aod, in particular, to 
change sUgblly the Jefimtion of representabilily of functions by quadra' 
rures and by generalized quadratures. In this section we give a new for- 
mulation of the problem. 

Suppose there have been fixed a class of basic functions and a set of 
allowed operations. Is a given function (being, for instance, the solution 
of a given algebraic or differential equation, or tbe result of one of the 
other allowed operations) representable in terms of tbe basic functions by 
means of the allowed operanons? First of all, we are interested in exactly 
this problem but we give to it a slightly different meaning. We consider 
the distinct singU-valued branches of a multi-valued function as single' 
valued functions on different domains: we censider also every multi' valued 
function as the set of its single* valued branches. We apply the allowed 
operations (such as the arithmetic operations or tbe composition) only 
to the single*valued branches on different domains. Since our functions 
are analytic, it suffices to consider as domains only small neighbourhoods 
of points. The problem now is the following: is h possible to express a 
gfven germ of a /unction as a given point in terms of the germs of the 
basic ftnerions by means of die allowed operations ? Of course, here tbe 
answer depends on the choice of tbe single- valued germ of the multi-valued 
function at that point. However, it happens that (for the class of basic 
functions we are interested in) either the representation sought does not 
exist for any germ of the single*valued function at any point, or. on tbe 
contrary, all germs of tbe gives multi-valued function are expressed by the 
same representation at almost all points. In the former case we say that 
no branches of die given muiti^valuedfitnction can be expressed in terms 
of the branches of the basic functions by means erf the allowed operations: 
in the latter case we say that this represeniation exists. 

Fust of all, observe the difference between this formulation of tbe 
problem and that of the problem expounded in §A.l, For analytic fitnc' 
tions of a single variable there exists amongst the allowed operations, in 
foci, the operation ofanatyric continuation. 

Consider the following example. Let /i be an analytic function, d^ 
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fioed ia a domain U of tbe plane , wtucb caonol be coolimied beyond 
the bouadaiies of a dooiaio U, and lei be tbe analytic functioo io Ihe 
domain U defioed by Ibe equation Accordiog Io the defuii> 

tioQ in §A.l, ibe zero functioo is representable in the form f^ + 
all the values ofihe argu/wm. From new point of view tbe equation 
/i ^ /q ^ 0 is satisfied only inside the domain I/, not outside it. Previ- 
ously we were not interested in the existence of a unique efamain io which 
all required properties should hold on tbe single'valued branches of tbe 
multi-valued function: a result of an operation could bold on a domain, 
another result in another domain on the analytic continuations of tbe 
functions obtained. For tbe S-ftmctions of a single variable one can o^ 
tain tbe needed topological limitadoos even with this extended ootion of 
the operation on analytic multi-valued functions. For functions of several 
variables we can no longer use this extended notion and we must adopt a 
new formulatioo with some restrictioos, which can seem less (but which 
is perhaps more) natural. 

Let us start by giving precise defimtions. Rx tbe standard space O' 
with coordinates system ei, . . . ,x,». 

DEFINITION. 1) The germefa/unefion tp al a poinl a € O’ canbe 
expressed in terms of the germs of the functions dte point 

a by means of the integration if it satisfies the equation tip s where 

a » fidlj H 1 - Pot the geims of tbe given functions /i 

the germ tp exists if and only if the l-form q is closed. The germ cp is 
thus defined up to additive constanb. 

2) The germ of a function ip at the point a ^ O’ can be expressed in 

terms of die germs of die functions point a by means of 

the exponential and of integrations if it satisfies Ibe equation d*fi — q4>> 
where a = f\dtC\ + * * * + /adxn). For ihe germs of the given functions 
f\-- • < /n geim tp exisb if and only if Ibe l-form ct is closed. The 
germ <p is thus defined up to multiplicative constanb. 

3) The germ of a function y at a point a € O’ can be expressed in 
terms of the germs of die functions /o, • . . > /* <tt the point a by means of 
a solution of an algebraic equation if the genu Jq does not vanish and 
satisfies the equation 

/o8'‘ + /.»‘-'+-- + A = 0. 



Definition. 1) The class of germs of functions in C* ^P^sentabU 
by quadratures (over the field of tbe constants) is defined by the following 
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choice; the germs of ibe basic fuDcdons are the germs of tbe conslaol 
functions (at every point of the space C^); ibe allowed operations are Ibe 
arithmetic operations, tbe iolegratioo, and raising to the power of the 
iotegraJ. 

2) The class of germs tyffuncticns u C7* representable by generalized 
quadratures (over the field of tbe consonts) is defuied by the following 
choice: the germs of the basic fuocitoos are the germs of the constant 
functions (at every point of tbe space O'); the allowed operations are 
tbe arithmetic operations, the integration, the raising to the power of the 
integral, and the solution of al g ebraic equations. 

Notice that the above definitions can be manslated almost literally 
in tbe case of abstract differential fields, provided with n commutative 
differentiation operations 9/dzi, . . ^ - ^ a generalized form 

these definitions are owed to Kolchin. 

Now consider Ibe class of Ibe germs of functions representable by 
quadranires and by generalized quadratures in the spaces O' of any di> 
mension n > 1. Repeating the Liouville argument (cf., Ibeorem 1 in 
§A,2). it is not difficult to prove that the class die germs offitnetions of 
several variabUs represeniable by quadratures and by generalized quadra^ 
tures contains the germs of the rational fimetions of several variabUs and 
the germs of all elementary basic fimetions: these classes cf germs are 
closed H’icA respect to the composition. (Tbe closure with respect to the 
composition of a class of germs of functions representable by quadratures 
means the following; if /j , . , . , are germs of functions representable by 

quadratures at a point a ^ C and ^ is a germ of a function representable 
by quadratures at the point b € C", where 6 a (/i (<*)»• • ■ then 

the germ g(/i, . . . , /„) at the point a € O’ is the germ of a fimetion 
representable by quadratures). 



A. 14 SC-germs 

Ooes there eust a class of germs of functions of several variables suffi* 
ciently wide (containing the germs of functions representable by general* 
ized quadratures, tbe germs of entire functions of several variables and 
dosed with respect to tbe natural operations such as the composition) 
for which the monodromy group is defined? In Ibis section we define the 
class of S€*genns and we state tbe theorem about the closure of this <•!!*« 
with respect to the natuxal operations; this gives an affirmative answer to 
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the questioD posed. 1 discovered the class of 86*g9Tms relatively cecendy; 
up to that tune I believed the ansv-er were negative. 

Id the case of functioQS of a siiigle variable it was useful to introduce 
the class of the 8-fuACtiO£iS. Let us start with a direct geoeralizatioo of 
the of ^fimctioDS to the oiulti*diineQsioaaJ case. 

A subspace >1 C ^ ^ connected A-diroen^cmal analytic manifold 
M is said to be thin if there exists a countable set of opeo subsets Ui C M 
and a countable set of analytic subspaces C C/< in these opra subsets 
such that A C [J Aj. An analytic mulu*valued function on the manifold 
M is called an ^-function if the set of its singular points is thin. Let us 
make this definitioo more precise. 

Two regular germs and given at the points a and b of ibe man- 
ifold M. are said to be equivaUni if the germ is obtained by a regular 
coDiiDuation of the germ along some curve. Every germ g^, equivalent 
to ibe germ is also called a rtguiar germ of the analytic aiulti*vaJued 
function / generated by tbe germ f^, 

A point ^ ^ A/ is said to be singular for the germ if there exists 
a curve [0, 1] A/, 7(0) = a, >(1) = 6, such that tbe germ cannot 

be regularly coDiinued along ibis curve, but for every t, 0 ^ 
genn can be continued along tbe sborteoed curve y jO, f) ^ Af It is easy 
to see that the sets of singular points for equivalent germs coincide. 

A regular germ is said lobe an the set of its singular points 

is tbio. An analytic muld-vaJued function is called an S-fuDCtiOD if every 
one of its regular germs is an 8<genn. 

Remark. For functions of one complex variable we have already given 
two defuiilions of $*functiOD6. Tbe first coe is tbe above definition, the 
second one is given by tbe theorem in §A.5. These definitions obviously 
coincide. 

Fx S-fimctiions of several variables ibe notions of monadromy group 
and of monadromy pair are automatically translated. 

Let us clarify way tbe multi-duDensional case is more complicated than 
the one'dimensi<x)al case. 

Imagine tbe following situation. Let /(r , y) ^ ^ multi-valued analytic 
function of two variables with a set A of branch points, where A C 
an analytic curve on tbe complex plane. It can bqtpeo that at one of the 
points a € A ibere ensts an analytic germ /, of ibe multi-valued analytic 
function f (by the definitic^) of tbe set A of branch points, at the point 
a not every germ of ibe function f ensts: yet some of ibem can exist). 
Now let (l] and y;(f) be two analytic functions of tbe complex variable 
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t giveo by ibe mappiQg of the complex lioe C ^ complex plane 0^, 
such that the image of the line C is contained m A. ie.» (di(t},P3[()) € A 
fbrevery t ^ C. Let b be tbe pre-unage of tbe point a under this mapping, 
i.e., 0 = What can we say about the inulti> valued analytic 

function, on tbe cmriplex line, generated by the g erm of tbe 

point b, obtained as tbe result of the composinon of the germs of the 
rational function st tbe point b and of Ibe g erm of the function f 
at the point a? It is clear that tbe analytic properties of function 
depend essentially on Ibe continuaDon of the germ along tbe singular 
curve A. 

Nothing this may happen under the composition of functions of 
a single variable. Indeed, tbe set of singularities of an ^function of one 
variable consists of isolated points. If the image of the complex ^»ace 
under an analytic mapping g is entirely contained in the set of the singular 
points of a function /,then the function ^is a constant. It is evident that 
if the function ^is constant, after having defined / on its set of singular 
poinb, tbe function /(^) turns out to to be constant, too. 

In tbe one*dimensional case, for our purpose it sufhees to study the 
values of an analytic irmlti>valued function only in tbe complement of 
its singular points. In Ibe multi ^iimensional case we have to study tbe 
possibility of continuing ibose germs of functions which meet along their 
set of singularities (if. of course, Ibe g erm of the function is defined in an 
arbitrary point of the set of singularities). It happens that the germs of 
muld'valued functions sometimes are automatically continued along their 
set of singularities P 4 ]: this thus allows us to pass all difficulties. 

An important rule is played by the following definition: 

Definition A germ of an analytic fuuction at the point a the 
space C* b called an SC-ijerm if the following condition is satisfied. Fw 
every connected complex analytic manifold M, every analytic mapping 
G M —* every pre*image c of tbe point a, t?(c) = a. there exbb a 

thin subset A C M such that for every curve y [O, i| — * Af , beginning at 
Ibe point c. 7(0) “ c, imd having 00 intersection with Ibe set A. except, 
at most, at the iniiial point, i,e,, yft) ^ A for t > 0 ^ the germ can be 
analytically continued along the curve C o 7 [0, Ij ^ O*. 

Proposition If the set of singular points of an b on 

anatyric set then every germ ofihisfiinction is an 

Hus proposition follows directly from tbe results set out in [ 24 ], 

It is evident that every SC-germ is tbe germ of an S'fuuctioii. Foe Ibe 
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SS-genus the nodoos of iDooodromy group aod of moocdromy pair are 
thus well defioed. 

In the sequel we will need the ootion of a holocooiic system of linear 
differenbal equations. A system of // Linear differential equations sa 

O.j JV, 

for the unknown function y, whose coefficients . are analytic func- 
doQS of n complex vanables xi, . . . , said to lie h^onomic if the 

space of its solubons has a finite dimensloo. 

Theorem on the closure of the class of SC-GEHMS. The doss 
ike ii closed with reject to shefoUowing operarions: 

9 1) differentiation, Le., rf / ir an S6*pefrn at a point a 6 C*, then 
far every i = I, , . . , n the germs of the partial <2erivaR'ver dffdx, 
art also Se-yemw <» the point o; 

« 2) integration, le.. ifc^f * Aici + • • * + /i, 

S0*yer7ns at a point a € C^, then also ^ ir on SQ-germ ot the point 

a; 




• 3) composition with the %^-qtmte ofm vanables. i.e.. if /j , . • ■ » /m 

are tC-gerene at a point a ^ ^ and g is an at the point 

? /«(a)) « C", thengifi, ir an SC-yenf* 

or the point a as well; 

* 4) solutions of algebraic equations, le.. if fo,. . .^f^are SQ-germs 
at a point a € C , the germ tr not zero and the germ y sarisffes 
die equation f(flf + /ly*" * + * — h /* » 0, then the germ y is also 
an 56-penn of fhe point a; 



« 5) solutions of holonomic systems linear differential equations. 
t.e. if the germ of a function y at a point a £ O sariffies the 
holonomic ryitem ofN finear differential equations 






0 ^- 0 . 



all of whose coefficients a|, ^ are at the point q, iheny 

is also an B6*yerrn the point a. 
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COELOLLARY. germ ofafimcrion f can be obtainedpom the germs 
singU’Vaiued 8-/anctwu having an anatyric set of singular points by 
means of integrations, differenaadons, merotnorphic operations, com- 

positions. solutions of algebraic equations, and solutions of holonomic sys- 
tems erf linear differential equations, then this germ of f is an $Q-qerm 
In particular, a genn which is not an SC-germ cartnot be represented by 
generalized quadratures. 



A. 15 Topolc^cal obstructions for the 
representability by quadratures 
of functions of several variables 

'This section is dedicated to the topological obsouctions for the repr^ 
senlability by quadratures and by generalized quadratures of functioos 
of several complex variables. These obstructions are analogous to those 
bolding for functions of ooe variable coosideied io §§A.7«A.9. 

Theorem 1. The class of alt ^•germs In iQ* having a soluble mon- 
odromy group, is closed with respect to the operations of integration and of 
differentiation. Moreover, this class is closed with respect to the composi- 
tion with the qfmvcrrfabfer > IJ having soluble monodromy 

groups. 

Result on quadratures, 77>e monodromy group of any germ tff a 
fisnetion f representable by quadratures is soluble. Moreover, every germ 
effa fisnetion, representable by the germs eff single-valued S-fmetionehav’ 
ing an analytic set of singular points is abo solitble by means of integra- 
tions. eff differentiations, and compositions. 

COftOLIARY, ff the monodromy group tff the algebraic equation 
tf*+nS/*'‘+ ' +rs»0 

in which the n$ ore rationai functions qfn variables is not soluble, then 
any germ of its solutions not oniy is not representable by radicals, but 
cannot be represented in terms of the germs of single-valued S-pnclione 
having an analytic set cf singular points by means of integrations, of dif- 
ferentiations. and compositions. 

Tlus corollary represents the snongesi version of the Abel theorem. 
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THEOREM 2. The class of all in C” having on atmosi soluble 

monodromy pair is closed widi respect to the operations of integration, 
differentiation, and solution of algebraic equations. Moreover, this class 
is closed with respect to the composition with the SQ-germs of m variables 
> 1 j having an almost soluble monodromy pair. 

RESULT ON GENERALIZED QUADRATURES. The monodroffty pair of a 
germ of a function f, representable by generalized quadratures, is almost 
soluble. Moreover, the monodromy pair tff every germ tff a function f 
representable in terms of the germs of single-valued B-fwcHone having an 
analytic set of singular points by means of integrations, differentiations, 
compositions, and solutions of algebraic equations is also almost soluble, 

A. 16 Topological obstruction for the 

solvability of the holonomic systems 
of linear dilTerential equations 

A. 16.1 The munodromy group of a holonomic 
system of linear differential equations 

Consider a bolononuc system of N djffereotial equations Lj[y) s Q, j s 

where 2/ is the uoknown function, and the coefficients o’ are rational 
functions of the n complex variables . ,x^. 

One loiows that for any holonomic system there exisb a singular alg^ 
btaic surface S in the space C" that have the following properties. Every 
solunoo of the system can be analyncally continued along an arbitrary 
curve avoiding the hypersuiface E. Lei V be the fmile*diinensional space 
of the solutions of a bolonomk system near a point Xn which lies outside 
the bypersurface Consider an arbitrary curve 7(f) in the space O' 
with the initial point not crossing the hypersurface 1). The solutions 
of the system can be analytically cootuiued along the curve 7, remain> 
mg soluhons of the system. Consequently to every curve 7 of this type 
there corresponds a linear transformation M>j of the space of solutions V 
in itself. The totality of the linear transformations corresponding to 
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all curves y fonDS a group, which is called the monodromy of the 

hohnofnic system, 

Kolcbin geoeralized the Pican^Vessiot theory to the case of boloGoouc 
systems of differential equadons. From the Kolchm theory we obtain two 
coroUanes coDcerrung the solvabili^ by quadratures of the holooomic 
systems of differeotial equations. As io the ooe'^luiKosional case, a holo 
nomic system is said to be regular if approachiog the singular set H and 
infuiity ic soludoos grow at roost as soroe power, 

TH£Oh£M 1. A regular hotonomic system of linear d^erentiol equa- 
tions is soluble by quadratures and by generalized quadrature if Its mon- 
odromy group is, respectnefy, soluble and almost soluble. 

Kolchin's theory proves at the same droe rwo results. 

• 1) ^ the monodromy group a regular holonomlc system of linear 
differential equations Is soluble (almost soluble) then this system is 
solvable by quadratures (by generalized quadratures), 

* 2) If the monodromy group iff a regular holonomic system of linear 
differential equations is not soluble (is not almost soluble) then this 
system is not solvable by quadratures (by generalized quadratures). 

Our theorem makes the result (2) stronger. 

THEOREM 2. // the monodromy group of a holonomic system of equa- 
tions of linear differential equations is not soluble (Is not almost soluble), 
then every germ of almost all solutions of this system cannot be expressed 
in terms of the germs of singU’valued S-functione having an analytic set 
of singular points by means of compositions, meromorphic operations, in- 
tegrations and differentiations (by means of compositions, meromorphic 
operations, integrations, differentiations and solutions of algebraic equa- 
tions), 

A. 16. 2 Holanamic systems of equations of linear 

differential equations >^ith small coefficients 

CoDsider a system of linear differential equadons completely miegtable of 
the fblJowiag form 

dv»Ay, (A.17) 
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where ^ . . . , the unknown vector fujictioo and A is an (n x n) 

iriatrix coosisting of differeotial Sfonos with radooaJ coefTicieots in the 
space O* » satisfying the coodidoo of complete iniegrability +A A A = 0 
and having the following form: 

^=±A.f, 

<sl ' 

where the AiSaie constant matrices and the are linear no n*ho roogeneo us 
functions in 

If the matrices A( can be put at the same time into triangular fbrm» 
then the system (A. 17), as every completely integrable triangular sy^ 
tern, is solvable by quadtarujes. There undoubtedly exist integrable non* 
triangular systems. However, when the matrices Ai are sufficiently small 
such sysems do not exist. More precisely, we have proved the following 
theorem. 

Theorem 3. A completely iniegrabU non-niangular system (A. 17). 
with the moduli of the matrices A, si0icientty snsll, is strictly not solv- 
able, Le,. its solution cannot be represented even through the germs of 
all single-valued $*/unc(iona, having an analyiic set of singular points, by 
means cort^sitions. meromorphic operations, integrations, differenti- 
ations. and solutions of algebraic equations. 

The proof of this theorem uses a muld'dimensional variadon of the 
LappO'Danilevskij theorem [28], 
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Appendix (V.I. Arnold) 



Tlie topological arguioents for ibe diffeceoi types of Doo*solvability (of 
equations by radicals, ofmtegraJs by elemeotary fooctioos, of diffeceotial 
equations by quadratures etc.) can be expressed id terms of very precise 
questions. 

Consider, for example, tbe problem of the integralioD of algebraic 
functions (i.e, the search for AbeUan integrals), Ibe question in 
example consists in Imowing whether these integrals arui tiieir inverse 
fiijictions (for examine, the elliptic sinus) are lopologicaQy equivalent to 
elementary functions. 

The topological equivalence of two mappings f and p of M to ^ means 
the existence of a bomeomorphisms hotM into M and a homeomorphism 
koSN into N wbicb transform f into 47 , i.e, such that / (h(a^)) s tb(^(x)). 
The absence amongst tbe objects of a d of an ot^ect topologi* 
cally equivalent to tbe objects of a class A means tbe topological non- 
reducibilily of A to d (of the Abelian integrals and of tbe elliptic functions 
to tbe elementary functions, etc.). 

In my lectures in the years 196^1964 I expounded the topological 
proof of all three aforementioned versions of the Abel problems (cf,. ( 6 ], 
(7]), but tbe book extracted from my lectures contains only the topological 
proof of the non*sc4vability by radicals of ibe algebraic equations of degree 
5. 

Since I am unable to give references of the unpublished proofs of the 
two remaining enunciations of the topological oon*solvability, here it is 
coGveniral to call them 'problems’. I underline only that, although the 
non^lvability of every problem follows from the oon*solvability in the 
topc4ogical sense explained above, tbe assertion about the lopologica] 
oon*solvabUity is stronger and it is not proved by means of calculations, 
showing tbe nonexistence of the formulae sought. 

This topological point of view of the oon*sc4vabiIity is q)plied 
to many other problems; for example, to the results by Newton (4], [S], 
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Arnold 's Appendix 



(o tbe problem the Lyapoimov stability of the equiUbrium stales of 
a dyaajTucaJ system (1], to tbe problem of the topological classificadoo 
of ibe siogular poiiUs of differeodal equations (1], to the questioo of the 
16lh Hilbert problem about the limit cycles (cf.. [2])» to the topological 
formulaiion of tbe 13th Hilbert problem about tbe composition of complex 
algebraic fuoctioQS [3]> and to the problem of the noD*existertce of ftist 
integrals in Hamiltonian systems (as a consequertce of the presence of 
many closed isolated carves) [8]. 

TLese applications of the idea of the topological non*solvability> com* 
ing out of the range of the Abel theory, can be found in the papers (1]~(8], 



1 Arnold VJ,, Algebraic UnsolvabUiry of ihe Problem of Lyapounov 
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4 , 3, 1970, 173-1 Sa 

2 Amol'd V.I., OlejnikOj^,, Topohgrya deistviser/iyh algebraicheskih 
mnogoobrazif VestnikMGU, ser. I. matem • mekban,, 6. 1979, 7-17 

3. Amol'd V,I„ SuperpozitsU. In tbe book: A.N. Kolmogorov, Izbran* 
oye iTudy. matematika i mehanika, Nauka, 1985, 444-4S1. 

4. Amol'd V.I., Topologicheskoe dokazaiel' srvo transisenderanosti abe- 
levykh integraiov v"Matemaricheskih nochalah natural 'nojfilosofii^ N^u- 
tona. IstorikO'Matematicbeskie Issledovaniya, 31, 1989, 7-17, 
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later. Notices Amer. Math. Soc. 36. 9. 1989, 1148-1154 [Appendix: 37. 
2, 144], 
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riques et giomdtriques. In: Passicji des Rxnies. Dyoamique Qualita* 
tive, S^miophysique et Intelligibility. D^diy k R. Ibom. ENS ^dons: 
Fontenay*SL Ooud. 1994, 411—117. 

7 Petrovskij LG., Hilbert's Topological Problems, and Modern Math- 
ematics, Russ. Math. Surv, S7, 4, 2002, 833-845, 
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